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PREFACE 


The subjects comprising the Properties of Matter form an ill- 
defined group and the authors ha^e attempted to treat selected topics 
adequately rather than to cover a very wide field. It is felt that the 
advanced student, for whom tiiis book is primstfily intended, will 
already be familiar with the simple physical principles mideriying 
Kinematics, Dynamics, Central Orbits and Gyroscopic Motion. These 
subjecta have therefore been omitted, for their advanced study can 
be profitably pursued only from the mathematical standpoint. The 
aim throughout the prosent work has been to treat the matters con- 
sidered from a physical point of view, mmJ particularly to avoid re- 
garding the material as ezerdses in applied mathematics. For example, 
the propagation of longitudinal and transveise waves is immediately 
associated here with the geophysical problems of Seismic Waves. 

The introduction of newer and more accurate methods for measur- 
ing various quantities such as the Nowtonian Constant of Gravitation 
has necessitated only brief reference to older methods, but olossioal 
work such as that of Boys has been fully described. 

It is now impossible to draw a dividing line between General 
Physics and Physical Chemietiy in some topics. A concise account 
of Debye and HUckel’s theory of strong electrolytes has theioforo been 
given, and a whole chapter has been devoted to the new andyimpor- 
tant subject of Surface Films. , ; ■■ ‘ ' 

The authors have fried ^ for as possible to indicate the original 
sources of their material by references in the text and at tbe end of 
the chapters. They take this (^portunity of apologizing to any writer 
whose work may inadvertently have .been .used, without acknowledg- 
ment. , ■ , ; 
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PREFACE TO THE SECOND EDITION 


The main frame\TOrk of tie original boc^iemaiiis unaltered, but it 
is inevitable that after a period of fifteen years some changes should 
have proved necessary. These changes sometimes take the form of 

(1) the insertion of more sccniate valnea of the fundamental constants, 

(2) the Teplacemeut of older experimental methods by newer methods 
which are superior because of improvements in technique, and (3} the 
addition of recently acquired knowledge. The first change occurs in 
the values of the fundamental const.ants used in the chapter on Errors 
of Measurement. Examples <M the second diange are the recent accurate 
mcasureniont of the acceleration due to gravity, and tbs introdactms 
of the microdifuaometer by Furtb and Zuber, for the rapid and accu- 
rate measurement of dhSusion coefficients of solutions. Fresh know- 
ledge has been collected in the form of modem views on the nature of 
the angle of contact in cspiliarity, on the diCusion processes in gases, 
and on the viscous properties of not-Newtoaian fluids. Finally a few 
additional examples and hints for solution have been added to Illus- 
trate the use of the new material 
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PREFACE TO THE THIRD EDITION 


The evcr-iiicreasmg rate of adraoce of knowledge has aec^sitated 
the prodiicbion of a third edition, folh>wing the second edition after a 
period of time which is only half Hiat which elapsed between the first 
and second editions. As before, the main framework of the book re- 
mains unaltered but the relatave importance of tho various topics has 
changed. For esamplc, the apparent simplicity of capillarity, whicJi 
may be static, compared with division which must be dynamic, has 
proved to be deceptive, for a study of diffusion is giving greater 
insight into the nature of tiie liquid state. A few sections have there- 
fore been deleted from the chapter on capillarity although a section 
has been added on papw chromatt^ajAy which depends on simul- 
taneous diffusion and capillary action. 

In the earlier editions, atomic and molecular concepts wero largely 
confined to the chapter on the kinetic theory of matter but the power 
and range of these concepts have now invaded other chapters. Thus 
in Chap^ I, the unit of time may be defined primarily from an atomic 
clock, while in Chapter IV a new section has been added on the elasticity 
of single oubio crystals where the behaviour is foimd to depend on the 
nature of the forces between the atoms on the cid)ic lattice. In Chapter 
IX, diffusion in solids is interpreted in terms of vacant atomio sites 
and Interstitial atoms and in Chapter XII these ideas arc extended 
to explain viscosity and diffusion in liquids. Sinally in Chapter XIII, 
a new section has been added on the present values of the atomio 
constants. However, the important chat^ in the present edition is 
not primarily the deletion or the addition of particular topics but the 
gradual orientation of the subject from a largely phenomenological 
treatment to atomic interpretations. 
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PROPERTIES OF MATTER 


CHAJTEE I 

Units and Dimensions 

1. Introduction. 

Tlie statement that a given body wcigbs 10 pounds implies that 
a given unit of weight, the pound, has been ch<»en, and that the ratio 
of the weight of the body to that of the imit is 10, In general, a con- 
mUimial choice of certain units is made, and any physical entity may 
then he e:^esaed by a number which states how many of these 
units the entity in question contains. The units chosen should be 
(I) well defined, (2) not subject to secular change, (3) easily compared 
with einular units, (4) easily reproduced. 

Physical laws consist in the rclatioas which have been found to 
exist between the numbers which represent physical quantities, Hence 
although each type of phj^ieal quantity requires its own unit, these 
units are not neccssarhy independent; actually, many of the unit® 
may be c:q)ressed in terms of a certain few, ca.Uodf undamenial units, 
The choice of the latter is initially quite mbilrary, but when once 
settled it is fundamental for subsequent work. Gauss called such a 
system of units an absolute system, but the term is unfortunate, since 
the system chosen is quite convaitional. There arc, in fact, several 
“ absolute ” systems of units in use, depending on the fundamental 
units chosen and the physical lows used in expressing the remaining 
derived units. Thus there is the British system with the foot, found, 
and second as the fundamental units, while that used for purely scientific 
work is almost invariably the C.G.S. or centimetre, gramme, and second 
system. 

2. Fundamental Units. 

Three of the fundamental units which have been chosen are those 
of mass, length, and time, and many physied units may be expressed in 
terms of these three. If, however, physical entities other than those 
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fCiMP. 

which have an immediate “ exptnnatiion ” in “ mechanical ” leniis are 
under consideratign, additicna) fnndamenfiil units are required. For 
example, ia the science 0 / heat the ealori^ is the fundamental unit of 
quantitj* of heat in the C.Gr.9 sjetera, ngain, the unic degree 
h adopted as the fundamental umt of teiupernturc in the same system. 

The British unit of mass is the pound avoirdupois, whi'eL is simply 
the mass of a piece of platinum preserved in the Standards Department 
of the Rnard nf Trade and marked " F£. 1844, I lb It bears no 
Bimple relation to the unit of vnlnmc in the same system and thus 
diflers from the unit of mass iu the French or metric system. This, the 
hilograwme, was initially made as dose as po.'^eihle to the weight of 
1000 c <j. of water at its temperature of maadmiun density. Although 
subsequent work has shown that this relation b not quite uooorate, the 
originel kilogramme has been retained and is now simply taken os the 
wmeit-us ^.a..a~..aJ a* *jjp Interaational Bureau of 

w, it quite arbitrary in the 
ottiiiU s^scem, ine ^ru oeuig aeuoeo as toe atrsigiit Jistanoe between 
the transverse lines in two gold plugs on the bronze bar at 0£‘ F (') 
preserved m the Standards D^aitmeot of the Board of Trade. In the 


found to he inaccutate, and the ineire la now simply taken as the 
distance between two marks on the platinum bat at 0‘ C preserved at 
the International Bureau of Weights and Measures, near Fbtls 

Both systems have the. same unit of time, the weuR relur second, 
winch IS simidy the mean aidar day divided by B6,400, Recently there 
has been seme discussion as lo whether the units of length and tune aa 
defined above are sufiicientJy independent nf secular cliange. For 
oinniplo, the metal bars tnker as the standards of Jangth are under- 


been evolved more constant mute of length and tune, erpreRsed la 
terms of more fundaineiital quantities such as the wavelength of an 
optical line emitted from an atom and the recipruoal of the frequency 
of a specified optical cmis'aun from another atom, respectively I -iri 
ations in the mean solar second have certainty been dcTUoiistratcd by 
boUi the optical standard and by nee of a quart? o'lcillator. 

3. Derived Dnits. 

Consider now the expression fnt the area of a suifaoe The unit 
in which the area is expressed is the area of u square whose side is 




volume, theiefore, have dimcusioiii; two three in length respectively. 
The dimensional formula for mechanical energy is E = MV^ ~ 
Since {in Newtonian mechanics, at least) the numerical measure 
of energy is one-half the product of the number representing the mass 
and the square of the number representing the Telocity, dimensional 
formul® are neither complete numerical laws nor oven definitione, 
The dimensional focmnla merely states (I) the nature of the ' 




4 UNITS AND DIMENSIONS [Chat. 

oscillation of a siinple peaduhira iu tlie earth's gravitational field is 

'-G)* 

where / is the length of the peDdnIum and ^ ts the acceleration due to 
gravity. As tliis is purely a mechanical problem, the variables t, I and 
g may all be expreFsed in temn of the three primary quantities, A/, L 
and X. \yriting down the dimenaooal formulas, wo have 
I = r, 1 = 1, and y = LT'K 

The Stt is a so-called pure number; since it docs not depend on a 
fiiDdaroentel physical unit, it cannot be represented in draensional 
analysis. It is interesting to note that rr may ho obtained erperi- 
raentally as the rabo of the cucumfeTcnce of a ciicie to its diameter, 
and smuo both nio measured in the samp, units, the imjta are eliminated. 
Kow the L.H.S. of egostioa (1) clearly has the diaisnsiuos T, while the 
K.H.S has dimensions 

(i/t2'-»)‘ = T. 

Heuue the dimensions of both aides of the equation arc the same The 
property is true of all equations representing possible physical pheso- 
mena, and may be stated a.a follows; 

v/ f.>BW I . — Phgtiatl eqvatuma must be dimenneTtaUg hemogetieMS. 

Should any equation contain more than a single term, that is 
t ** f{A) then each individua] term must be 

of the dicaensions of time only. Alternatively, an expression may nor 
be a simple power function but mny connist of more complex functions. 
For example, the equation for a simple harmonic dis^acement x is 
®*=<i8injrf, where a is the amphtude and p the angular frequency. 
This is obviously dimensonally homogcncou.s since z and o have, the 
same dimcn.sion.'! while « 0, where ie an angle and is therefore 
dimensionless. Similarly, if the expression la cKponentisl it is often of 
the " .... . . /. o _ / j> 

initial value, and is termed the time ^ rebizatum. 

Consider new the inverse problem Sappose that the equation for 
the time of oscillation of a simple pendulum is not known. From the 
physical nature of the problem the tame of oscillation might reasonably 
be expected to depend apua the following quantities. 1, tie length of 
the, pendulum, m. the mass of the bob, imd y, the acceleration due to 
gravity. Then 


1 , 9 ), 


. - (2) 
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wieM fcl\e nnture of the function/ has to be found. Assume that the 
R.H.S. of (2) may he expressed as a power formula. Then 

{ = km’Pgf, (3) 

where A is a possible dimensionless constant which will not he repre- 
sented in the dimensional analysis. Writing (3) tu its dimensional form, 
we have 

y = {4) 

The indices of the primary qaantilics oa the two sides of (4) must 
be equal if Law I is true. Hcnec 

(1) length: 0 = /8-f'y, 

(2) mass; 0 = o, 

(3) time: 1 «=■ — 2y. 

Sabstitnting in (3), wo have 



5. Dynamical Sitoilatily. 

ConaideratioD of equation (5) shows that the problem may be 
regarded in another way, namely, as invotviag not three variables 
(, I and g, but a single variable which groups together a whole 
system of experiments of essentially the same type. In the foregoing 
analysis the timo t might have been taken to represent the timo re- 
quired fortho pendulum toswingouttoagivenangle a; thent^s le\A]g, 
where k is now constant only when o is conetant. If at different places 
where the accelerations due to gravity ate and gj, poudulums of 
lengths and are allowed to oscillate, theo both pendulums will 
pass through the same angular displacement at times and tj given 
by Systems which can be grouped together quite 

generally as passing through identical phases for equal values of a 
dimensionless grouping of corresponding quantities are said to possess 
dynamical sirmlarity. Simple geometrical similarity, however, is not 
necessarily a sufficient condition for dynamical similarity. For example, 
two compound pendulums would not be dyuamicaJly similar if the 
density of the material of which they wore composed were not dis- 
tributed in both in identically the same way. 

6. tTses and Limitations of Dimensional Analysis. 

Dimensional analysis affords a ample and rapid solution of physical 
problems, but this advantage is ofeet by tiio lack of information on 
the presence of pure numbers. It is fane tiiat the latter can be deter- 
mined by esperirueiit, subsequent to the analysis, but matters are 
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fmther complicated by the preseooe of dimentional constants like G, 
the gcavilatioual constant. As ao exauple of this difficulty, suppose 
it IS required to ffiid fchn time of rcvolotion of one body revolving round 
another under mutual gravitational fotoes. Then 

^ *»s. f). 

where r is the distance between the two bodies and »)j, Wj are their 
masses. Now since the L M S of (6) haa the diraeaeioas of X and the 
H H S. dimensions only of M and L, there appears to he no solution. 
Physical ]'udgment suggests that a relevant variable may have been 
omitted &om the 71,11 & of (C), and the gravitutioual oouataut G is 
introduced. If force is already considered to be defined by Newton’s 
second law of motion, is a dimensional constant given by Newton’s 
law of gravitational attraction, < 7 ^^* or Hence 

(6) hecomes ^ 

< w»j, f, ff)*a ... (7) 

Writing down the ilimcnsional fonniiiiD and equating the mdioee of 
the same ptunary yuuntitics, we have 
(i)r i = — 2S. 

(3)£ 0«=y+«. 

Since there are four nnkuowus and only three equatione. the final 
solution of (7) may be wihteu in terms oi one of the unknowns: 

. ( 8 ) 

Now (mj/Wi)* is dimeneianlese and thcrefora its value cannot affect 
the dimensional homogeneity of (8) It may therefore be present as a 
funotioii of any type and (8) rosy be writt«» in the general form 



The preceding problem involved one unknown function, and, in 
general, the number of unknowns tiiat ultimately tercnin ia equal to 
tho difference between the nuiober of -vatiiajlcB and the number of 
primary quantities considered. In dimnnaiuoal analysis, therefore, 
three main questions arise. 

(1) What dimensional constants ace to he introduoed? 

(2) How many varfables are to be used, and which? 

(3) How many primary quantiUes are to be considered! 
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It may be stated at once the answering of these questions is 
a matter for physical intnilaon; that is, physical intuition, acting over 
long experience, decides from known solutions of prolileins aTinlogoiis 
to the one requiring solution that certain variables are likely to be 
relevant and others u-relevant. 

The main uses of dimensional analysis are as follows; 

(1) To test the correclness of equatiom. 

After a long analysis it is ttsefol to check the final equation for 
dimensional homogeneity by subsritation of the dimensional formula; 
on both sides of the equation. 

(2) To derive equations wiihoul complele analysis. 

If the differential equation appropriate to any physical problem 
can bo formvUatod and solved, a complete solution of the problem is 
possible. The solution contuios, in general, the same number of physical 
variables and dimension^ oonstants aa the original difiereutial equation. 
When the problem is complicated, the formulation of the di&ioutial 
equation is often impossible. Bocouise is then made to dimouaionai 
methods, and if the relevant variablea and dimensional constants 
can be guessed correctly, at least a partial arialyKis is possible. Fc(t' 
quently the intormediate case ocoura: the dificrential equation can bo 
formulated but not solved; the variables to be used in the dimensional 
analysis ore then known. 

(8) To recapituhie important formulw. 

With a complicated formula, such as Poiscuille’a equation for the 
fiow of a viscous liquid through a right oircular cylinder, it may be 
easier to recover the equation from a knowledge of the dimensioriB of 
viscosity than to memorize it or deduce it from first principles. 

(d) To srtggest relations between fundamental constants. 

This is a dubious use of dimcnaional analysis and will only be 
briefly considered. The existence of dimeiiBioiiless grouping is often 
found to indicate a relation betwocm tiie oomponouts of the group. 
If we consider the fundamental constants 

(?, the gravitational constant, 
e, the char^ on the electron, 

- rU; the mass of the electeon, 
c, the velodly of l^hfc, 
h, Planck’s constant of action, 

we find that {kofe^) is dimensionless, and {kejine^) is actually a factor 
wJucb is constantly involved in tiie wave mechanical and quantum 
treatment of the iutoractiM of atomic particles. Again, G has the 
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Baine dimensions as (e/w)*, and this may imlionte an clectjomagBetio 
theory of gnxnty. T?ie relation is not, howeirer, likely to bo. simple, 
since the ratio is about In tbs pcecedina example 

(ftc/2-!Te^) is equal to 137. 


7. Extension of Dimensional Analysis. 

Consider now the dirucnsional formula for x, the coeflieient of 
thermal conduction. Hie cooBbint jc in deCned by the differential 
equation 


dt 


where A is the area of eadi ol two planes situated a distance dx apart 
and maintained at a difference of tempsrature dffi dt? the amount 
of heat flowing across in time di. If Q. 6. M, L and T are taken as 
pEusary queutitiee, the dimensional forcnidu for x is 
laspestion of this formula ehowu that for geometrically siuiiar bodies 
of uniform conductivity and similar temperature dutributious, the 
quantity of heat tron^erred ar.ross corresponding croas-sertions la 
proportional to the time, the conductii'ity, the liuesr dimensions, sud 
the masunum temperature dilleceDce. 

This condusion, however, does not follow if the nuruhcT of priTUMy 
quantities is reduced. For example, Q is often assigned the dimensians 
of mechanical energy MC?T-*, from Joule's law Q = EfJ, where Q 
is the quantify of heat which appears when a certain amount of me- 
clisuicol energy E disappears. Similarly 0 Is often gives the same 
dimensions, iVf£*r“*, from the equation of a perfect gas, jiV ~ Rd 
Tlie cincial point is whetba J and R are dimensional or dimsmunulesB 
constants. Now the prohJem of heat conduction Js ooocerned neither 
with the " equivalence ” of heat and mecbamcal energy, nor mth 
the properties of perfect gases. It is therefore illegitimate to assign 
the diTucusion.i of oncigy to either Q or B \» Iht sese €>f heat ccTidvcliem. 

Consider, however, the dimensional foriuiila for entropy. The 
concept of entropy was initially deduced from considerations of (1) 
the proportira of gases, (2) the rdation between heat and mechanical 
energy In this case, ther^ie, both Q and B nay be given ^khe diajen- 
siouB of mechanical enc^y Since the change of entropy is given by 
ilQIB, entropy is fiecu to bo dimenaionlesa If, on the other hand, 
quantity of heat were defined by tlie ex^we.^Hioa Ms9, where s is the 
specific heat (itself a ratio, aroce it may be defined as the ra tio of the 
amount of heat leqiuied to raise a given mass of t.Le material through 
a given temperature range, to that required to raise the same mass of 
a etandaid material (water) tbrou^ (he same tempcratnro range), 
the dimensions of entropy wuuld dearly be those of mass Now the 
entropy of the universe is contiamdly increoang; it is much more 
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probable that some purel7 dimensicHiIess quantity rather than the 
total mass is rmdergoing tiiB change. Piirther, the dimeusiouiess for- 
mula is in agreement with statistical theory.* The above results may 
be summed up in Law II; 

Laws that are not direclltf relevant to the problem under consideralion 
must not he used to assign dinietisions. 

The implications of Law II must be stajctly followed out in assigning 
dimen.sions to k, the dielectric constant, and ya, the magnetic per- 
meability. If the problem is ditecUy associated with Coulomb's lav; 
F ~ where F is tiie force h^weou two point changes 5i and 

ja separated by a distance r in an enveloping medium of dielectric 
constant «, electrostatic dimenrions ate appropriate. If the problem 
is directly connected witij AmpSte’s law, ckotroniagnBlic diinensioua 
must be assigned. la the special case where « ie the same for all tlie 
components involved in the problem, « may be r^arded os being 
dimensionless, since it may be defined ae the ratio of the espaoities of 
two idontioal condensers, one of which is filled with the dicleotrio and 
the otiior empty. SimUarly, if the problem is entirely eleotromagnotio 
and ft is constant, the latter may be regarded as. dimensionless. 


8. Examples of Blmeusional Analysis. 

The preoeding principles will uow bo illu.stxated by examples from 
diSozont branches of physics; further examples for the reader will be 
found at the end of the book. 


(1) Mechanics. Motion of a body through a resisting mdium. 

Suppose it is cequirad to Rod bow tbe resistance to bodies of similar shape but 
diSerent sire depeods on the vanabics of the problem. Quessing the variables 
and ^vriting down their dimeosionnl fonutilse, we have 


(а) Raaisting force R 

(б) Veioeity o 

(c] Linear dimensionB tf 

(d) Density of resisting inediniD p 

(c) Viscosity of resisting mediiun t) 


iSLT~\ 

LT~\ 

L, 

SIL-'T' 


Let 

then wo have 


s= wp^dVs 

IfLT-* = 


(D-af 

(2)i 

{?)'£ 

* InT/icA’nlan 
defines increase of < 


1 = P -f ». 
i = «-3p-t-T-e. 
—2 = — a — S. 


;s of oigamzatioD of the ui 


•C 80 , 1929), Eddington 
. in tUo universe ... a 
Tins agrees with the 
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Let a remaiD imEdimliia.tecI, tbni 

\ jj / e 

'■»! 

No<r systems for ivlueli tiie <liaieo«i<>iiJe^ eKpressioa (sfdfi^) is co&stBiit possess 
dynacucal liisilarit}'. For bodsce of stuufxr «lu^>e svith and p constant, ths 
lesistui" fc>Tce H is thereiore tbe same if <d n couslitaL Hccco tbo lati) of similar 
that for tUo same reststonce to motion the refooity is mrersely piopuitioasl 
to the liueer dimensions, has been deduced. It is tbeiefors advitDtageuua to 
construct Urge airships rather than email ones, since the Uitmg po^ter u appioai- 
raately proportional to the Tolume. that u, depeods oa If' With eery last 
neroplanes, the Telocity of eoaod must be included as s further variable. 


(2) Beht Conwrfiw. 


Attention viU hero bo eonfinrd to 



(a) Tomporaturo of the body 

(h) Jonur dijnrruuons of the body 

(c) Xlisriuid yonduutivity of the fluid 


tiiral oofinvOon, the problem of foreod 

• r • II / • , c > I », 

• ' . • , . ; I 


0 ». 

t L. 

K (?»-*Xr‘T-h 


crili oertaiuly be reiiuired. i\i SToiii liaTing to consider (he deuilty of the fluid, 
re use the reaaiciag ronables m the follomng fora 

(d) Tlieriuid capaoity of the AuUper tfliiftofautc c 

(ej Accfliflfotion of graney f LT'\ 

(/} Temperacute voefScieiU of density change of (he fluid a 9*’, 
if) Kmematio necoaity v i’J-h 


The quantities ie] and (/) aro gmnped together in the form of the pioduot fa. 
This is jiistille>i by the (act that the iipnard thrust cm unit volumo of the fluid 
of density p — Ap, if the snrronndnig fluid bos deosity p, is fSf, and since the 
mass of the fluid is p, the acsciciation prodooed ou tie Said iriU he propurlionaJ 
tn g&p/p, which m tnmia proporOtoaikl to p " where u is the temperature 

coefficient ol density change of the fluid. tS. effect of change of density on the 
»i«o«ity of the fluid is thereby neglected, in praclioe, the vwiosity u taken 
to ho that of the fluid at a tenperaturo wbifli u tire mean of that o£ the body 
and thn main bulk of the fluid FinoHy. Uw macosi^ Uj used in the form of the 
kmcmatio viecoBity v * sj/p. wJiere q la the ordmacy coefficient nf viscosity 
defined in (iapler XIl (p. ^!J). 

Wriljng the reqoired reJatioji ua » power formula In Iho usual way, we have 
A=eff*ie»eT&«)»I*y‘ 

CL-'T-* = 

(})Q 1“P+Y. 

(2) i _2--P+S + e + 2ii-3y, 

(3) T — 1 ee — P— IS— 88, 

(4) 9 0 = a-p-T-8- 
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Expressing tlia other unkcowna ia terms of S aod (t, sro have 
a= 1 + S. 
p=l-2S-ft 

T= 28 + ji, 

6=38—1. 

Substituting these values in the cspiession for A, we obtain three intei 
dimensionless groups: 

or in general, 






(H) 


Consider the application of those formulse to cylinders whose length is great 
compared with the diameiea-. Then A depends only on the diaroetor d, and i 
may be substituted for 1. Further, if AT is the boat tost per unit length per second 
per degree temperature excess, wo have 





(12) 


For oyllndeiH Eurroiindud by dialoutic gaowi, (1) ov/k U nearly oonstant; 
(2) l/v° may he written for ^/k* in tlio first fuootion, eisco the two expressions 
have the same dimonsiems; (3) g is constant, end for a, constant temperature of 
the surrounding gas, a is the same for ail gases; hence wo have 



Plotting the values of S/x ae ordinates and the coRCSposding values of Bd'/v’ 
as ubsolsssc, we find that for ^e nstural convective cooling of long oyllndecs aU 
the points lie on a single curve.* The agieement between the resists for steam- 
pipes and those for fin© wiiec is very remarkable. 


(3) Light. The blue of the ehy. 

Tho law governing tlie Bnattering of light by sinall obstacles was first deduced 
dimensionally by the late Lord K^leigb. The variables which preeBut thomsclvos 

(a) Amplitude of the incident wave a L, 

(5) Volume of obstacles » L’, 

(c) Distance of point ocMidered from obstacle r L, 

(d) Wave-length of inoident light X L. 

Then the amplitude of the scattered wave at r is 



oinoe e is known to bo proportionaJ to a and o and inversely proportional to r. 
To make the equation dimraisionony homogeneous, we must have o = — 2. 
Since the scattered intensity is ptoporUonal to the square of tho scattered ampli- 
tude, the amount of light scattered ia invraw^ proportional to the fourth power 
• Ci. Boborta, Heat and TKemodyuoiaea, p- 297 (Blsokie & Eon, Ltd., fourth 
edition, 1951). 
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of the H-ave-lengtii. Ttia ia siramt fitxtMn time* a* great lor tbe violet as for 
the red end of tbo Bpectrum. Conaciiumtlx jhe Mue ptesmt uj wlute bgbt u 
tcattered to a laucb greater esteot tlum Uie red. 

(4) Sound. Tuning-forks of similar shape. 

For tuoing-roilta of eimilar thape aod of icotiople materiBl. the reatoring force 
is d'le to tte eiaatieity of tte prange. uod tie fame of ossfUstlon ( wiH depend 
oc thfi following quaatities. 

(a) linear dimenaloiia of tiro fork I L, 

(i) Young’a modultis of the matenal q 

(c> Density of ilie malerin) p ML-*, 






C&) EUctiicitj and tnagnetism. BUdromagnetk matt of a eharffed spliers 
Tbn eweit Iilcdy vanahlce would eecm to be tbeecu 
(») Charge <? 

(b) Kadius of sphere o L. 

c(Iuat«7Q If dimesooDalJj' iy>boiifa{i;rneoaa ia Ti aa a farther variable 
ae try the coost&iit c, wluch ie Hie ratio of the unite of charge in the elrctio- 
magnetic and electrostatie systetne rcapeebvoly. Its dkaeaaiuiu ora those of a 
rrlomyi hence 

OP. dimeuaionally. 


'nolU ia-.3) 



CHAPTER n 


The Acceleration Due to Gravity 

!. iQtxodtictioa. 

The force on a body sitaated at a point in the gravitational field 
of tie earth can be rmfefcen in tie form mg, where m is the mass of the 
body and g iaa, quantity Imown as the acceleration of gravity, or the 
acceleration of a body fahing freely in vacuo, at that point. It is also 
the strength of the gravitational field at the point, for it jb the force 
on unit mass. Owing to the spin of the eaxth, the direction and magni- 
tude ofthevecfr)rgT^ depend oa the latitude (see Ex. I, Ch. II, p. 311). 
The quantity g is independrat of the mass of the body ooncemed. 
The most accurate methods of measuring g oenr in use ate based upon 
pendulum observations. It It cooveoient to summarize the develop- 
ment of the theory and practice of this work. 


2. Simple Fendolam with Friction. 

TVe take it for granted tiiat the student Imows how to obtain the 
expression Tq = 2T;lJ/g)^ he the period of a simple pendulum. The 
assumptioDS involved ate that tho pendulum 
consiste of a p-article si.^pended from a rigid 
support by an inelastic string of negligible mass, 
and that it oscillates in vacuo with oscillations 
of infinitely small amplitude. When the viscous 
drag of the medium on the bob is not neglected, 
the equation of motion is altered. Let 9 be the 
anguUr displacement (fig. 1). Experiment proves 
that the viscous retarding force is proportional 
to the linear velocity of the boh i6 and to the 
viscosity of tiie meiRum. The moment of this 
fOTce about an axis through the point 0, per- 
pendicular to lie plane of the figure, may be 
written in the form IkB, where i is a constant 
s the length of the string. The weight gives rise to a restoring 

it mgl sin 9, which when B is small may be taken as rnglB. 

Hence the equation of rotational motion about the axis through 0 is 
mV‘S+liB+nigie=0, (1) 



and I h 
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tor »il*6 is tie product of tie moment of Inertia and the angular 
acceleration. 

If we ^vidc throughout by «il* aod write kftnl — 2£> aud gfl = c*, 
the equation becomea 

?+ 2bfi + c*0 0 (2) 

The general eolutiou of this equation may be writfcn in (he form 
6 =-- Je~*' cos{(c^ — 5*)l/ -+<15) (3) 

It repreaeuia wiuit arc cailrd damjied ((hat is, decaying) orctTfaft'on#, 
whose period U given by 

2’*2W(‘?--6*)‘“2ir/(y/Z-y«)‘* ... (4) 



A graph connecting 6 wad I reveals the decay of the oscallations. 
Jnfig. 2, ^is assumed tobeequaltoBero. On«oinpanngT=-27T/(pyi— 6^)* 
with eimple formula T# ^ 2w/(g//)*, we see that T)Tf=^ 

[gllligll— h'^y ~ {I In fl>e practical case of a pen- 

dulum vibrntiug iu ail h is small, and the espresuoD on the nght 
may be expanded to two terms by the faiaotniil theorem, giving 
Tjl\=== I -I- mfty approsimately. 'Writing ?(,= 2wP/p)‘ and I/p = 
we have 

T/To = 1 + (6) 

Far a pendulum in air, this slightty" eiceeda unity, the second tera) 
representing the correction for viscous drag of the s-u on the bob. 
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3. Peadnium witb Finite Am^itode of Swing. 

If 5 is so large that it is not permissible to write sm 0 = 9, equation 
(1) must be replaced by 

0 (6) 

For the present purpose, 'whidi is simply to find the effect of a finite 
ainjilitude of awiiig, the viscous term iw may be neglected, giving 
»nP6-f«^8m«=0 (7) 

The solution of thiaequationiebeyond the scope of the present book. 
The period of oscillatdon is found to be 

( 8 ) 

where K{9) is a functaon of $, known as a ecinphie elliptic integral oj 
i3\e first kind. It can bo expanded in a series of sines of 0/2, giving 
T = 2?T(f/g)^{l + (l/2)*Riji»0/2 + (1 . 3/2 . 4)» sin* 0/2 + . . 

When 0 is fairly small, wo may replace sin 0/2 by 0/2 in the second term 
and neglect subsequent tcims; then 

I'=2«(I/^)*{H-0»/16}=ro{l + fiVi6}. ■ ■ (9) 

4. Fendulnm with a Large Bob. 

Consider the small oscillations of a pendulum composed of a heavy 
spherical bob of mass M and radius Ji cm., on an inertensible string of 
negligible moss (fig. 3). Assume that the boh moves so that the same 
ra^us FQ constantly lies along the straight lino PO joining the centre 
of the bob P to 0, the point of support; that is, that the bob is simply 
oscillating about an asis through O, perpendicular to the plane of the 
figiure. The moment of inertia of a sphere about fin (ijcie jfaruUel to a 
diameter, and I cm. from it, is 2A{IP/5 + MP, by the theorem of 
parallel axes. The equation of rotational motion for small oscillations 
(viscous forces being neglected) is 

(23IIP/5-i- MP)ff+ MffW— 0. . . . (10) 

Hence the period of oscillation is 

Ti = 27r{(2B*/5 + (11) 

A real pendulum would scarcely swing in the assumed manner; 
its boll would oscillate about Q after the string had reached its extreme 
position on either side. The supporting fibre would have a definite 
mass and moment of inertia. These and other defects cause the rejec- 
tion of this apparatus as a mcmis of measuring g accurately. 
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5. CompottQd Peudulam. 

Accurate mptlioda of Bieaaiiring^ ate chiefly based on tie measure- 
meut of the period of tmaU oscillations of a compound penduliua, that 
13; of a rigid body, about a horizoutal axis, iriich is asually a 
rae^l knife-edge Fig 4 represents a rigid body, eiispeoded so as to 
•' ... - perpendicular to tie plane 

7 aidty when in a displaced 
XKiy about an axis through 
C7 is il/i®, that about a pamllel am through 0 is JUt® + JUP, by the 


O 



tiicocem oi parallel axes. Hie eqnatwn of rotational motion about the 
axis through 0, it we netted viscous forces and write 0 for ain^, i3 


giving a period 


2’ = 2w{(i?+l»|/^}‘. 


(12) 

(J3) 


A graph connecting T and I bus ibo Iona shown in fig- 5. To obtain 
such a graph experimentally, a metal bar with mimerous holes dr^Bd 
in it is swung from a fixed peg tbrougb sin^ uhb of the holes Ine 
Centro of gravity oS the bar can be detenmned fairly accurately by 
balancing it on a bcpiirontal iMfe^edgc, I la the distance fiom the 
centre of gravity to tie top «»* the P^S- period T is obtained by 
tiraing a few hundreds of swings whh * atop-watch, or by eome special 



COMPOUND PENDULUM 

« - E»ph J 

Co™.p„.4„g to tto B Sl.» ‘™ ‘‘ "‘* ^ “P«li»lj. 

»'-M(i>+wi,p}* 


rad corresponding to C, 


Henco 




( 15 ) 




Subtracting, vre have 

+ «*}«. 



AE=A0=1^. Also CD^BB^La-L Tt.,.f j tT 
points, imsTnimctricallj placed with Profit to ^ 
whose distance apart is equal to fie^Sth S S “^7 gravity, 
whose penori of oscillation is the same 

tor i, „„m.ti.g abuut a„i, flu^ C or D ri,»L rtf” 
axis passes through 0, O is called the ce»*^ J^^l^ctivclj. Len the 

centre of oscilhtion or centre of^uS^ ^ 

tiiroiigli D, the names arc intcrchM^d. ' ° passes 
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6. Aecnrate STeasoremeat of ^ »t a Fixed Station (Claik) * 

TLe best methods of meastiring j at a given station involre the use 
of bar pendiiliuiis. Important early work on this subject tras done by 
I^ay (1800), EohneaWrger (1811}, and particularly by Enter (1817). 
The latest refinements ore to be found in leeeaiches by Heyl and Cook 
(193S) in America, and by Dark (1S35-33) In England. A brief smnmary 
of Claik’s work will row be ^en. The method involves an idea due 
to BesseL 

A rigid bar pendulum of special de^m U first made to describe 
small oscillations under gravity about a borirontal axis fairly near one 
eud of the bar. The period of oscillation T is tnPASuied in tncim and, as 
in equation (U], 

r,-2.T((i- + (,')As)' (If) 

where b the distance of the centre of gravity &om the axis of rotation. 
Following Bcspel, the bat pendnlum u then invcTted and nlIow«£ to 
desorJhe email oscillations in n verticat plane about a b-econd horizostal 
axis, on the opposite side of the centre of gntvjty and moch closer to 
it than the first. In thb poution the period 7{ b measnted and 

. . (18) 

where ig b the dbtanec of (he centre of mvity from the new axb. 
The second axis b so selected that 7, and T, are very neftrly equal, 
c.g. in ft certain case 2\ — 2 0057760 Mc. nod 7* •» 2-003756S wc 
Squaring the values of 7, nnd 7, iu equatkins (IT) and (18), multi 
plying by fj and Tj* by Ig. we get 

r,*l, = + 

rt% = 4s=(** h L*)/p. 

On subtracting we find 7,*/, — 7*% ^ — li~)/9 **nd hence 

= - ■ ■ (») 
ilFung partial fnir.tion-s thb can be written in a form which proves 
much more useful than equation (19), namely 

The advantage of this fcjrm of expiesaon b that the second term on 
the right, which cannot be obtained aceuratdy, is much smaller than 
the firsit terra because, while (7j* — 7,*) b nearly zero, (I, — L| is 
about SO cm. 

The aclii.sl pendulum b o bar of a fight paramagnetic alloy eaUed 

* taark. I'AU. Trane. Soj. See. A. Vel. SSS. p. «j fJ WO). 
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Y-alloj, consisting mainly of alnminiani of I-section so as to combine 
strength willi lightness. The ends are out off square at ahout a metre 
apart (see fig. 6). Squaxe slots aie wit ont of the middle of each end 
of the bar. Rectan^ar blo^ of an alloy called delta metal, with 
their ends chromium-plated and lapped plane, are fitted tightly against 
the slotted ends and bolted on. The extoa blocks form prolongations 
of the central part of the bar. but one is much longer than the other. 
The square holes left between the blocks and centra! bar permit the 
sospension of the pen- 
dulum on a horisontal 
Uard-stesl knife-edge fac- 
upwards and rigidly 
supported on an external 

W stand. Thus aplanehear- 

' * F ing surface of ckromiiua- 

I I plated delta metal rests 

' ' ' on the same steel knife- 

edge, forming the axis of 
rotation In both the first 
and second positions. The 
quantities T^, Tsi ^ ^ 

and li—lgiiii those whioli 
are mDasoied. 

The periods Tj and Tj 
ate measured with the 
peoduiiun, by means of 

% MP ‘-jXj — ^ a scandard electrical 

<dironogtaph reading to 
0-0005 sec., the timing 
interral being of the 
order 12,000 sec. 

The distance (Ij -f- /j) 

Kirstpositicm ^ Stcond ponuon distance Or 

YjYn between the plane 
bearing surfaces. It is measured by an optical interference method due 
to Sears and Barrel!, involving a comparison with the known length 
of a standard end-gauge. In a typical case ^1 + ^3 = 99'98997 cm. 
at 20® C. 

YTiercas Ij -f- !„ is measured with extreme accuracy, the quantity 
ij — /j occurring in the second tram of equation (19a) need only be de- 
termined to about *1 quarter of a millimetre. The reason is that the first 
term in equation (19a) is much laigei than the second, e.g. in a typical 
case the value of the first is of the order 0-08 whereas the second is of 
the order 0-0000015, or two-hondied-thonsaudths of the first. The 
complete equation in this case is 


o 
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877=;^ = 80*6127/99-98997 + 0 000073/47-89. 

An error of lialf a millimetre in 47-B9 cm., wliioli b tlic valnc of i, — 4 
in tins typical caisc, only esnnaea a fractional error of about 2 X 10"* 
in tbe valtte of g. Hence to detennine li~lt the separate values of 
4 and ij are found rrith snfliinent accuracy by balancing the penduluia 
horizontally on a length of steel wire 3-6 inin in diametar, and njoasuriag 
the distances of the line of contact &om the planes XjTj and XjYj 
with a metre steel scale. Hie above oonsidcrations relating to — 4 
reveal the advsntoge sectipej by the use of e<]uation C^9a] instead of 
equation (19). 

Before insertie*» in equation (I{>tj) four unportaut conectiona U) the values 
of the penods T| and Ti an reade for (1 ) chaD|!«a of tempexatnie. (S} fieute am- 
pbtude of swing. (3) non uuformily of the rate nf tbc staodard doek. ond (4) 
uacertainty in the interpccutioo vf Ibe records of the electrical cluuoo8rai>!i 
Two other eorrectioos to Ti and T, for (S) the finite radius of curratore of the 
Itnife-edge oad (QJ the edc«(s of rMidaal air in thn erpermrats] eadosuK, are 
found to be zeueb less Isiportsst ttua tbs first four (see Table I}. Tbsy are 
thrrefore not applied. 

Four iBiportant cOTrciitioaa in the meaaiifed value of 2. + 4 an made for 
(7) alutio compression of the rod by the pnssiueof the knife sdgra.Ul oocapreasioa 
of the rod by the miJual ait in tbe ezpentneDUil enriosuie, (B) yielding of the 


one foi. A thousandth of n get la 1 mitliyitf. 

Taelb I. — Fsaimowai. Comecnosa -lo xn* Vetire oe g 


(1) Temperature ±*1 X 10"’ 

(2) Amplitude . . X 10"’ 

(3) Clock rate ±3 X 10'’ 

(4) Uacertainty in efaranograpb records . ^It X 10"’ 

(6) Finite radius of kMfe edge . • <4x10"* 

IS) Residual air ... . ■ <5 X 10"* 

(7) Elastic compeeswion by the knifo-edfO . +5x10"* 

(8) Compression by the residual »ir . . +6 x 10 ’ 

(0) Elasticity of the support .. -. +1S X 10"’ 

(10) Elast/city of the prndBlnm rod •• X 10"* 


Five readings of S’, and five of 7’, form a set lor tke determ’Mt'on of one v due 
of g, Eighteoa each seta leerv obtained, givuig a mean value of s '’f SSMSIS 

gal at a certain pbre in the National Pbymcol Laboratory at Teddingtoa. 

7. Measuremcat of ff al Sea. 

It was formerly thought that the vibiatioDS of slips prohibited the 
Lise of peodulums on board. Tbe eadier methods of mcasiumg g at sea. 
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such as those of Hecker Mid DuffieH,* depend upon the simultaneoua 
measuremeEt of the atmospieric pressure P in two ways. The heigiit 
of the column of mercury in a barometer tnbe gives H in the equation 
P — gpH, where g is the gravitational acceleration and p the density 
of mercury. A simultaneous measurement of the temperature at which 
water bo^ enables P to be obtained from tables of the temperatures 
and saturation pressuies of water vapour. The point is that the second 
method of measuring P must not involve g. Alternatively, P can be 
measured by an aneroid barometer, or by causmg a gas to exert a 
pressure equal and oppoate to thatoftheatmosphere. Thea^— PjpH. 
This method gives values of mth a probable error (see p. 293 ) of about 
+0'01 cm./sec.*, which is rdalively large compared with that obtained 
in pendulum experiments <m land. The chief cause of this relatively 
large error is the 80*csl)ed “ bumping ”, that is, oscillations of the 
mercury in the baroroetor tube due to movemonts of the ship. 

Yening-Meineez | has devised a method which is fat more accurate 
than that just described. He has shown that pendulum methods can 
be used ou board ship, ospcoiolly if the ship is a submerged submarme, 
Pendulums are subject to four disturbances due to the motion of the 
vessel and caused by 

(1) Horizontal acceleration of the point of suspensioD. 

(2) Vertical acceleration. 

(3) ” Rooking ”, that is, the angular movement of the support. 

(i) Slipping of the knife^dgos on tbe agate planes on which they rest. 

By coaductiag exporimeote while the submarme is submergod, the teid 
eagnlftT d^ation due to the dtsl- three oousw is kept bdow 1°, and the knife- 
edges do sot aUde oa the agate pUmee. The horizontal sooeletation hoe tho greatest 
disturbing effect of the three. Its cfiect is completely eliminated by siringing 
two eunil&rly made bslf-sccond ponduhima (that is, poaduiums whose full period 
is one eccond) together in the same tciUcoI plane from the same support, but 
with diiloront phases, If the peaduiums are assumed to be isochronous (that is, 
h.aving oijiial periods), the diffn’ratco of the two angalar displacements Oj and 0, 
gives an angle 0, — 0} whi<^ may be r^anied sa the angular displacement of a 
pooduium undisturbed the horizcaital acceleration of its support. For t)is 
equations of motion of the two pendnluntB may be written 
if{i» + P)8, + if^, -f A = 0 
if{b»+ P)5,+ Jr(^8s+ A = 0. 

where -4 is a term repiesentiDg Iho effect of Uie horizontal acceleration of the 
support, and is the eamo in the two cases. By sabtraotion, 
if(i* + + .tfpffO, - 9.) = 0. 

an equation from which any diabncbii^ term is absent. The eficct of the vortical 
Ecoeleiataona of the point of aappest csuuiot be oiiminatod without eliminating 

* Dufiield, Pruc- Hog. Boe., Vd. 92, p. 605 (1016J. 
t Veoing-JIeinesc, OsojrqiWeai Jcurnol, Vo!. 71, p. H4 (1028). 
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p itedf. It s-ppparj, hcrwevtt, tittt Uio meuiirH yalus of g h affteted by the 
mwa vslae of the vtrUnJ Bcer1<\Rit](Si duruig the whoJe taae of cbsefTatinn. 
and 89 the vertical tnoTsmcnt is ftltenuktdj’ op sad doivE, Uuctuaticg about 
the valae itro, the meim value of Uw vertioal a«»el8rntif>B is small. The eotrs. 
apording error in jjB nadevtiyMnall bf rnaViogths diirsboa of lieobserrat^ous 
Tery great. The third eonrea tl duinrbanea rocking of ths plans of oaciUalion, 
iardvea a imall tonection, wbtdi is ecmputod from the retarded ralwe 
of the todiiag angln. 

Id practfce, continaiotu pbotographjc records aro roide, nsiog three peodulums 
^_Bwiiigirij( together from the saiae support Bj as optics! arrangcnient the 
‘ . ' aenaitizad paper, along 

' Thus tn-o sets of values 
' pesdulusu ara Jjsble to 

magnetio dutarbancca arising from tho fenomagneljc s^ctiirc and jinchrneiy 
of the Buhmarine. Ccerrrticsis for leuperaMre cSecb are applied, although the 
apparatus U theraallp uuutated. The vhole epetem is auspeni^ in gimVaJj. 
and it thns attoeacd from eztenuki aboeka and affacta due to amall angular 
moveaietitt of the TMiel. It it rbimnl that tbo prnhablo error rcachod in a 
tents of ncuuretneDta eoaduct^ in a Butch savat submtnse proeeedsng in 
inSS-T {torn QolUtid W Jnvn via faasma w 0018 cm. per tec. per tec. 


! 


8. Belstird He&8uremeat of 

Wlirn ^0 valued cJ g at variooa poinu b a cc>MiH7 ate to be 
cotnpnted trith the raluo of g &t tome stoniazd positioa, it is sot usual 
to empio; the same tecluuque as vrbtn 
an ol^liite iDcuouremeDt is conteni* 
p ~H ' plated Suppose that the period of 
Sri' oscillation of oae partitulat pcndnlnm 
IS measured, first at the standard 
pmicii'iti (7c), and theo at eoy other 
place (1\>. At the etandud position 
2n(I/^)*. vrlierc 2 is tbo lengtli of 
tbo simple equivalent pendulum nndpo is 

II 

(h) .. 

squaring, and rearrunging, we have 
- whioli gives lie value 

• of m terms of In tins inanner 
a^vityfiurveyisoitended tlirougliout 
a country. Siniiiar methods arc in ufio in most countries; n brief 
account of the German method of cspcriiuentmg is given here. 

Half-Koond pendufunia of a ^fpe inventoi by von Stemeck are used, that is 
poDduluma whose equivateul feugth B aboot 25 cm. and iphoss complete period 
IS about one Beoonii- rbeoe are oinr roads of tba nJekel-Becel aho? idiot, whose 
cncfBciont of linear "upsnsmn with tsspaature » estremeJy roioll. Figs. 7(«) 
«a<17(ij show tjio general ahapo of t»o tvpas of peuduluni in ectomoo use, they 
diSer only m the erraDgemeEt of the ksiiiMidges. Four sittular pendulum* hang 
from the lame njs&SvB support Id lonr sQnmte ooinpirtiaenta of the apparatus. 
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TLe casing is made of mii-metal tff some amilar alloy, to screen tlie peaduiuma 
from magnetic fields. Osciliatioii cxpczimeats ace conducted ndth tliree of these. 
The fourth is a “ dummy " carrying a tbenuometer vhose readings are assumed 
to the tompeistnre of the Uose experimental pendulums. In the latest 
form of apparatus the ressd hoosiog the pendulums is ov’.tQuatcd, In order to 
eliminate du Bust’s correction and other earcectioos. 

Each pendulum carries an a^te knife-edge, n-hich reshi on an agate plane on 
the support. The knife-edge fonns the aria of oscillation when the pendulum 
swings. All the pcadiilums, exuept the dummy, carry a small [liiiue mirror 
ou their knife-edges, the norma) to the centre of the mirror being in the [ilane 
sf oscillation of the central line of the penduhim. The time of oscillation of each 
pendulum is determined by oompatiaoD with the time of oscillation of a standard 
clock or with elgnals from an accurate chronometer. For this purpose a method 
of coincidences is used. A stoaU plane mirrar is mounted ou a fixed support so 
as to face the mirrar on one of tha experimeotal pendulums. It is pamlle! to 
that mirror when the pendulum to at rest. ITie standard cioek or chronDmetcr 
operates an electric relay, so that a hoiizuntol etccUic spjxk is produced by break- 
uig a certain circuit, once Im eTciy complete oscillation of tho pendulum of the 
standaid clock. Ad optical image of this spark, formed by rays of light reflected 
from each plane mirror in turn, is seen in the focal plane of the eyopieoo of e 
telescope, ^be siondaid acd expcrimeDUl peodolums are so arranged that this 
usage is seen in coincidsoce witii the borizonCai crossuiio when the pendulums 
are “ in phase ” and each is pasaiog through its lest-poaition. The mean interral 
between two coincidences is measured, over a period of about two hours. Let 
7g, Tg seu. be the periode of one complete osciQatiun of the expeiimastal and 
standard pendulums nopcctirely. 7, ia about 1-0 aec. and Tg is about 2-0 aec. 
Let the meaa internal between coioddcnces he I ace. In I sea. let the standard 
pendulum make n complete oscillntions. Then k /. Let the esperimentol 
pendulum make complete osoiUalioos in the same time. T^en A^Tg =» 7. It 
is knoirn that 7j is approximately equal toT,/2,an<l we may write 7g= To /2 ± a; 
then 7 N{io/2 d: tt} "V where a is a small period of time. Hence SaTg ** 
A‘(tc i 2a] and (2n — A’lcg** ±27^«. IKviUing both sides by Tg. wo obtain 
2i» — ^ = ±2A'a/To. Now 2n — A' must bo an integer, since n and 77 are both 
Integers. Hence t^ least Taluo<^ 2n — A', other titan zero, must bo ±1, snd tho 
shortest iatcrrol 1 between two successiro ooineidences is that which mokes 
2n — A'=il. Hence 2A'a/Tg= 1 . iT>oequationa«T, = / = A'T,can be written 
in the form nxg = 7 = (2s ± l)T„ whence 7, = //(2« ± 1) = 7/(E7/Tg ± 1) « 
/Tg/(2i’ ± Tg), which gives 7e if r„ and / arc known. 

Various precautions are uecessaty iu carrying out the ezperimBnt, (1) An 
automatic setting device is requited, to place the knife-edge of tho pendulum on 
the same part of the agnto planes every limo. (2) The agate planes need frequent 
tepoDshing. (3) They must be set horizontally before every experiment. (4) The 
support must be stable and tree from tremors. (5) The deposition of dust and 
water vapour on the pendulum must be prevented. In a certain oaao w ater vapour 
altered 7o by 3 X 10”* sec. 

The chief corrections to tlie measured value of 7* are: (1) Correction for tem- 
perature variation; results arc reduced to some standard temperature. (2) 
Corrcctioas for air resistance and incroased moment of inertia due to carried air; 
in the older technique results are reduced to the standard pressure 10 cm. of 
raercuiyi in the new vacunm apparatus these effects and corrections are elimi- 
nafed. (S) Correction of 7g to adeieal seconds. ( 4 ) Correction to zero amplitude; 
the initioi amplitude docs not exceed 1 “. Li rccreit work tho standard clock is 
kept ut a base station, and wireless signals arc sent to Ihc place of observation. 
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9- of^'iWith Time. Method ol Tomaicliek aD^ Schaffernieht. 

The “ BlflUr Gravimeter” ofTomnscIiek nnd Bcb.ifcrclelit • sSorda 
an accurate rncthsd of zncosurki|; minute temporal changes in the 
absolute value of s at a given place (figs. 8 undR). 

To a toreien h<^ T i« ••(tscheil a loi^ veRical spiral spring, made of wire ol 
a spreja! nlloj- {Kmpp’s A!l<qr W.X. 10 ) trliwh is distingnishfti by the aUeuc« 
of ‘'erevp” in it< elastic propcriies. 
A flat circular disc I7 is attached to 
(bu lover cad of tbe spring Relov 
the dise onother dise P is suspended 
by meansof osbiirt winx Tnoppvute 
ends of » {ftamelcr of C arc ntuclird 
mipportiiig 6 br«B. forming a Lind n< 
bifalkr anspension. irtucb carries part 
ol tUe weight of tbe eyetem. When 
Uie WreioD Lead is tunslsd thfoush 
BD angts G. tbe tlisu € rotato In tbs 
same directiua tbiougb an angle 9 
and Cniilly voists to mu Tbeu lbs 
moneat o( tbs cliipUacg conple due 
to tbe tvbtnl spiiag is equal aod 
opposite to the mneorat ot the mtoi. 
mg eonple due to tbe tension in tbe 
fibres of the UMw aiiapmsiein. Tie 
angles 8 and 9 mcrCAse together. Tj 
the disc C rtEQSuicd at tbe tame level 
during tho tvuiiing, the moment oi 
the restoring couple would uicrsaee 
to a mauinutn nhen 9 was 90^ and 
would tb«a diaiiiiuh again aa 9 m* 
creased. TLa 80° position u ould be 
one of instability and the systen. 
would euddstdy suing round through 
e large angle, tr pnictice, on account 
of the Miaing of the diso and con- 
aeqncBt alteration in tba tension of 
j J- the fibers, the position of m«tabiliti 
/Srruienserdrsc uoniy reorhed iJtanv- U 5 ° approx 
* Tbe apiias is deliberately set so that 

this position IS reached. Then vbcQ 
the value of p alters, the weights of tbe drain alter and the system rotates 
throiigb a aiaaU ntmlo. Tliir angle is mcawired by meana of the nsnal device of 
a trurrur. lamp, at^ scale, tlic luirmc being monnted on tb© wire between the 

Figs.S (a)and{b)rept«aeut tlw. disc C in equilibnuoi afler a drapUcemeDt 9 . 
The moment of tbe restoring conplo due to tbe tensioit 2* in the stnnga 11 twice 
the horizontal conipanent of the tenrioo in eaii, mwItipLed by thcpcrpcndiculni 
diitanee a from tho axis on to the hue of actio® X T of tho horizontal componetit 
flenee 

blinnent of reilreingoonpfc ^ 2 r«/f [A" 

• XoiDflsrbet acd &.'tali*rmcht, dua. d. Fftyeii, 15, p 781 f I93ii). 
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SiocB the disc is not moving verticftlly, we ^so have 

STooBB = iIg, (21) 

svhere Mg is the tveight of the disesy ffcc., les tha sveight supported by the aprine. 
Now cosJB =s h[l; and 

Twice aroa of UiM^OZF = ia;= flbsini?. . . . (22) 


Hence the moment of tlie restoring conjdeia ligabsin^lh. The moment of the 
displacing couple is that dne to toi^a of the spriogi it is equal to /(O — 9), 
where / is the toraional coostoni of the spring. Equating the moments of the 
couples and rearranguig, we get 

g ~ h/(0 - (f)IMab^ 9 (23) 




When g varies, the change in A is c.vtiomeIy small. Hence, in cMerentiuting 
equation (23), h is treated as s oonstaDt, and wo have 

(fj = — ^^{9109+ (0 — 9)co89}(f9/Jfnbsui’9. . . (24) 

This gives tie change in g cnrreepondii^ to a change in 9. The movemenia oi 
the spot of light oorrespondiDg to do and dg are registered photographically. A 
displaocmontof 2inni.ontboBenritizcd film corresponds to a variation IQ-’j. 
The extreme eenativcDess thns sUained enables the changes in g due to move- 
ments of the sun and moon to he Eepaistod and measured To obtain such 
results it is necessary to insolate the opparatue thermally and to prevent tem- 
perature changes of more than 0-001® (h Tho spring is spcciaOy treated before- 
hand 60 that its clastic constants do not ehanga during an experiment. It is also 


necessary to work in a deep celfat (25 m.) to avoid disturbances due to traffic and 
macbinoiy. Equation (24) can be written 

dg = Kdig/M. (25) 


where £ is, in effect, a constant. Ba percentage change due to the small obangs 
in 9 is extremely small. K is forznd, that the instrument is calibrated, by 
brbeing a parallel horizontal disc A nodcr the lower disc P of the gra\-imotcr. 
applying a known electric potcntisl differmeo F e.a.u. to the discs A and P, 
and measuring the ileflectian d<fo. As in an attracted disc electrometer, the 
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dowiinard force on P la T^S/Stai* dynes, where S sq. cm it (he cdectivn area of 
cacli clieo and z cm. is (he cliBtsjino t ietiwwiv A and P. Writinj? 
we eaa that the foten P^S/SteP dynes ecrmptxids to a change in of ^ 
V^SISkPIS. SiibBtslaling in tguation (25), «o haw = K d\pJM 

and K « V^S/Et^ d^g. 


10, Changes of with Position. The CoUilen StSTimeter. 

The " Boliden Gravimeter ’* is, in effect, n spring balance of great 
sensitivilj*. whose pozpose » to measure tbo differBoce In the value of 
the pavitational aoeolcratioD, at two points on the earth's smfacn 
(rco fig. WJ. 

A ‘‘ rnovrihlc ” body X vmmctncal abent a long vertical ana, la BMpported 
by meul (prm^B P, the aprir^ thctnscIvM being cioiintcd on hrackett Z o( the 





vertical tods E. The body X i» tberefow " doaliog . lie upper > 
moraiifo body is the piane aietel ptste The forvoe^oas plale of 


end of (ha 
' a parabc]- 


m the current recorded by a certain milhainn ietcr 
At the lower end of tbo movablo body Shew » a 
tie upper plate of aaother cendewer, also With a r 
A pwtioal downward attract'ni* la e^cnsKwl by •> i 


id plat© \V„ formins 
r hoTixontal air-gap 
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opposite plate W'j. The potential diffcrenis hetnticn W, and W. can be changed 
eoiitinuously. thus altering the dcnmwanl Ibwe on W,. 

The proeedute by wbiidi changes in 9 aie measured is as folloTOs. The in- 
strument is iirst set up at a given point, a certain p,d, V, is applied to the con- 
denser WjW„ and the circuit containing the condeuser Y,Y; is adjusted until 
the milliammotcr ehoira a suitable reading. Thagravimstoris then morod to anew 
point, svith the objaet of menstningAp. ^edhaogeui^. Supposo Ap to be positive, 
BO that on moving to the new point the body X is pulled down slightly, and with 
it the piste Yj. The cspscity of the upper eondeo^ changes, and coasoquontiy 
the milliammeter reading. By altering the p.d, between W, and \V., the force 
on W, is altered uatil the original miOiammeter reading is restored an4 X returns 
to its original posiliou. Isit the Jww p.d. bctireea W, and W. be 

Ap is oaloukted by equslii^ {o) the ubsogu in ihe weight of X due to shifting 
the instrument from the first to the second position to (h) the change iu the 
attractive force on W, due to (hanging the p.d. frocn V, to These two are 
equal since (i) oompenBatee for (oj. The change in wo^ht of Sf is Ilf . Ag, where 
Af is the mass. The attraction on W, in the fust positkm is, as in the sttractod- 
diso electrometer, 

T, — 2<r«,*J, 

where a =» suifacB density in oau. and A ie the are* of one face of Wj. Honoe 
Fi *. 2k[Q,/AM » 2itC*F,*M, since Q, = OVj. 

When the potential Is changed to F; the force becooea 
F, - 2<t(7’F,»M, 

and the difference is 

Ft - Ft = 2irO=(F,» - F,>)/A. 

Thus when the value of g at the second point is greater than at the first ws get 
the equation 

Af . A? = 2 rC’(F,* - F,*)M, 

Ay * 2jtC*iF,* - F,*)Mfif. 

Ay i.B therefore expressed in terms of quantities whic* ore easily measured, viz. 
0, the capacity of the lower condenser; A, the area of one face of one plate; 
hi, the mass of the suspended body X; and the two potential differences, F, and 
Vf 

By talting up to ten readings at each point it was estimated that the me.an 
error in the value of Ay obtain^ as above was between OKK and 010 mihigal. 


The Gulf Gravimeter. 

The purpose of the Gulf gravimeter is to measure changes in g, the 
gravitational acceleration, as the instiumeat is moved from one place 
to another. Thus it measures (dianges in g due to both horizontal 
and vertical displacements and gives dg/Bx, dgfby, and Zgidz. In this 
way ore bodies and oil deposifa are revealed; in fact it was to find such 
deposits that this gravimeter was developed by the Gulf Research and 
Development Company of Pittsbni^, frtHn 1932 onwards. 
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The iustnimcnt consists of a ktiiifed and verticatly suspended spiral 


spring (fig. 11) made not of circular 
angular cross-section. The long 
of tho rectangle is vertical. The load 
IS a simple weight attached cen- 
trally to the lower end. It therefore 
exerts a downward axial force, m 
the. fiiet place on the ^ring, and 
this, besides producing a downward 
liuear extension, also causes a 
rotation about the vertical aria of 
the spring. Since the rectangular 
cross-section of the metal b very 
thin, the nnglo of rotation is large, 
and is such as to tend (n uncoil 
the spriog. I^liea the instnunent 
ia set up at a certain place, the 
angle of rotation reaches an eqni- 
libnum value S, Oa moving to 
a new place where p is different, 
the Anglo oP rotatrou changes, and 
it ii this change is the angle of 
rotation which is the quantity 
direotly measured. 

According to equation (d9a), p. 
69, the act of loading such a epring 
with a mass ilf gcamines causes an 
angle of rotation 


but of metal ribbon of rcct- 



0 = 3MjrBIsin<ico8a{l/[n(l - S-361 X 86/16a)J — 4/j}/16ab». 

Hence on moving to a place whore <j changes to y -h Aj, the angle 
changes from (7 to 6 + AP and 

A!7 = 16a5=. A0/3ilfiJlsaBocc«o{l/«(l— 3 3Qlx36/16tr)-4/f}. 


Also 


Ay = y . 


The angle A0 b measured by memis of a beam of light falling on 
plane mirror mounted on Uia a*b of the spring and rotating with it. 
A0 is magnified to 4A0 by the following arrangament (see fig. 12). 


Thft roovahlo miiTOr Is the partially aloimnneil plinn face NX of a pkno- 
maves lens InitisUy. i o at the tiist atafann, tins mirror is paraUel to tbo 
similarly alimiuuisd plane fare MK of a fixed pbno-oonvax teas By a 
air-ean lyina between Prom a fine aourca S. wbicb m the fosus of t,, 

a b^m Of light fsOs first on ff,. Ka> central ray of tha bram S.XP, 
at X, and with the family of paralW mys goca on to P,. the Xoriis of E, Od 



II] 


THE GULF GRAVIMETER 


Z9 

moving tlie instrument to a second sloUoo where g is different, tlio spring, lens 
Ej, and mirror rotate through AO. In this case, eotue of tbo energy of ths ray 
stall forms an imago at Pq, but some is leSected along the path Xlf, ICI,. At L 
a further fraction of energy is trwamilLed through Ej. and the family of such 
twice-reflected rays as ICL li»inB aa image at Pj, after being foeased by the Ions 
E., A further family of rays such aa MN is transmitted by lens Ej after four 
reBections and is focused at P4. The devrathm of SX, so as to give MN, is seen 
to bed AO. and XP^ is parallel to MN. Tliis image P4, formed after four reflections, 
is the one selected In normal OjieiaUuDS, uid to give it maximum brightness, the 
aluminizing is erranged to have the optimum Uneknesu, i.e. that which iias a 
transmission ooefflciejitcrfia per wait. P| is observed by a micrometer microscope 
reading to 0 0001 in. By umng P« a v^ue of eriuid to 1 iniUigal produces a 
deflection P^P^ equal to O-OI in. It is easy to read to 0-05 miiiigsl. 

The sources of error in the Gulf graTuneter are ae follows; 

(1) The creep, he. the slorr ohango of reading with constant load. This can 
he teduoed to a low value by a ardtablc choice of load, e.g. to 0’3 milligal per 
day over 30 days. 

(2) Natural vihra.iions and “ farced ” vtbmiotis due to ground tmrost. These 
are r^uced hy cleotromsgDCilc damping. 



(4) Error due to temperature dumges. 'Pherraostalac control keeps the tein- 
per.aturc constant to ±0-01® G. even in field work. 


The advantages of the Gulf gravimoler iodude: 

()) Simplicity of design and apecatirm compared with the Eotvua halanco, 

(2) Gienter sensitivity than patduluma, though less than Eiitvos balance. 
Jlinimum Ay/t/ measured by pondnlnma is 10^, by the Gulf gravimeter 10“', 
by the Eutvos balance 10“*'. 

(3) Adjustability so ns to measoro values of Ag lying in ranges wlio.sn middle 

values are different, but wiioseftxtaitaare thesaine,e.B.iii the rangoof 30 niilligals 
between p 981.015 and 980,985 or in the range of 30 milligals faetwoen 

g e= 980,015 and 979,085 milligals. Adjustment is made by rotating tUu torsion 
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(4) Cnristancy of CT-libratSoo of rea£n^ over •ereril years. 

(6) Rapid operatioo. Up to 100 leading riz. at 100 stations, ono mile apart, 
in B hours. 

(6) Easily adaptable fur uao on the tioUoin of the sea (Pepper type). 

(7) Not affected by magnetic EeUsi 

(8) No zero error because F, is n»d just beibrs P,, 

(0) It mccaures tbe Tortlcol aa mJI os the horizontal gradients, rrberesa tbs 
EOtyOs balance only neaaurea the hocizonial oom. 


II. Changes of g with Direction. The EotTos Torsion Balance. 

It i.s possible to mcasuK) most necurately, not only the absolute value 
of g ab any point, bnt also the mlo of change of g with riiatancc in any 
bonzootai diiectim, anti eoiue other miportant quantities conuected 
with the earth's gravltatiooal field. These measurements ace earned 
out with tbe Eotvos torsion balance, of which the theory will now be 
given. Take any point 0 on the earth’s surface as an ongm of co- 
ordinates. Let axes Oz, Oy, Ot be diAwn, Oz towards the geographical 
north, Og towards the cast, and Oz downwards in the direction of the 

furca ofgra ' ‘ - - « . s .. ..t . _ 

along Os. ' . • ‘ 

component. ■ ■ . u • • ' 

field has a potential U at any point (ar, y, t) and that at (*, y, s) the 
component forces on unit ni.iss are i-SV/Sx, -i-BUfdg, and •{■BUIdz 
respectively, which can he written in the form5C^/&rr= Slf/Sy — J,. 
and dUjdz^g,. At the origin dCr/3* --0, BVfBv ^h, 

The values of j,. g„ and y, at any point (*, y, ej very close to the 
or^in may be calculated Maclannn’B fchoore.ni. Any fimctiou 

/ (I, y, «) = / (0, 0, 0) -f- * ^ + y ^ -h + smaller negligible terms, 

provided *, y, and * are snail. He euffir 0 indicatej that the values 
of the differential coefficients to be n-end are those at the origin. Hence 


dec. 


^ , d^u ^ d*v , 

, 3*17 , a*u . 


(26) 

(27) 
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These are the forces per unifc mass idoug Oz, Oy, Oi respectively, at the 
point X, y, z. Taking moments abemt the axis Oz, we see that the clock- 
wise moment of forces acUi^ on unit mass at {*, y, c) is 
(fig. 13). On a largo body distiibated over a certam space the oloclrwise 
moment is — y^)din, where dm is the mass concentrated at any 
point (a, y, s) and the int(^;ml sign ^mply indicates the summation 
over aD the elements of mass in the body. 



other end of the beam buigs a i^lilldiical might of r 
oisss about 26 gm., supported by a pJatanam-iridium 
vrire about 40 cm. long. This suspeonoo system carries 
a Binall plane minor just above the lev^ of the beam. 

The system, regarded as a wide, forma a body acted 
on by a torque whose moment, is given by the above 
earpxcssion. Let tho origin O of co-ordinates be the 
mid-point of the beam. lie moment rf the torque is |J 
^(gyX — gj/)d7n, and the int<^ral is to bo taken over 
fie whole of the suspension system. If we snbsfcitute 
for and from equations (26) and (27), the inoiuont beeotass 

+ J’lP . f txdm — fysdm (29) 

dydZtJ SxdZtJ 

In expcrimenls with the EotvSs torsiDn bstanco the suspension system is 
released and takes up some posHaonofequiiibEiuinin which tho axis of the beam, 
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though boriionUl, an angle or, nOM th* arimuth angle, >»iLli Ox. and 

90 — B with Oy. In older to use the above esiirnuion for the moinent of crsvi- 

tational '' «■ - - • . • • - - — 

axes of 

points tc 
rrom Cg, IS, 




J ryrfm { si 

din- 



ars cosa — q ainar, 

V— ijcoao. 

in 2a J (C*— VK"* + eos2“ J Snd'". 

eoaS«y(V — ~ 2»ui2aJ grid's, 

m. coea — Jtrtirn, 

"• itna + co»« 


The Buapraaion tysten ia »o eonstrueted that its suss li ayatoMtncalJy dts 
tributcd With teapecG to the aria <X. and also the vertical plans ^Oz (fg I6J 
gymmctlj’ vritb fespaet to the axis tnaicea 0, fbr it taaana Chat for 


It, JUdm => 0, besause the can be split up into pairs al terms of the 

form -t-^dnt end — Isiim, which odd up to ZeCO. The lower waght and wire 
contribute an amount mU to the integral dm, 

Xl -.1.1 .4V J,. .4. -f 


/rjs ifin >- <h for (t can l« dirided mto pane of 
term* of the form +ipdmand —nr dm, which 
sdtl vp to zero In the remaining integral 
— ifldM, >1*^ 5* for moat elements of mass 
Hence &* — V =* 5* h ’5*' neatly, and as 






j moment of inertia of the Buspciiaion system about Oz, 
a elosB approximation. On substituting the results just 


SiV 4- =- h:, the 

W - ’f)din -= C, to 
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obtained in the expreBeion (29) for the raomeot of the gravitational forces, the 
mament bccomee 




This moment tends to displace the totaou systom. A restoring torque, whose 
moment is cOo, la called into play in the scspaiding wire; c is the torsional ocai- 
staut aud 0^ is the angular di^acement from thn position when thoro are no 
lorquea autiug. When the system ia at rest, the displacing and restoring moments 
are equal. The usual mirror, lam^ and scale ate used to measure deflections. 
Let Bo he the scale reading correqiondmg to the displacement Co, n that cor- 
responding to zero displacement, and D the distenco between mirror and sosIb. 
Then ^ — n jsi 2D6a and eO* The equality of displacing and 

restoring momerrU is ropreseoted by the equatioa 

no — n s= DE(X}„ — 0'„)8in2«/c + 2KDD„ oosSs/e 

+ {2J5>nH/e}(P„ cosa — If^ainctl (31) 


where 17™ = U„^8‘UI9x9y„ C7„ - a»a/fljiSs„ and 

Vg, = B^Oldxdz^. This can bo written in tM form 

no — n= P^i2« + $ co82a + Asm«+ Boaao, . . (82) 


where n, P, Q, A and 5 ore five unknowns and tto and « are trvo experimentally 
mcaauiahle quantities. In general, to determine five unknowns, five equations 
ore required. This involves live separato roadhiga of Bs for five separata values 
of the aaimuth angle a. !&t practice, the procedure is siuplifled by talcing readings 
in six azimuths, hi which a »» 0®, 60®, 120®, 180®. 24(7* and 300® respcotlvoiy. 
Be is read by a telescope carried on on arm fixed to the CMe of tho instrument. 
The some arm carries the scale, graduated in balLmillimetres, whose image is 
Been in the mirror, n, the reading correaponding to the unknown position of 
zero torque, is, of conmc, not obfauoablo directly. OaJaulaiion gives n, P, Q, A 


and .8. Then, at the origin, 

V„~0„ = PolDK (83) 

a„^QcltDK. (34) 

l7™=-Ac/20mil. (36) 

n„ = BettDmhL (3fl) 


Those are the four quantities osoaHy measured at any point. and U,, ace, 
of course, the same as dgjSxt and flp/efeb. tho rates of change of ? in horizontal 
directions near the origin. The other two quantities n^rasent quantitative pro- 
perties of tho gravitational liohl near the oi^n. i* uofc measured 

by this apparatus. 

Tho quantity c is determined by s^)fyiog a known displacing couple O to 
tho system and measuring the angle f prodnoedL "niea 0 = (7/^, K is determined 
by an oscillation experiment; w, I>, ft and 1 are found by ordinary rvoighing and 
length-mcasming methods. 
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12. The Gravity Gradient and Horizontal Dircctlye Tendency. 

In oounezioii with gravitntinmi surveys and the construction of maps 
indicating the resulls, it haa btxn found coavenierit to introduce two 
other quantities connecli>«l with theoirth'BRiiavitationa] field and with 
the expressions in equaUoiis (33), (31), (3S) and (3C). These are called 
the gravity gradient and the hwisontal efiVccti'Pc f«uj>iwi/reRpcctivety. 

The term gravity gradient is an alihrcv latioa for “ mnximum gradient 
ofjiuahorizontaldirecticmneMapoint ”, where y is 0U/92, the vertical 
gravitational intensity at the point. The gravity gradient is therefore 
equal to dg/ds, the rate of vanatiott of g per unit of length measured 
in the direction oEroasamumrateof changeofp; it is a vector quantity. 
I.ofc Pff/3s make an angle ^ with ^ ■ ' ' 

rtud 0>j be and 3?/^. T1 
bLu ^(Sg/5«). Writing g * dUlds, 

5g/0j/ * 8t(7/‘dy 08 ™ E7„ Ekno 
we have 


and 


U„ •• <r cos ^ 


. . (37) 


or 


. . (33) 


Hnnro 0 oun be calculated if we know V„ and which Oiav be 
derived by cjcperimcnta with the Eotvws toisiou balance as oa p 30. 

The liorizontal directive tendency (U D.T ) * at any point is a 
directed quanti^ but not a line vector. It la given by E5*g(l /o^—l/Oj), 
where g has its usual meaning and Og, Oj are the maximum and mini piu ni 
radii of curvature of the gravitational oqmpotcntial or level surface 
at the point. Its direction is oonventionatly assumed to be that hon- 
znntfil riirnctinn m which the vertical downward curvature of the level 
surface is least and the radius of curvature greatest. Let its diieetioD 
make sn angle 0 wiih Oz. It can be shown that II is related to the 
differential coefficients in equations (33), (34), ^3) nud (3Q), as follows ' 
« Bin == 3I7,„ ... • iSS) 

R cos 2d U.,* — U,,*. (40) 


Ranhiue has shown that equataon (SI) may be transiuimed by tbe 
aid of substitutions from equataon* (39) and (40) into the form 
n, — n ^ {DKRje) sin a(e — a) + (2D*«(G/c) sm (<^ — «)• (41 ) 

This form brings out the separate rniportRiuiB oF <? and R, and indicates 
what features roust be posa^sed by torsion balances suitable for the 


' Oer ivranmu«;«7r&we. 
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measuiemenfc of Q or R separately. la survey maps, G is represented 
ia magnitude and direction by an arrow drawn from the point P 
which possesses this value of ff. fi is i^resented in direction and mag- 
nitaide by a straight tine without any pointed or 
K/ feathered end, drawn through P (fig. 17). Curves 

/ joining those points on a level surface, where g 

P/- > has cqiui values, arc called isogavK. G is always 

/ directed along a normal to an isogam. The 

y dimensions cf both (?and R are those of (time)"^, 

^ , and they are usually expressed in the so-called 

” Eotvda units. One Bofcvos = 10** seo.-^ With 

a well-made Eotvos balance, a defiection of emo scale division corres- 
ponds to a ohauge of about one Eofcvds unit Measurements of Q, R, 
and other quantities are now employed commercially in the delootion 
of heavy ores. The Kursk region of Russia, in longitude 36' 62' B., 
offers an example of an extensive region m which both the gravi- 
tational and the magnetic fields of tbe earth show vary marked 


13. Alteration in Direction of the Force of Gravity with Time. The 
Horizontal Fendulum. 

A problem which bus recently received much attention is that of 
finding the change in direction, as time goee on, of the force of gravity 
at a point on the earth’s surface. This is equivalent to finding the 
change in direction of a plumb-line. The point of support of a plumb- 
line ia attached firmly to the earth and moves with the ejuth's surface, 
and a plumb-line seta itself normal to a gravitational equipotcntial 
surface. Hence deformations of tie earth’s surface and of the equipo- 
tential surface cause changes ia the direction of a plumb-line. As 
these changes amount at most to 0-1 second of angle, their direct 
determination with a plumb-Une is out of the question. 

Porhaps the commonest instru- 
ment us^ to measure temporal 
changes in the direclion of the force 
of gravity is the horizontal pen- 
dulum, said to have boon devised in 
1833 by Hcngicr. In principle this 
instrumcDt (fig. 18) consists of a 
rod AB, supported in an uiciincd 
position by two light strings AQ 
and PR, attached to rigid supports 
at P Mid Q. The straight line PQ 
malas an angle ^ with the direction 
of the force of granty. The rod AB tolres up a position of equilibrium 
in a certain plane, which is parallel to the force of gravity, as shown 
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Id fig. 18. When AB is sEgMly displaced laterally, for example, if B 
is drawn towards tie obierver and released, the pcndiilntn describes 
riosr small ostallalio/is, whose period 
maj' Ije calculated as fallows. 

The centre of gradty G of tlie 
pendulum describes a circular arc 
trG' (fig. 19) as tie pendulum oscil- 
lates. 'rhe centre of this circle is 0, 
tie point where AB crosses PQ. 


rastoriog force on tie pEadulmn 
when it hiM rotated through a small 
angle 9 in the inclined plane. At G 
there is a force tug anting in the 
dtiectioa of gravity. Tlus may be 
resolved into two components. 
(1) niy cos^ m a direction peepen- 
dtcalar to the inclined plane ia 
wiiai tie pendulum rotates, nod (dj tng stztfi m the inclined piano of 
rotation of tie peodulom. The fume tnp may be further resolved 
into two components, along and perpendicsbr to 017. Tie com- 
ponent slnfi, perpendicular to Ot?, is important ien, as it U tie 

force v^iioi rc-storca the pendulum to ito mitial position Its muracut 
about tie inclined axis is inplain^rinfi, where Of! >s( When fi is small 
this becomes m^sui^ . ff. Tie eqttatioaofutolioB of tie pendoluxB about 
tie inclined axis is therefore miCrJ-l-fnjIsia^ . 0 -—0, where mA® 
is the moment of inertia and fcictional or viscous forces are ncglcotcd. 
Hence the period of oscillation is 

r=^Z^lk^Jststa <!>)'. ■ (42) 

In practice 9 is loade very sinalt. •» tost T is ney great 9 — - 90“. 

r * •= Snf-H/sIjJ. Hcace 

!r/T,r«*U/na9)* 

aiiJ sin9 = (rM.)»/r* (43) 

OsrnlUtion rspf nmenta gire T^r »nd T, »b*n« nn p And 9 Are_ 



where (hi Is the change in Arection of gravity required. Henw 
<*.•1 SIC 9 . dR = [T„-'^dBIT’. by eipiation (43) In pisiotioe it is the angl* dfi 
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which IB measured. This is done 1:^ meu» rfthe uatial mirror, lamp, and scale 
T and are meaEurcd as by oscUlatioa experiments, so that dA can 
be calcufated. 



Another method of Asding the diaoge of direction of gravity in a perpendiouiar 
piano is to mount two horkoota] p^ulums inside one ease, so set that by 
t^ first method one gives ? ‘e- and the other ? 9:, in two porpendisuior 

azimuths. In very aocuratc measurements by Schweydar 0'436 soo., 

T K About M> sec., and on tiie soak measuring dA, a defieotion of 1 mm. co^ 
responds to a value of dA of 0 022 sec. of an^. 



CHAPTER HI 


The Newtonian Constant of Gravitation 

l. Newton’s Law of Gravitation. 

AccQTcikg to Newtoa’B law of gravitation, every particle of matter 
in the oniveree attracta cveiy other particle with a force wLicii b 
proportional to the mass of fcsch particle ccncertied and inversely 
pioportioDal to the aguare of thdr distance apart. In symbols, the 
law may be written 

^=6^'. (I) 

where f ia the force of attraction between the partacles, rvj and w* 
are their masses, and d is their distance apart (? is a constant Isnown 
ad l^e Kewtonian coostsot of gnvitatioQ, whose dimensions are 
-j-3 in length, ~1 ia mass, and —2 in tune. 

Astrocomics] neasurcae&te prove tbit, except where rektivlstic conectioas 
are apprenubl*, the hw bolds eves wbeo d is very greet. Suce two different 
btooB CBssot be absolutely enpeipoeed on one aaotber. it would seem that a 
repulsive fone oust ccjne into ploy betweoo two atomi, wbm i u of the onler 
lO*’ cm , And that Newton's tew then ceuee to boM. [Actually, couditiooi era 
complicated by electrical forces which reault from the ultimate electrical neture 
ot matter.) For all greater raluee cl el it appeal* to be true. Furtbei, if the 
indsx of d Is written in tbe fora £+£, i^IBX 10”’. ttat »», £ = 0 withm 
the Lunits of espetuneotal errw. 

It is proved in Ex. 2, p. 312, that a sphere or spherical shell of honio- 
geneoas attracting matter made up of particles obeying Newton’s law 
exerts, as a whole, an attraction upon an external particle as if 
the whole mass of the sphere or shell were coccentr/ited at the centre. 
Thus the attraction of a sphere of insisB Af gin on a particle of mass 
m gm. situated R cm from the centre of tie sphere and outside it is 
GMm/R- dynes. This applies if lie sjdiere is (a) imiforia throughout 
ot (6) composed of homogoieoaa ^herical shells To a first approxi- 
mation we may r "" ^ ♦''■'"'rh there 

are actually mar part of 

the earth, the cn More- 

over, the shape of the earth’s aiirfiice is not exactly spherical, but is 
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that of a spheroid mth itB minor axis in the direction of the earth’s 
geographical axis. Neglecting these points, we see that owbg to the 
earth’s attraction a particle placed at a point on the surface will move, 
if free, towards the centre of the earth. If we denote the acceleration 
by g and the mass by in, the attractive force is mg, by Newton’s second 
law of motion. It is also by tiie law of gravitation. Hence 

GMmjR^ = mg and 


GM 

W 


( 2 ) 


R p is the mean density of the earth imd R its radius, M = 
and, eliminating M from (2), we obtaia 

( 3 ) 

This relation contains four quantities, G, g, R, and p, and may be used 
to caloulivte any one of tiicm, provided the other three are known. 
The present ohaptci will be mainly concerned with experimental dotoi- 
minations of Q. The value of p can be cuIciJibed if g, G, and R ure 
knows. Equation (2) may also be used to (leterzuine 1? if a value of 
M, derived by aatronomical methods, is assumed, 

The gravitational constant has been measured expordzuentally by 
(a) lai'go-scalo experiments and {b) laboratory experunents. Of the 
former, which are now of historical interest only and in which the earth 
is one of the attracting maesee, may be mentioned (a) Bongner’e mea> 
aurements in Peru of the relative mosses of a mountain (whose mass 
was estimated from its volume and density) and the earth from the 
deflection of a plumb-line placed neat the moimtain, (6) experiments 
of Airy and others on the relative massca of a sphcricol shell of the 
earth (whose mass was estimated from its volume and density) and the 
entire earth, from observations of the tunes of oecillation of a pendulum 
at the bottom of a mine shaft and at ground level respectively. 

2. Measurement of C. Bags’ Melhod. 

Perhaps the most important methods of measuring G are those in 
which a torsion balance is nsed. The ordinal type of apparatus, de- 
signed by Michell, has been improved by Cavendish, Comu, auti others, 
particularly by Boys (1889). The delicate torsion balance used by 
Boys consists, first, of a central vertical fibre of quartz, suspended 
from a metal disc called the torsion head The fibre carries a horizontal 
glass beam; from grooves in both ends other quartz fibres of unequal 
lei^th hang vertically, each supporting a small gold sphere. This 
suspension system is hung inside a glass tube, of internal diameter 
about 3-8 cm., and is thus protected from draughts. Further, the air 
pressure inside can be adjusted to any required value. Outside the 
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tube two equal spheres of lead about 108 cm in (iiaraeter are sus- 
pended at equal distances from tiie axisi The centres of thr.so spheres 
arc respectively situated in the aame horisoatal planes as the centres 
ol the gold bolls, that is, they are at different levels. Each lead sphere 
eserts an attraction on each gold sphere, but by having the two 
difEeient levels, the attraction o£ n lead sphere on that gold sphere 
whose centre is on a level with its own Is made far greater than that 
on the other. The effect of the attractioDs is to produce a torque about 
the axis, and the central fibre is twisted flirough an angle 0 The 
suspension system comes to rest when the resultant moment of the 
displacing forces due to gravitational attraction U equal and opposite 
to the moment of the restoring forces called into play in tie twisted 
fibre. Tho position of the centres of the lead sph^es is chosen so ss 



to make the moiueut of the displacing forces as large as pnssihlr 
The angular deflection d is obtaioed by UJie ol a mirror, lamp, scale and 
telescope, the minor being the horizontal glass beam itself. The large 
spheres are then moved to new and siinilar positions on the opposite 
sides of the gold spheres, so as to produce a maximum displacing 
moment in the opposite difectic®, and the change in scale reading is 
that which is actually read 

Tie value of C is calculated •» I’dUawsu I«t If. m teprceent the masses ol 
the two kinds ol spbraes Tespectirdy. In fig. 1, which lepreaeats e pUm of the 
system Allei eoiiiljfwiiijn has born reachwl, d, S teprweaS the centres of the gold 
sphoreg, and C, £> thoao rf the lend ephereereepeelivety. Tho atW^Uom betwwo 


— saif«fr*iiiv/{J*-t-»^- Sir cos^)!. 

The moment ol therealormgloiceeacfi.wliEreci* the torsional constant oltlie 
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central quartz fibre and 6 is tfie angoliv deflection of the suspension jjatom from 
its equiiibriuiii positluo. Hence 

0 = eOJP-J- — 2frcos9}!/2ifB!&- sinp (4) 

As 9 corresponds to of ilie change in the scale reading ^7he^ the 

large spheres are mored from ti>e first position to lliu second, it is calculated 
by dividing the change in the scale reading by four times the distancu from 
the scale to the mirror. The izBsional constant c is obtaraed by nicasurui" 
T, the period of the natural oacdOataons of the suspensioo system iu the ahseuce 
of thelarge masses. 2R(//e}t,rrhoceiis themoment of inertia of the suspen- 
sion system about iis axis, a qnanla^ vhich can be obtained by measurements 
of its mass and linear dfincosicms. 

The value of S obtained by Boys is 6-C58 X 10“* o.g.s. units, wMoh corrospouda 
to a mean denaity of the earth of 5-527 gm. pec c-c. The probable error is not 
calculated by Boys. A few dimensional detaib are appended. In one sxperi- 
mont the loogtli of the central quarts fibre is 43-2 cm., and its diameter is about 
0-0125 mm.; the beam is 23 mm. Icmg, the soak la 700 cm. from it and is divided 
into half-sdllimetrcs. The large spheres have mosses of about 7407 gu-> and 
the smsll ones of 2-9S got. The difierence in level is about 15 cm. The scale 
defleotion eortespo^ing to a mtatlon of 0, -f- Ot ia 18-45 cm. The angle JiOC is 
04° S8'. The distance CD is 16 cm. Ibe period of oscillation T is about 90 seo. 

The principal advantage introduced by Boys is tbe use of thin 
quarts fibres, tyhicb are extremely sensitive and ivluoL retain thi^ 
clastic piopoities. The great reduction in the dimensions of the ap- 
paratus which is thus rendered possible (1) eliminates tho difficulty of 
convection ciiTTeota arising from unequal tempesraturee of drSeiont 
ports of the buUi^ apparatus, (2) enables the size of the cumbersome 
lead attracting spheres to be reduced. 

3. tSeasuiement of G. Heyl’s method. 

Probably the most aoourate value of <7 hitherto obtained is that of 
Hey! * {1930}, He uses the “ time of awing method " formerly used by 
Braun. The suspension sfystem of a torsion balauce, consisting of two 
small equal spheres hanging with their ceutrea at the same level, i.s 
aOowed to describe small osrallationa in the gra\itational field of two 
large masses, whose centees of gravity aie also at the same level. 
The large masses arc placed in two separate positions, ropresouted in 
plan in fig, 2. The two nwiftll masses are placed with their centres at 
the same level, because of tiie greater precision possible in the im- 
portant measurement of tiic distmice between the centres. The accuracy 
is unproved, as compared with Braun's work, by using very heavy 
large masses of about 66-3 Kgm. eatffi. 

Tlie theory of the experiment, when tiie large masses are in the 
" near ” position, may be discussed with reference to fig. 3, Consider 
the total energy oi tile suspension system when the centres of the 
small masses are in the di^laoed positions C, D. The equilibrium 

• Hoyl, Bwea-u oj Siaiahtrds Jmmial ef Begtarth, Vol. fi. p. 1243 (1930). 
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posilioLs ticc at A and B. The eeatzes of the lat^e masses are fixed 
^and i". The total energy is nutde up of []) kinetic energy equal 
to 1(PJ2, where I is the moment of iocrlLi ut the suspension system 
about its vertical axis of symmetry, and 0 is the angular diaplacemenK 
(2) potential energy due to torsion of tine fibre, equal to where 

o 

o — o ~ 

ftaiii/t. iMor /tuition 

o 

flon in til* Avltton 

•'O » 

k U the toninnal constant of the fibre; fS) polcntiiil energy due to the 
moslmlty oi tho large un«l siuall masses, that is, due to the fact that 
D is sear S aud y, and that C is also sear X asd Y. The large xcaases 
are vertical steel cylinders, and tbe evaluation of the gravitational 
potential at D and C respectively, due to a cylinder whose centre of 
gravity is at X or Y. involves zrmai harraorues and is bnyoml the 
Bcupo of this book. The final cxprrasinu for the giavitatioual potential 
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represGnfciQg an oscillation w&ose period, uncorrected for small errors, 
is 

( 5 } 

Here k as well as <? is regarded ^ anknown; is calculated from the 
geometry of the S 3 WteiQ. In a similar way, when the large masses are 
moved to the “ fat ” position, and the torsion pendulum again describes 
small osciOationB, its equation motion is {k -1- = 0, 

where is the new geometrical constant which replaces The 
uneocreoted period of oscdlatioD is 


Tt^2ii{II{h-\-GAi))K (6) 

On eliminating k from equations (5) and (6), and solving for Q, we 
have 

(7) 


As regards esparimeoul detaib, tbo Isige masses bk eylicdeis of forged 
and machined itoci, 0 ! mass shout 66-3 Egm. each, erupesded from a supporUng 
eyetem capable of rotation about a vertical 
osie, midway betnreen tlicni. In three sets 
of expuimouts thu emsB masses are pain 
of gold, piatfoum, and optical ghss spheres 
respeotiv^, in each case of moss about 
SO gm. Thoy aro euspeaded from a very 
light torsion eystem, consisting of <U a 
torsion wire of tungstes af>oiit 1 10 . long 
and O-OSS mm. in dlsreeter, (2) aseparating 
rod of aluminium 20-9 cm. long and of moss 
2-44 gm,, (3) various suppmting wires as 
shown in dg. 4. Over 90 per oral ^ tbo 
momeut of inertia is in the small splieree 
themsolras. This Bystem is enoloscd in a 
large brass container resting on a plate- 
glass base. The air pressnre witiun is 
reduced to about 2 mm of mercory. Tho 
usual airaogemcnt of mirrew, lamp, scale 
and tcle.scope is used to observe tiio 
ogcUlationa, which are started by hriognig 
bottles of mercury near the sroall sphiea and Uien romovmg them. Transits 
of lines on the imago of a scale on ^ss, aorosa the rertioiJ c^o6S^Tiro of tiie tele- 
scope, are noted by an observer and recorded on one pen of a two-pon ciirono- 
graph. Tiio other pea records seoonds signaJs from a standard ciocic. 

The gold balls ate found to absorb menuiy vapour from the air of the labora- 
tory. Henoo their mass increases by about 0-138 gm. in 49 gm. in seven months. 
Resolte obtidned with them were discarded. With varnish^ platinum balls the 
value obtained, as tbo mean d fiverosntta, is 0= 6-004 X 10"® o.g.s. units, and 
uitb glass balls, as the mean of five xesuhs, O = <5-674 X 10”® o.g.s. unite. The 
mean of the means is 6-089 X ItR* o-g-s. unite, as compared with S 05S X 10"® 
in Boys' and Braun’s oxperimenta. "nie couae of the differing results with platinum 
and glass balls is not accounted for, though it boa been proved that this la not 
directly due to the differing natures of the materials. 
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4. Measurement of G, Zahradaiceb's Besonsnce Method. 

The fvppara^* used conmsU of two coaxial torsion balances, the 
axes being vortical. Tor the sake of brevity they are called ptixaaiy 
and secondary. The primary balance b reJatively robust and consbts 
of a central atrel wire with a beam ia the him ai n, made ot brass 
tubing. Heavy equal lead spheres are mounted at the same level, near 
the ends of the vertical arms (fig. &). Hie secondary balance is smaller, 
and its axis b vertically below that of tie primary. Its beam b 
simpiy a horizoutal piece of 
aluminium wire with small 
equal lead spheres at the 
endft Kflcb suspension wire 
enmee a mirror and has it* 
own lamp, and the osciUatiOBS 
of each balauce arc rogbfcered 
photographically on a drum 
covered with seusitbed paper 
The rest-positions of the two 
balances arc adjusted to be 
ut tbe same vertical plane, 
and each b.clancs when dis- 
placed and rdcsaeed rlescnbes 
dam[>cd harinojurs osrilJations 
about Its rest‘poaition, since 
the two systems exert gran 
tational forces and couples on 
each other. The damping of 
the primary balance is cx- 
oeedingly smal] To cxnliido 
draughts, the secondary bal- 
ance is encinaed in a wooden case inside the case protecting the prunary 
balance. The experiment oon^te in theadjustment ofthe two systems 
until the condition of rasOBSnee is estabfi^ed, that is, until the two 
periods of oscdlaliou are equal An equal nuraber of turning points 
of both systems are noted. Then juMses and linear duaeasions of 
each balance being known, (f c.in be isitouhited 

TFic theory is as fotinws Take the central point of the secondary 
beam as ori^ (lig d] Let Ot be horizontal and in the reat-position 
of thn axis of the. beam, Oy horizontal and perpendicular to Ox, Oz 
vertical and upwards "^en the secondary beam is displaced through 
an angle 4’, let the co-ordinates of the centres of the small spheres 
{mass mj) be s, => 2^ cos^i. ^ aia^ = 0, and -iij. -y„ « 
respectively. \^r.n the pnmaiy beam i» drspiacEd through an angle tji. 

• /abradniwt. /■*»». £oW.. VdLSi,p.l20 (2933). 
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snd wien <l> aad ifi ore enffiriently small, this becomes 

where 

A »= 1/{(H, - 7y* + -!/{(«, + J!,)> + c*}P. 

Let the dificrentiaj equation of taction of the secondary system, in 
the absence of the primary, be 

-F Pi^ + jO^ = 0. 


When the above moment ia acting, thiM becomes 


say, where 
Then 




where 


Sij/, 

5*/>+£. 


E{4’-4). (10) 
. . . ( 11 ) 


Afianme that ip conesponds to ao undamped simple heiraonic oscilLitioo, 
'ji—'Pt coawj! (for, as we have assumed above, the dsmpicg of the 
piimaty system is very bdiaI)). Then 

+ Pjt + -■=“ E'fs^ coSeu^f 

The particular Integral of this is the important part of the solution, 
and is obtained by the use of operators or othexwue. It is 
^S3 ^cos(a^ — c), 

4 = - • • (13) 


tao« = 28te4({£<H(* — ofc*)' (1^) 

and _ 

8 = P/2Jr, ta^^DfE (If) 

"RRsnuaTicp. occurs when Ls a maiim um sa <uj varies By dificrnntiEi- 
tioa, tlua occurs when 25* = ‘•e® — a%*. that is, when 

^=iV«/2K5{a./ + S*)‘ (15) 

Here (fip uud ^/g urs the umplitades corresponding to the case ol reso- 
nance, We now replace S by aad rearrange. We then 

obtain 
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TLe value of 4‘o!'Pi) ^ obtancd from a number of observed turning 
points of both system^ E is the zuomeiit of inertia of tie secondary 
balance; tOg — 27r/Zj, where is fie period of oscillation; S = 2H/rj, 
where A is the logarithmic decrement, and Tj the natural period of 
the secondary in the absence of the paamaty. £j, i?j and A are obtained 
from the linear dimensions of the apparatus. An important correction 
is applied for the attraction on piu^ of the secondary balance other 
than the masses TOj, e.g. tbe beam, due to the masses A small 
correction is required for the slight damping of the primary balance. 
Zahradnicek gives G = 6'G59 + 0‘02 sis value derived from seven 
esperimenta. The method seems to be very accurate. It has the 
advantage that a large nnmber of values can be obtained in a relatively 
short time. 


5. Measurement of o. Poyntlsg’s Method. 

0 has been measured by the aid of the " common balance ” by (a) 
von Jolly, (b) Rioharz and Krigot-Mcnacl, and (c) Poynting. Poynting’e 
method be desotibed here. The b^ance tised (hg. 8] u of the large 



" bullion b.alance ” type, that is, H is strongly made, with a gun-mctal 
beam and steel knife-edges and planes. From the ends of the beam 
are suspended equal spherical masses A and B, made of an alloy of 
lead and antimony. Each has a mass of about 21-6 Kgm. A spherical 
attracting body 11, of mass about 153 Kgm., made of the same alloy, 
is mounted on a special turntable, so that it can be brought to a point 
vertically under A, and then under B. Tn each case downward 
attraction is given hj F = GMmj^, and this force tilts the balance 
beam downwards on the side wiate the attraction is applied. The 
tilt is measured in each case by mr optical device (see fig. S) involving 
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tbc ao-caUed doutlo aiispeosion buitot of LorG Kelvin. la this arrange- 
ineot. the. pointer of the balance is attachod to a movable bracket 
supporting one of two wires, whieh in turn support a Bmmll mirror. 
The other wire is attached to a Exad bracket, the balance beam 

moves, the pointer and one wire IFg move. Thus the miiioi rotates 
about the stationary wire TTi- The angular tilt of the balance beam is 
magnified 150 times by this device. Focii^ the mirror, and about five 
mettea from it, 13 a 
of this is formcil ii 
telescope, pointing 
In this way it ia f 

moving AI front under A to under JJ,isa tittle marc than one second 
This same angle ia produced by die addHioc of a weight of tt 0004 gm 
to ono end of the balance beam, a fact which is proved by displacing 
n rider of mass O Ql gm. a definite distance along the beam and thus 
Lncreaeing its tuioing moment by a known amount 

The calculation U as follows. Aasuine that the beam is hoiizoutnl 
when jlf U removed altogether. Let the length of the beam be 2a 
and Jet itn mid-point be b cm. from the central knife-edge. Fnt equi- 
librium of tLo beam in tbo position siiows in fig A, whan i/ is under 
A, (he moments of the downward forces on A and S are equal, and 
(mff 4* <?Jlf«»y<f*)((»eosd — hajnfl) ™ My(a r.oaS 4- heinS), 

where 6 ia the angle which the beam makes with the horiauntal. A 
similar equation holds when ilf is placed under B, aud the beam is 
depressed on tie right tiiou^ $. Agiun, when M is removed nltogcther 
and a small extra mass w' is attached to A, let the angular tilt once 
more be B. Then 

(my -4- m'g){a cosd — 6 anfl) =i i>ts(® eosfl 4" h siufl). 


From these two equations we have 

G3im/d*= m'ir • • 

and 

G = 

Correction'* have to be flppJTi^J for {«> He onaa attricUmi cf if nil 
wbjch LI not above it, (*) the metal removed ic makies borrbolw tbrouj 
A to admit the supporting If) the attraction of il/ on tho bal&noe be: 
This last eorreotion i» made bj raismg the maasw d acid B about 25 ca 
in nEotber experiment, and feeding the ottiaotiou ot Jf ouce moje, 
in its lormer position Thn« the atttaebon uf JIf on the beam is the s 
the previous rase, but thn attraebun ou A and B v altered. Equatioc 
becomee, in the two oases. 


(17) 

(18) 

;h A onJ 
lain itself 
a hisher, 
M being 


OJfmW + £'’!«'» 
OJfnAfi* + « “ w"?. 
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wLoig Z ia tlio force exerted by itf od the beun. By snbtraction Z is oliminatod, 


O = («" _ - l/djK) (18) 


The diange of position of 21 is fonnH to lilt the floor Uiiough uxi angle of about 
one-third of a second. This ie oliminated by mounting a mass MjS, on the turn- 
table at twice tbc distance of M from tiie axis and dlamBtricaJly opposite M. 
Allowance is made for the attraotion of thin maiM on A and B. The balance is 
enclosed in a case to reduce air curraifB and tbe deposition of duet. The beam 
is kopt free, supported on its knife-edge and thoraforo under strain, tbrougbout 
a set of I'eadiugs, because it uunnol be lonered luid raised so that the IcnUc-edgc 
again comes into precisely tbo sanio lino. AU moving parts, such as supports 
for weights and riders, ate snppc^tcd indopemdenUy of tbe balance case. Poynt- 
ing’s final results are 

G = C-6984 X 10^ 0^5-8. iiniie, 

Hfctm density of the oartb » 6-4D31 gm. per e.s. 


The probable errors ore not given. 


6. Possible Vatiationa In G. 

Espeiimonts have been made to test whether the force of gravita- 
tional attraction is affootod bj various changes in conditions. Work 

JSbtvbs and others with the torsion balance revealed no change 
in G exceeding the limit of experimental error, that is, gieatoi' than 
10"’ G, when the nature of die attracting maBses was varied over a 
wide range of substances; in other words, G is independent of the 
nature of the masses. The same rcscarchee proved that G is inde- 
pendent of the state of chexoical combination of the elemcnte In the 
masses. The fact that an element is radioactive has also been shown 
to have no cScct on Q. ^aw, usmg a torsion balance in the same 
manner as Bofs, varied die temperature of the large lead masses 
from 0° to 250® 6., but no change in Q exceeding the limit of experi- 
mental error could be detected. That is. any variation in G with 
temperature is loss than 2 X 10"* G pm degree centigradB. Poynting 
and Phillips obtained the same negative result, usiag the l^Emce 
metiiocl. VarioiiB experimenters have invesdgated the gravitational 
attractionB of crystals, that is, of anisotropic bodies. The value of G 
obtained remains independent of the direction of the orystallograpMc 
axes to within 10"' (?, the limit of experimental error. For example, 
the weight of a crystal does not depend on the orientation of its axes 
with respect to the vertical. Botvos and liia collaborators, and also 
Majorana and Austki and Thwing, have invuatigatetl tie effect of 
interposing layers of diSerent media between attracting and attracted 
bodies. Tery dense media, such as lead and mcaroury, were used. No 
effect could be detected. For exmnpffe, in one case 5 cm. of lead 
produced no delectable change that ia, any change produced did not 
exceed 2 X 10"“ G. 
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7. HelaljTitf aad the Liw of QcantatiaB. 

Ths discovury of tlto }aw!? of relativity has profoundly changed the 
visvrs of physicists on the subjpctB of mass anti gravitation. A detailed 
exposition must be sought in vrocka ou relativity,* hut a few special 
points may be noted here. lu ilucossjug these it is advisable to consider 
the mass of a body from two points of view. The mass is often defined 
as the quantity of matter in a body. If a body b known to be moving 
with a certain acceleration, Newton’s second law states that it es- 
pcricDcee a force equal to the product of the mass and the acceleration. 
Tlio mass in thb sense b often c^ed the “ inert ” mass. On the other 
hand, a body placed in a gravitntionnl fieid of force experiences a force 
equal to the mass multlpbcd by the strength of the field at that point 
The mss in this sense u called the “ heavy ” mass As was mentioned 
on p fO, the experiincnta of EiitvSa aod utitets have proved that the 
acccUmtions of badica ol different tnaleriaU placed in ths same 
gravitational field of force are the same to within one part In 10^, 
Further, bodies of any “ Inert " mass, light, rcedium or heavy, have 
exactly the same acceleration in (he same field of fores. If we tnito 
" Force on a body » inert mass x acceleratior and *' Force ou a 
body «■ heavy mass x fiekl strength ”, and apply these statements to 
one and the surra body, we see that the forues are equal, and after 
dividing and rearranging, we have 

Acceleration ^ heavy mass x field scrength/inert mass. 

Since the ooccleratioa is coostant and independent of the nature 
of the body, m the same field of force, wc have 

Heavy inaes/iuert mass = a constant. . . . (20] 

With Buitable uiuts the constant is equal to unity Einstein interpreted 
this well-known result as meaning that the same quality of a body 
exhibits itself in one set of circumsfeiDces os inerliu and in another as 
weight He deduced that it is impnssiLle to disttugmsh between the 
two following states of a i^tem of bodies; (1) a state of aoceler.ated 
motion in the absence of a gravitational field of force, (2] a state of 
rest iu a field of gruvitatioaal force 

One of ths consequences of the rcatiiotod theoij of ^ativity 
which has been confirmed hy experiment, is that of the “ inertia of 
energy ”, that is, whenever the ojeigy of a body la changed m any 
way the mass of the body also nadergoea a ohange. The two changes 
are connected by the relation 

Chiingr. of mass in grammes chMge of energy in ergs/c*, 

* Fot n bnof Account, see IVitoo. Jfoderit PSt/tm, CJiepa. XVIII. XJX (Blockie 
* Sob 2.ta.. tlurd edition, 191SJ 
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where c is the velncily of light in vacuo, in cm. piir roc. This applies 
to all forms of energy, iuchuling electromaguetic radiation, heat, i&o. 
Thus gravitation is linked up with light and other electromagnetic 
phenomena. Further, the theory showa that the mass m of a body in 
motion with velocity V cm. per sec. isDOtthoeame os its mass when it 
is at rest, but 



This expression has been confirmed by experiments with ,8-patticies 
from radioactive substances mid with other fast particles accelerated 
to high velocities in atomic acoolorators. 

TLc point of view of tlie generalized theory of relativity can only 
be hinted at here. All matter or energy modifies properties of space- 
time in its neighbourhood, producing what is callM a field of gravi- 
tation, The property of acting upon a body or on electiomagnetio wave 
belongs to Epace-time modifi^ in this way by the presence of matter 
01 energy. It is not a direct instantaneous action at a distance produced 
by an attracting body. The cause of the deformation of space-time 
in the neighbourhood of matter or energy, that is, the cause of grari- 
tutiou, Is still luikuown. The geuendi^l tlteory enables the law of 
gravitation to be stated in its most general form, in tensor notation, 
a form in which it contains the laws of conservarioa of energy, momen- 
tum and mass of classical physics os special cases. As is well known, 
the generalized theory had three important successes: 

(1) It accounted for the displacement of the perihelion position of the 

planet Mercury. 

(2) It predicted a lateral disj^aceffleut of rays of light passing through 

a gravitational field. 

(3) It predicted a spectral shift of solar cays of light. 

Recently there has been a tendency to return to pictorial models 
of gravitational phenomena. A naive view, many centuries old, was 
that gravitational force arose from <he presence throughout space of 
swarms of tiny corpusdes which bombarded an isolated body uniformly. 
In the region between two bodies, however, tiicrc was a deficit of 
corpuscles and consequentiy the two bodies were thrust together under 
the excess bombardment on their more remote rides. Such a hypothesis 
remained an oil hoc one until recent developments on JundamenUil 
particles. Of these, llio neutron, aithongh it is uncharged, interacts with 
matter almost entirely l)y means of sperificaJly nuclear forces which 
are not gravitational aud lieucc its owisideration has not thrown any 
light on this particular problem. On the other hand, the neutrino, 
which is not only neutral but which has zero rest mass, is not dissunila - 
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from tlic cc)q)iisclei nri^jinallj postulated to explain gravitation and 
furtlier consideration of its properties may lend to a gcntiine advance. 
Another related pictorial concept xvliich ia being developed Is the aeon-, 
this entity results when the deflecUon of a ray of light by a gravitatjonaj 
centre i."! such as cventnaMy to rotate the ray through 300’ so that it 
forms a closed circuit aitrand the gravitationni centra. 

A still more recent dcvidopinent is the discovery of ur’Ii-maltcT in the 
form of anCi-proiona and anii-Heidrotu. Aiiti-protoiis have a negative 


protons occurs. Because our local region of the Univatee consists 
almost entirely of ordinary matter, any anti-matter which i» created 
has only an evanescent life, but an interesting problem arises as to 
whether grnvitationol repnlaion inatend of gravitational uttiuution 
exists between matter and anti-matter. It has been shown that the 
elcctrostatio field of an atom polarises the vacuum ia its neighbourhood 
to produce virtual clcctioa-positron pairs. The tuagnitudo of this eoc- 


gravitational experiments of Edtvds ifetected no differenciis between 
plfttimm ftcd otiier materials to | part in Hi**. There is therefore no 
existing evidence fur gravLtatioual repulsion. 



CHAPTER IV 


Elasticity 

1. Introduction. 

Tlie bebavioui of bodies subjected to defonning forces constitutes 
tlie study of elasticity. If the body entirely regains its original size 
and shape, it is said to be petfecUy dasttG; if it entirely retains its 
altered shape and size, it is sad to be pafeedy phslic. Actual bodies 
are intermediate in their behaviour, and the same material will behave 
differently according as it is in the form of a single crystal or a hetero- 
geneous mass of crystals such as constitute, for example, an ordinary 
metal bar or wire. Elastic strains aredueto^tortionoftbe space lattice 
within a crystal, while plastic deformations and fractures are produced 
by the development of slip planes. The study of the behaviour cf single 
crystals involves a fair knowledge of crystal structure; it is discussed 
briefly on p. 84. Attention will be largely confined to isotropjo sub- 
stances in bulk, that is, substances which exhibit under test 4e same 
properties in all dfrections; anisotropic substances require laborious 
and complicated mathematical treatment. 

The change of shape or size (or both) is termed a slram; the forces 
in equilibrium which produce the strain are often loosely termed the 
stresses, More correctly, the stress is defined as follows. Let F be the 
force actmg across a small plane area A at any angle to its surface. 
tW the normal component of P divided by the area A is termed tlie 
normal stress-, the tangential component of F divided by the area A 
is termed the nmn tangential stress. The criteria of a perfectly elastic 
body are these: 

(c) A given stress always produces the same strain. 

(6) Maintenance of a given stress results in a constant strain. 

(c) Removal of stress results in complete disappearance of strain. 

2. Deviations from Hooke’s Law. 

It was found experimentally by Hoolm in 1679 that, over a con- 
siderable range, the strain produced is proportioruil to the stress applied . 
This relation, which is termed Hooke’s law, forms the basis of the 
theory of elasticity. If the strain is a simple stretching of the material, 
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deteriTunntion of the elastic limit is a difficult process. Tmr aectiately 
after passiag tlie hniit of proportionality the curve shows a marked 
kink, which alter a short interval, about the point S, is followed by a 
rapid increase of the estension for slowly mcrcasing (and eomctjmm 
even lor diminisMng') stress. The prant S at whinh the material may 
be said to flow is called the point. On &irther increase of the load, 
the stress reaches at the point S it* greatest valise p, — pimi, and up 
to that point the. strains catend uniformly over the whole rod. 
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some point Z, foe values p, and e„ tie lod breaks. Tbe maximum stress 
and strain pg and are termed the breilang stress and breaking strain. 

The behaviour of materials imd(^ compression is shown by the 
continuation of the curve bdow the xseas. Kefemng to the p-e curve 
for steel, we see that a r^on e»f proportionality is again initially 
observed ; the point S', which is tie yield-point under compression, is 
also known as the erv^ing limit; fii^y a region of flow is obtained, 
which for ductile materiak Hke steel may extend for a considerable 
distance without fracture occurring. With brittle metals like cast irou, 
fracture occurs immediately at the aid of the region of proportionality, 
or after a kink and a short drop in the curve. There is no yield-point 
and no " neckmg Mateiials like marble, concrete and wood aio 
characterhsed by no proporticasality between stress and strain, even for 
amah stresses, as is ^owu in figs. I (e), (d), (c) and (/). In most cases, 
when fracture eventually occurs it is produced by the action of shear. 


3. liloduU of £aasUcUy. 

The method of measuring a strain varies accordmg to its nature. 
For simple stretching of a wire, the strain is measured by the increase in 
length per unit length of the wire, 
j. Now consider a cube of side 
ABCD, fixed at the base and under 
I the action of tangeubial forces in 
/ the direction AA'BB' (fig. 2). The 
! cube takee up the form A'B'CD, that 

} is, the volume remains unaltered; 

I such a strain is termed a shear and 

is measured by the angular deforma- 
tion 0. 

Finally, if an kotropie body is 
uniformly compressed in uij direc- 
tions, it will retain its original shape 
but will undergo a volume compiessioa. The strain is measured by 
the change in volume divided by the ori^al volume. 

The ratio of the stress to the str^ produced in a body ia termed 
the elastic modulm. There arc tiiree elastic moduli, according to tho 
nature of the strain, namely: 



Young’s modulus q = 


AppHed load per unit area of cross-sectioa 
increase m teugth per unit length 


Rigidity modulus n ~ 


Tangential stxesa per unit area 
Angular defomationO 


Bulk modulus E ~ 


CompresMVB (or tensfle) force pe r unit area 
Change in volume pet unit volume 
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It 13 found ezperiruor tally that when a body undej^oes a linear 
tensile Btrain it cxpcricncca a lateral contraction, as well. Since 
this contraction is direct^ Iffoportioaal to the extension, a fourth 
elastic! constant termed Poisson’* ratso and denoted by a is Introduced; 
thb is defined as the decrease in width per unit width divided by the 
longitudinal strain. The four clfletfr. constants are interdependent, 
since any change in aixe and shape of a body may be obtained by first 
changing the size but not the shape (volume etmm) and then changing 
the shape but not the aise by means of a shear. 


i. Components of Stress and Strain. 

Consider a parallelepiped ABGDBFGU of the material with its 
sides paiaUel to the axes of co-ordinates Ox, Oy and Or as in fig. 3 
Iben sunple considerations of equh 
librium show that if no translational 
or rotations} motion is to occur, 
the moat general distribution of 
forces reduces to three diflerent 
normal etteeses X«, 2. and 

three diflerent p-iiis of tangential 
etreeses jr,=rg, 2,=JC„ 

The notation is such that the 
aubscrlpt indieatea the axis per* 
pandicidat to the face across which 
the normal or tangential force i* 
acting. The etcain may likewise 
be resolved into eiz components 
e«. e»». e« aud 

-- e^f, where the former con* 

Btitnte the etiains produced by the 
normal stresses and the latter the shearing strains Thus e„ is the 
relative displacement of planes perpendicular to Oy and Os respectively 
and initially at unit distance apart. 

6. Etcain EUiDsoid. 

Consider a sphere with radios r and centre 0, and let (n, y, z] be 
the co-oedmates of a point on its snrface (fig 4). Suppose that it is 
Btramed into a Byinmetrical figure xrith centre O', that O’ A', O'B , 
O'C have magmludes a', V, A and corre.spnnd to OA, OB, OC, 
and that {%', y', s') corresponds to p, e) 

Since the ratio of parallel linrs is unaltered by strain, we see by 
fig. 4 that 
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Hence 


+ + 


or (s', y', z') is a point; on an elfipeoid with a', b‘, c' as conjugate dia- 
meters. Since there are only three diameters oi an ellipsoid which are 
mutually perpendicular, th^e ate, in general, only three mutually, 
perpendicular diameters of the ttphete which remain mutually per- 




pendicniar after straining. These ore termed the axes of strain and the 
corresponding strains are termed the principal strains. 


6. Relations between the Elastic Constants. 

Since for isotropic substaDccs the directioDS of the asee of strain 
will be those of the normal stoesses, tie most general stress at a point 
will be Pj, P2, P3 along Os, Op, Oz respectively. Hence = Pj, 
Tv = P 2 — -f*’ whDe X, =* T,— Zg — 0. The corresponding 

strains 'vill be 

while e„ — e„ = =• d. 
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Solring for and f*s, wc kav«5 

P, =« AS + 2n'r^ 
p4«=AS + 2nV„, 

Pa= AS4-2nV.,. 

where 

S = *«»+ e»v+«n> A~oy/(l-f w)(* — 2<») Rnd2»'=sg/(1 + ff), 


a) 


The diJjtofi'on S rneastirea, to n fiiat order, the fractional change in 
volume, tincfi it ia the budi of the principal eatensioas 



For a uniform ccnuprcs.'non or dilabitioo 
Hence, adding equations (1), we have 




3P 

3^Tn'* 


P, Tg = P, =:= F. 


(3) 


Mow the bulk moduliu E ia defined by 


Hence 

JT — - ? 

S(l - 2o) 


<3) 


It remains to identify^ »»’ with *, the rigubt.y modulus We see 
from £e 5 that if a simple stress Q acts on Jour Kides of a cube 
ABCDEPOH, the stresses across the diagonal planes ACGB, BDIIF 
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will be compressive and extensive reqwctivelj and eaeb of uiagiutude 
Q. Tairing the axes Ox, 0^, Oz as parallel to OB, OA, OO-i, wc have 
~ Qy y, ~ — Q, Z, 0, 'OTth corresponding strains 


Tben 




tan iJ/l'O' = 


IXy _^ l + e^ T)0 1 + e,, 

A!(y l + e„A0 ~l + e„’ 


where the dashed letters correspond to the strained cube (see fig. 2). 
Since the shear strain 6 = aDA'B' — /.DAB 5= 2/.DA‘0' — Tr/2, 


to.aDA'O'— 1 
1 4-'tenjDvi'(5' 


eg — g.,, 
2 + + 




ej. 


For small angles, therefore, 

c„= 2(1 + oK?/j, 

Now the modulus of rigidity is defined by 

«-<?/e=?/2(H-<r), (4) 


and, by comparison with equations (1), n' => n. 

Eliaunating o from (3) and (4), we obtain ^e important relations 

9nE '1 

»-3i: + n 


_ 3g— 2>t 
" 6F+ln. 


The expression for Poisson’s ratio may be written SlTfl — 2a) = 
2n(l-i-o). Since E and n are both po.sitive, a cannot be gre.ater 
than 1 nor less than —1. 


7. Principle of SuperposUlon. 

The preceding theory is based on the assumption that the effects 
produced by the different stresses arc quite independent of one another. 
The applicability of this principle of siqKrpositaon is confirmed by ex- 
periment. In particular. Guest • made a careful study of the behaviour 
of thin tubes under combined stecsses. He showed that various stresses, 
such as iuternal compression, tensioD, and torsion, could be applied 
simidtancously and combined in differont pioportions, but that initial 
yielding occurred only when a specific ioteJ shearing stress was attained. 

• PUl. Mag. (6), Vol. 60, p. 69 (1900). 
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8. Bendiag gf Seams. 

Wtea a beam is bent by an i^plinrl couple, tiie filauientB of tfin 
beam are compressed in tlic regioa nearest the iusidB of the cuivi*, and 
esdended in the legion ueanist the outside. The filament 'which ez* 
periences no change in length when tic currature is applied is termed 
the neutral f-lametit or neutral axu. 

Suppose a rod ABGD (fig. 6) fa bent into q cirote and that the 
rudiiis of the neutral axis Pt^ is />. Then if we consider a filament 
P'Q' of the rod, a diatanee s (mm PQ, we have 
P'0'«(P + »W. 

Hence the crtenaion of tic filament is 

e s=! p'Q' — PQ SB (p + e)^ — . . (6) 


and the steam, eince the oci^al 
length teu p^, n z/p. £C the 
area oi cross-eectioo is «, the 
force across the area is 

P 

The couple due to these iorcos 

is thus ^ as, and the total 
p 

couple, nr bcndintf noment, due 
to all the fibmeuta lu the tod, 
which must eqaal the eitenml 
applied couple G -when the rod 
is in cquilibrinni, will be 

G = ?Xas*. . (7) 



The quantity Sas® is analogous to the raoraent of inertia about the axis 
s=[>and i.slermed theperunctriPoImwwJitqfine'tfoof ^-hceross-Bection 
about that asm, which is perpeniKculac to the plane of the paper. If 
the actual area is A and the ladraa of gymtion ia denoted by k, 

C=2£^ 

P 

The quantity is sometamcB termed the Jiemmt rigidily. 
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9. Beams under Distributed Loads. 

Consider an element of the rod, of leu^h dx, at a distance x from 
^ome^ongin 

ix\ let the shearing foiees and the 
bending moments be F,G,F dF, c{ 

G-+ dG at X and r + eis respec- 
tively. llien 


the ueiitral axis, and let the load per unit length be 
Then 1C dz ia the load o 




(9) 


( 10 ) 


( 11 ) 



10. Relation between Bending Moment and Deflection. 

If p is the radios of curvature of the botm aX, a point where the 
depression is y (fig. 8), we have 



^ I it is approximate^ true that 

1 _ 4 -^ 
p~ 


Hence, from (8), 

. . . . 

. . (12) 

Combining equations 

(10), (11) Mid (12), wc have 



. . . . 

. . (13) 

and 

,A^% = -F. . . . 

. . (M) 
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11. SolaliOB$ of Beam ffoblems. 

T )ie four constants of iulegrafioD roqa(n>d for the solutioa of (IS) 
are dctcrrdned by the end oonditions of the beam. Three casca usually 
occur; 

(1) Tree tni vMh i\o toad. 

F c={i, hence 0, 

and 

e=.o. ^=0. 

<£l:* 

If a load IT ia attached to the free end, P = 

( 2 ) Bnd supported but not gripped. 

(J = 0, hence =» 0, and y is Injotrn. 

(9) EndclampeJ. 

^ is Imosni acd usuaJly equal to zero, and y is known. 



In the solution of beau problems care must be taken that the 
houndaiy conditsons inserted after integration applj to that portion 
only of the beam within whose limits the differential equation was 
orif^iunlly formulnied It is often convenient to divide the problem info 
two or more parte at eome cormaient point suoh as a support, as 
illustiated in the solution of Ex. 4, p 314, and then to equate elevations 
and .ilopoa at the junction. 

Exawelis — Uniform deam clamped horvcomatly at 6o(A ends under u 
ufii/orm!^ dislnbuled laid (fig 9). 

This emniplo of the oppliwtioii of equsUoos (12>. (13^ and <H) mil now tv 
worked outt other oiamples for tfco reader mH ho foand on p 313. 

Writing D for d/iU, D» fox <P/ifc*, Ac., and asing (13). we hare 
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iDtsgratiiig luui limes, we hero 

A, (15) 

Ax-{-B, (10) 

qAlfDy^^'^ + ^-k-Bzk-O, (17) 

= ^ + ^ + (IS) 


From c<i£o (9) above, the cimI coddltiDiis are 

iJy » J= Olor* *» 0, %»« p-* Ofor* — 
wbere 1 is the lonyth of tbo beam. 

iloucB. from (17) snd (18), C^B^O, 

a+h^p + i>^ = «- 

Solving for A and B, we obtain 

A B 

5 - JjwP. 

The oomploto solutiaa i« tberdoro 
qAi'‘p => s'j**' - 


+ = . . . (10) 

Furtbu, 

0=qAe]>-y 

- j|(0*’-6te + a (20) 

F^-qAI^£fiy 

= (21) 


B; (20), the bending inomEUt k zero what 

6**-6fa+P = 0, 

and the mar^imuin deScction occurs st the contio of the beam and is given by 

_ «{• 

" 3 B 45 AP' 

12 . Thin Rods under Tension ot Thrust: Enler’s Theory of Struts. 

It can be shown that the btaiding momont is always equal to qA 
even if a tension or thrnsfc is present in addition to the bending couple. 
Let a tliriist P act at the ends of a thin rod oI length I (fig. 10 ), 
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As 13 incroased there occurs u mitical value ab which the rod will 
buckle, unless it is coDstrsioed, vrheu it inll iiltimate!)' fail hy emshiEg. 

To find the critical value of P, let the rod be imtially slightly bent 
and consider nny point on the rod with co-ordinates [*, y). If G 
is the bending raoinent, mm} we ta^ moments about S, 
we have 

(22) 

But 

~pg 

If we write this in the fonn IPy =r. — m-y, where 
HI* = PJqAl?, the solution is 

y aa ^ COS»7e5 jSsumKE. 

Substitutiug for tho bouadury conditions 

y B= 0 when * =» 0, y = 0 when * 1, 

we have 

4^ Bs 0, oih( ilsinmisaO 


The Uttot coodition is salUhed if £ 0, when the rod is straight, or 

for slaffli «-! 0, when ffiJ — w, 2«r, 3^, Ac. 

The first stable bendmg positioo therefore occurs when hi ~ w/i' 


the force is then 

P==qAl^ir*JP (25) 

aod 

ys^Bainvx/I (24) 

Since at the centre of the rod *=^2/2, from (24), P = ymm- The 


rod may therefore bend to any extent withm certain Kmits, ^irovided 
P rcachcB the critical value given by (23). In the calculation the cur- 
vatura has been put equal to JPg, and this wpproximatioc gives the 
value of the Hunts of beudii^. 

When HI Ztt/I, equitibrinm is again obtained' tho various 
positions clearlr correspond to multiplce of half ii sine-wave 

Euler’s theory is only in approximaio .•^eemeat "srith experiment; 
Southwell has given s more salislactocy but much more complicated 
treatment. 


13. Uniform Vertical Rod Clamped at Iaiwct End. Dislritmted Load. 

The problem of a unifoMn vertical rod under a distributed load 
and clamped at its lower end has many important applicnf ioe.s. Thus 
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e.g. tluirc is a limit to the hmght to which a tree can grow before it 
bends under its own weight. In fig. 11 consider two points Q and Q’, 
with co-ordinates (x, y) and (s', i/], on the 
bending rod OB. The weight per uaoit iengih 
w is generally a function of x; let the 
weight of an element of length at Q' be 

The moment of this element about Q 
will be wd3f[i^~y), and the total bending 
moroent about Q, duo to the length above 

Q, is 





where 1 is the length of the rod. 

DiSercstiaimg boldi sides with respect 
^ to tie upper Ikmt as, we have 


Now the total load above Q is fads' — IF, say. Eeace 
dx 




(251 


Tie solution of (25) depanits on the nature of [T wd >aay te very compUoated. 
For tie special case of a uniform distribution of load, IT = K-fl — a)- lien 


Finally, putting I — x = 


Ac- 

p — ^ “d ^ — 

. <Pp <Pp 

s, weha.Te,Bnice^= 

3_-p=,. . . 
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To solre equation (27) wo bSprcea p Id tcms of a power »etiea 

n„ f-^ + v + v- + .y + m 

« 2a, + 2.3«j* + 3.*<«jl»+ (29) 

Ueace. cocibuucg equatlciu (27), (2fi] and (£9), and equating coeffisienta of 
powers of t, we ootalB 

2 a, 2 . 2 . a, a — ko, 

Houce 

The eoastanle a, ara d«t«TBuj«d froa the booD<i»ry aonditlffa* 


;> <■ 0 when t ^ ^ ^ wbeo i v D 

Heoes a, 0 and 

'» 


ii p u uie (iviiaiiy, tuee tex pfA, aou tiie oiaainioiu wuj)ui ic gi>Lu uj 

(31) 

It p — OOaud } !» J0‘‘ sl^as/eq. cm for <teal. ,0 


tbe ciaairaURi lieigtit of a pine f C ca>. scroee 

a about S7 metres 

J4-. Torsloa ot KodJ. 

(IlQnsider an ckment of a circular rod, 
of area a and at a distance r from the 
axis ot ByiHiBettj 00' of tie rod (Gg. 

TfCt tie rod be fixed at its lower tsnd at 
a distance I from a and M a be twisted 
thrni\gti nn at\p(c <6 h.r an cxtecDal coi^Ie. 
Then if tliB tangential stress across a is 
F, tlia element of couple about tie axis 
irhich this contributes is 
tip = J’ar 

Now if tbe angle ot shear is ff, 

f^»I 0 
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TORSION OF RODS 

Also, since n = 2^/0, where n is &e rigidity modulus, 

Hence the total couple about the nxia ig 

Since the rod has a circular oross-Becrion, S<xi^ is the geometrical 
momeEt of inertia of the section of the rod about the axis. Since 

Sara == j‘2^dr . r*= = M?. 

Q-l^. ( 32 ) 

irhere R is the radius of the tod. The quantity Qljip is sometimus 
tonnod tie torsional rigidity. 

Tot rods of any other cross-sectdon is Jess than A)i‘, The 
solutions for elliptic, cqmlatcrally triangular and square sections irece 
given by St. Venant, rrho shorrcd that the torsion bvolvcs a longi* 
tudinal displacement in the cros.s-section. The treatoent of St, Venant 
is based on a generai principle enunciated by him, that the strains 
which are produced in a body by the opplicarion, to a small part of 
its aiurfaoe, of a system of forces stoticalJy oquivident to zero force and 
zero couple ore of negligible magnitude at dfstances which are large 
computed with tie linear dhnensions of the part. 

It is only with (woss-seetdons of a high dngree of symmetry, how- 
ever, Uiat mathematical esjwcssions can he obtained^ for Qlln<j>. Re- 
course must otherwise bemade to analogous equations in other branches 
of physics, which arc more susceptible to investigatioE. Thus Prandtl 
pointed out that the deviation tiom s plane of the surface of a soap 
him which corns a hole of the ■‘janifi size as the cross-section of the 
bar, and which Las an escess pressure on ouc side, may be used to 
obtain the form of the function determining C//«^ The values for 
Qlln-I> and for the geometrical mommits of inMtia of difierent sections 
about the axis are given below. 

Circular area, radius S. 

Elliptical area, semi-ares a and b. 

.IP- *»■*(»=+ i’)- 
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Heciangular area, sidea 2a and 26. 
IGah^ 


QI/h<^ = 




wliere m has the values 0, 1, 2, 3, ... : 

For a square, this gives 

« 2-2492a'. dl-* ^ Sa^/S = 2 <>67a». 


If a «a 3i, the stun of tbe mfinlte series of h^^erbolie tangents 
diilers b; less thao I part in DOOO from 1-OOlfi. 

For aj?at itrip, therefore, 

= ofr»(V - 3-3<5J^/o). 


Hc.rca for ciiculat, elUptte, and rcctangutar strips of the sime 
crosS'Sectiooal area ood leugUt. the relative lor- 
rioQsI rigidities are in the ratio ] ; 2bja : 2ni/3n. 

Eectaagulai suapensious have the double ad* ^ 
vantage of small torsional rigiditf combined mth 
large auriace area fox radiation of heat and ore 
therefore often used in the conatnicUoa of gai- 
vauometere. 

Energy in a Strained Body. 

(o) A bmi bmm. 

Consider a short length df of a filAEOcnt of n 
bent beam (Cg. 13). Let the cross'Section of the 
filament be a and let it fee situated at a distanr.e 
sham 4l<; anutcs} aas Ties il «ra use bh^zssoka 
of section 8, p. 58, tie work done in atretohnig 
this filament an atnouut e vnll he 

Force X Distance — Stress X Area X Distance 

= Klasttc Modolua X Strain X Area X Dislanre 
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Hence tlic total enej^ ol the whole cross-section A of the rod of 
length dl is " 

■ dr=l3ss<a‘ 

1 

dl 


/ 


Hence the energy of the whole rod is 

^ '’"‘liqAif'' 

(h) A rod 0/ ««siler cro®s-«ec(ioa under torsion. 

If the couple applied to a rod tuidec torsion is Q, the work done in 
twisting the tod tluough an angle b 


Now from equation (32) 


dF as Qd/jt. 




or, alternativ-ely, 




. e.’! 


S'* 


’'“4 

A^__^where dl b measured alcmg the rod. 

16. Spiral Springs. 

Let the coils of a spiral spring (fig. It) be inclined 
at an angle c to the horizontal plane when the spring 
is stretched by a foroe IF. We consider any point A ' 
on the coils; if a is the radius of the cylinder on whicJi ' 
the coils arc wound, the external conplc at 4 b IFa. 

This couple results In 3 torsional shear F~ If cosa 
in .t-JiR t-sngpnt niane to the coils at A and s 
T= TF shia along the tangent to the coils. 

The couple across the section at A can be resolved into a torque 
Q — Wa cosa acting in the plane of tiie section and a bending'momeni 
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J, the work done in stretch- 
ing is Y — J JIVir, where IV is now the ilnai irtrctching force and is 
eqaaJ to the suspended weight Afg if the extension is produced in 
r of equations (^) and_X 3A),- 


rVi.- ' 

Jo"" 2g/lfc»^wnJf*' 



Suhstitutieg for G and Q, wc have 


gAl^ ‘ ^K* 

DliJerentiating hath sides with respect to x, we ha^’e 

dW wnK* 

Since TV « 0 when z =« 0, 

n. , 2cca*a\ 

— '’“■W+-s.*0 ■• 


I£ a ia amall, this becomes approzimutely. 



Substituting the vaiuo taii* for a wire of circular eeotioa in 

(35), we obtain 

(37) 


2frfl’I/2™»o . c06*q\ 
+— ) 


In addition to the Tcrticsl rootion ol the free end, there is an angula r 
dispIaceiDBUt m the horiroutal plane. If the end of the wire la twisted 
through the toraon gives nse to a horizoutal angular dispJacetnent 
4>S}na. ^ce y' 

Qss IVff COBO= - 

giruZsinacosa ; 




this win causa the spring to coil n 
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On the other ]jand, the beoding momeut produces 
angular rotation of the free aid amounting to 

r'dlcosa. Wa^acosa f' 4lFr?Jsinaco 
-'op glB Jo “ ~ ^R^~' 


horizontal 


and this causes the spring to unce^, since it acta outwards. 

The total angular displacement as the spring coils up is therefore 
2TFal^cLC0Sa 

7rS‘ 


a-r 


and is peatesfc when a = 45®. 2 2 

The spring will coil or uncoil according as - ^ Since for most 
metals q > 2n, spiral springs of circular section genorallj coil up whan 
strotohed. For a faring made of fat strip of rectangular section of 
sides So and 2b, the totd angular ^splaeement is 

3Iff?l sinocosa / I 41 

WI - 3-36J X 36/16a) q\' ^ 


17. Vibrations of Stretched Bodies. 

The general trejitmeot of the vibrarions of stretched bodies is 
beTond the scope of this book. A few simple oases, however, ore of 
considerable Importance. 

(o.) TransveTse vibrations ijf o towled bar. 

Consider a light rod projecting horizontally from a clamped end, 
with the free end carrying a weight IT. 

If the restoring force is F when the deflection is yj, 


Further, from Es. 3, p. 313, ®= 

Hence 

where m* = ZqAk^j{WP). The solution of (40) gives 



^ (6) Feriicol oscillations a loaded spring. 

In the case of a Sat spring, only the torsional energj- comes into 
account. The potential ene^ when the spring is subjected to a couple 
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Wa has hfen shown to b e V — But from (SC), the 

vertical esteusioti is z = 2l^Vy(Tr»ii*), 

Hsnc, - ■ (‘2) 


Let the velocity of the moving niaaa be dx/dC at the instant when 
the exteiiSiion its ®. Then the Idnetie cacify of the mass is lW(iis/i!0h 
The kinetic energy of the spring itself must also bn tafcrn into con- 
sidetation. If the extremity of the wire moves with a velocity dx/dt, 
the kinetic energy of an element <f* of the wire a distance s from the 
filed end will be *f*> where m in the miiBs pnr unit length of 

the spring and J is its total leagth. The total kinetic energy associated 
with the spring is therefore 

whore to is the mass of tlw whole spriag. The total kinetic energy 
of the system is therefore 

nw+u/s)(^iy.y 

Since the sura of the potential and ktoetic energies of the whole system 
is constant, 

4(rF + »/3)(fy+^.---«>- 

An additional term (ll" + v>j‘£)gx repreeenlii^ the change in poten- 
tial energy under grovitatioaal forces should be included for vertical 
motion, but it makes no difleicace to the period of osoiilutiun, which 
would be unaltered if g were ineffective os iu honsoctal oscillations 
Differnutiftting with rnepect to t, we have 


5!5!x„o 

2fo- 
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18. Expecimentat Determination of the Elastic Constants. 

Methods for measuring 5 and » mil now be deaia-ibetl; the measure- 
ment of K is describod in chapter on compressibility (p, 90). 

Erteiisiou may Iw measured in the following ways: (1) by a micro- 
meter screw, (2) by an indicating dial, {3) by a microscope, (4) by a 



multiplying lever (mechanical magnification), (5) by optical magnifica- 
tion, (6) by optical interference, (7) by change in eiectrical resistance 
(e.g. Bridgman’s work, Chapter V, p. 91), (8) by ^VbiddiDgtOD’s method 
of observing the alteration of jatch of a heterodyne beat note, produced 
by the change in capacity of a condtaiser when the distance between 
the plates is varied. 

• Wbiddington, Phil. Kag., VaL 4(t p. 634 {1020), 
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19. Yonng's ModnJas. 

[a) Scarh'n staticnl ttKihoS. 

The nppuratua eoniiAfa of a frankemirlc CCfiri) <Cg 15», wlueh in supported 
by two Terreal wirfA A, A' fMt«n«d to clamps at f |A' anJ A" being fcewly 
piTuted). Iiuilde the fmmewortt rest* a spirit-lere) L supporfed by the hwizont^ 
bar ]J and the end rf a thirk serffw S. A large graduated drum-beaJ i3 attached 
to S and moFCS o»cr a TCjtJe.i! ae.a)e A, iw aboim. Frota one side of tie framawort 
la suspended a beary constant neight 3/ and from the other a heavy scale.pau 
P. In using the apparatus tio Bpirit-tcvel k first adjusted to tie bonzorital 
poiitioti by turning tho drum-head on S. A knovn InriH is then pticed in P anti 
biie distaiKU through rviich S has to b« turned in order to bring the level haek 
to a Lontontul pumtion U noted Further loads ars then added and the proecss 
is repeated until a given mazimuia is fcacbed. lUadmgB are then taken with 
tlecrcasing load. 



Swco Young's modnins is defioeJ by etress/atrain and in thit Rase 
BtfEBB equals load pet unit area of crosi-acction of the n'ire and atrauj 
equals iacreaso in length per unit length, the diaraetei and length of 
the Tnre have still to bo determined. The djameter^ is ^mRnanrwl m 


OTiginnl length, and I its exteuaion under the load ll'; the raJiie ol 
IfW IS delermined from the dope of the load-extension diagram 

{h) Emng'i eztensomeler. 

The preceding method is BUitaMe only fm wires; an extensoinefer 
such as Ewing’s m.ay be used for thicker specimens [Qg. lOJ. 
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Two iomontRl aitiis AB aud CD aro piTOteil at E and F by sciows which 
pass through the Bpcciioea Q. The ana BA is bunt round to form the TerfciorJ 
rod H, which tarries at ite lower end a pout F; the point rests in a V-shapod 
slot out in the atm CD. Betwcea B cud P Uiece ia a iluo screw-bead which may- 
be used to adjust the pontion at P and to calibrate tho instiument, Ihom B 
is suspended the microscope M, which carries a microiUBter scale in the eye- 
piece and whioh is fooussed on a Gne horizontal scratch on the end of CD. When 
a load is applied to S, P acts aa a fulcrum and the extension of tho rod is given 
by FPJDP times the displacement ohsefved in the microscope. Sxtensione as 
small 03 l/d0,000 of on inch may be meoauted. 


(o) BendiTig of a £«am. 

The moat convenient expmimental airangement is with the load 
in the middle of the beam and the ends free but supported by knife- 
edgea. Then by a simjrfe eitenwn of Ex. 3, p- 313, the depression is 
g^ven by 

(l\* 1 

a 5Va/ iAJf 


The depression may be measured by aoy one of the eight methods already 
enumecetod. Kdnig iairoduced the use ol two mirrors fixed vertically at ^thor 
of tbs free ends of -the bar, togotbor with a telescope end snalo. Then if ti Is the 
total change in the seolo reding when a load IF is applied, » the distanoe between 
the mirrors, and B the distance between the scale uid the fliat mirror, It can be 
shown by elmpla geouwtry that 

d={Se + 4S)9, 


where 9 is the actual angle of twist of either of the rsirrors. 
But by Ex. 3, p. 313, 

^ 2 gXiy\2 2/( 

W 1 i» 


eo that 


2 qAlFl 

W (8»-l-43) 
'2 Sdi* d ' 


(d) By anguhr osetUaiions of a loaded spring. 

This method is a direct apjdication of the eolution of Es. 9, p. 313 

(e) By fronstierse vibrations of a rod. 

It may be shown,* by nsing an analysis somewhat more complicated 
than that of section 17, p. 71, that for a rod of circuiar cross-section 
fixed, for example, in a lathe-chnck and allowed to execute transverse 
vibrations, the frequsni^ of oscillation is given by 



• 0. F. C- Searla, Ufpjrfmeiifiil Phfiica, pp. 64-8 (Csmh. Oniv. Prus, 1934). 
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where q is Yoimg’a modulus. I leogtli of rod, p density of material of 
rod, r radius of rod, and m isgiven by oodi»rteos«i= — 1 . The frequency 
may be cletermined by resonance xrifli a faining-fork, and smee the 
remaining quantities are easily fbimd, a value foe q is obtained. 


20. McasTSTcment of the Rigidity Blodniixs. 


(o) Barton’s statical method. 

This method ia a direert apjdicntion of 
formula (32), 

5 i * 



The epccizDcn AB hasgs Tcrtiealtf (Ag. 17). 
heleg elarnpxl at A and haring a brass eyGoder 
attached firmly to it at A hy meaas of a aef- 
serew. ICIie torque is aupplnd by ««igb(s IT 
eairied la euall acal«>paas. aad is made eQectire 
i^eoidaactisg taaseoUally to the bnas oyfiedsf. 
Tiii itrisl tslireea (wo pvuito a dlstame/ apart 
on the specimen Is obtaued by fixing twomiiron 
jUj and d/| to the points by means of ert-acrctrs 
aad using the usual lamp and eoale netbod. lie 
is the radius of tho brass eyimder, 

!!!•«,- 1=5^'. 

to tbat when SB has been detenzuned fat seme) 
positions on the epccimen n may bofocod 



(6) Vertical osallalims of a loaded spring. 

This method is s direct application of equation (43), p. 72. 


21. Searle’s DIetbod for st and g. 

Two equal brass bare A and <? of wjuaie sectim are joined by the wiro If 
M shown IQ fig. 18. Tho system is Buspended by two pvidlel toraionles' threads. 
If the CTida P and P' arc made to approoeb oue auolhex symmetncaiJy and am 
then Iibemtod, the hare wlU Tfianto id a horisontai plane. The eeat^ of the 
bars O and O' reoiain apprommatety at rest, eo the action of the inire on tee 
bar and vie ' ' ‘ •- o — .i I •« 

the length o' • 

IS given by 

rertieal azi.s uiroiigb >is cvuue, we anve 

.dre gjy stAm 

S* p f 


d'd 

5(5“ 


Tbia is of the form 
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wire. S the BUtpeoded bar ig enisled tiirougb an angle 9 and allowed to oscillahii 
tbs eguation of motion is 

, <£*9 iifiR* 

' ** “ 21 

which is of the form 

= — m’9. 

where m- = and hotsce ti>o time of oatillation is 



The ratio q/n is therefore giron by and tor the dotcnuinution of this the 

values of Ji, I and / are not required, hibroover. since gjn = 2(1 + n), Poisson's 
ratio may be directly determined boot IjVfi* without aood of otiior phj'sioa! 
(neasiirements. 


22. Determination of Poisson’s Ratio. 

(ff) Direct method. 

The laterai strain is measnied directly witli a micrometer screw 
gauge, while the longitudinal extension is determined by Seorlc’e 
method or with an extensometesr. 

(6) Bar method. 

When a flat bar of rectangular cross-scc^n is bent by an applied 
couple, beside.s tlie curvature in the plane of the paper (sec fig. 19), 
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there ia an aoticlastic curvature of rndiuB p' ia the plane perpendiculai 
to this. It has been stown iliat the longitudinal Rtrain e at any distance 


ing pointers to the rod and observiog tlw distances and angifg trsrers^ 
when u given couple is app&cL 

(c) Vsn of thin tubai as in bulk raodidtts deUnKtfuition. Sec Chapter 
V’, § 3, p. 88, where s= F(l-~Za)lq. 

25. Optical Interference filetliods for Elastic Constants. 



examples of various experimeota! arrangement-* which hnvn bc-en used 
are given below. 

(o) Young’s tnodufns by Srarbfs method 

Afl fig. 20 shows, or is ft portion of » (ato«l*t vtrhesl rod AA unrtcr tpst. 

Two BrreaOO and rrciiiTftDopttOftUy Hat gifts* |iUite Kjd ft tons to giTr Wfwton a 


IMg^Aae - H) 

/twlr* • 

wfieie f IS the radius of the rod, a tha d«lsuif« <rf the cftoti-e of the lens from tbs 
ftjos of the rod. end ^ the waTs-feagllurf dioli^ used to produce tho mteitcrcnco 
pattoro. 
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(6) Rigidity modulus by Searl^s mdkod. 

Tho apparatus (figs. 21 (o) and (6)) consists of the horizontal rod PQ under 
test, oarrying clamped oross-piecca AJB and DS at either cad. The piece AB ia 
pierced by a horizontal axis, bo that the bsi- b free to turn and will conseciuently 
erperionce no bending momrait wboi wmghts M arc applied to oithoi D or E. 
An ivory point C resting on a jdane aurbee S supports the end Q of tho bat and 
also serves as a fulcrum about rvbieh the tondon couple arising from the weight 
AS acts. A glass test-plate reste oo the oentca of (ho bar. 



Fie. tie 

(From Sends, MacOlmxna Bxtfimmu (Cunb. Vniv, Ptcul) 


Under tho action of Uio couple, the central plane of tho bar takee tho foris 
uf A Leliuold surface, thu suutiou of which by the buriaontal plane gives ries to 
hypsrbolio fringes, as shown in the figure. It may be proved that If v = i(vj -f v,], 
where Tj •« X(n — !)/{«„•— «,*) and v,*« X(n — v^), and « and t> aro 

bite dlsbauoes bom the centre O (o Irix^es tueaaui'^ along dirocliooa at d0° and 
- 45° to the and p-ases, 



" “ - 3-3(J16/«)' 



Fie. ait 

(From Seirle, Macrllanetto Brpemunis (Cimb. UcW. Pre%a}> 

whore n is tho coefficient of torraoDal rigidity, Mg tho applied load, 2f tho distance 
DE, and 2a. 2li the width and thickness of the W lespcutivciy. 

{c} Poisson’s ratio. 

(1) Cornu’s m«thocl. 

The method is applicable on^ to a good reflector, snob as glass or a metal 
which irill take a high polish. 

A teulaugular bar of tbe material is taken and a plane optica! test-pinte is 
placed in contact witli it. The baristhcnlosdcdeymnjetrically as shown in fig. 22; 
the system of ioterferenoe fringes jaodneed be^emi bar and test-plate is then 
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send secondary wareletfi to the eye and tiie small source appears surrooadcd 
by a difiraotion halo. If the eorftce is bent^ tte normal will rotate, the angle at 
irhioh the light enters the eye trill oban^, and tie halo will appear deformed. 
In the experiment of Andrews * (fig. 24) a oniform rectangular brass plate P, 
one surface of which is pulialied imd dosted wiQi lycopodium, is bent by applied 
couples and placed a fear feet &om a bduiII light eourue L^. An obserfor at B 
measures the diameter of the eiUiptical haloes upon the superposed image of the 
screen S which is semi by r^ectioo in the plote-glasa plate B. The lengths of the 
major and minor axes are obsoved, tiie couple is incresaed, and the process 
continued. Let 6 , 9 he the angles sabtmded at the eye by the diamstera in the 
plane of bending and perpendicolar to it respectively. When the oouplu is 
increased, lot theao angiat change to 6", 9'. Th^ Poisson’s ratio is given by 


1 1 



The hnloas nto generally smaB sod diffuse and do not improve when thu plate 
is bent: great nccontcy then^ore cannot be attained. 

24:. Variation of Elasticity yrith Tempeiahue. 

For small ranges in the region of room temperature, there exists 
aa approximately linear relation between elastioity aud temperature. 
Ta general, as the temperature nsea the elastic moduli fall, and for 
temperatures up to within 150® C. of tiie meltbg-pomt, Andrews f 
has found the. general relataon 

where b takes some other at an absolute temperature 

about half that of the roclling-pomt. There is a general correlation 

• Andrews, Pint. Slay. (2), ToL 2, p. OtS [ISES). 

■f Androwe, Proe, ffafi. fbe., Vol. 87, p. 8 (1020). 

4 (rl03) 
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between degree of tbetmal ezpasdoii and change in. the elastic modulus 
Thus quartz, which has a uegli^ble coefficient of expansion between 
0“ and 800° C., exhibits as ohnost constiust value of j within this 
temperature range. Using a toinonal oscillation method, Horton * has 
shown that the rigidity ruodulaa, shboiigfa showing approximately 
linear variation with temperabire over smsU ranges, depends largely 
upon the previous treatment of the specimen, Irregular behavrour 
is also found at very low tempersturca. The classical wort of de Haas 
audHadfieM |LaB Hhown that the dnctilityof steel completely disappears 
at — 252 B“ C., whereas the mechanical properties of nickel, copper, 
and aluminium are much improved In general, the effect ia not 
permanent, the motni regaining its ordinal elastie properties as the 
temperature retuius to tU original value. 


25. Isotherznal and Adiahatic ElasUcities. 

For sinall changee of temperature, the changes fu the elastic 
proportioB of bodies are reversible; it is therefure possible to take 
e.g. a Btretuhed wue through a Carnot cycle. Consider a wire of length 
I and crnsB-BButiou A, aubject to n etrain e uuder a stiees P and situated 
in a uuform temperatuto enclosure at a (empciatuie T. Let the wire 
undergo on increase in strain Se: the work done on the wc is PAlSt 
blew lut the wire be transferred to another uniform tempfiratiire 
enolosuto at temperature T + &T, the elastic mopcrtics changing bo 
that the stress becomes P + 8P. Emally. let the wire contract until 
it regains its original strain e, after which it is brought back to the 
first temperature enclosure to complete the cycle. Thu work done by 
the wire at the higher temperature is 

(Prt- SP)AlSe. 
and bcjirc the net work dmie by the wire is 
SPJiS*. 


If A represents the heat given out reversibly by the wiw on being 
stretched at temperature T, a weD-known thejinodynamical relation 


Net work done dunng cyde 
Heat given out ut temperature 2’ 


_ sr 

- y . 


SP.4l8e_ ST 

A T’ 


'“-’■(S-Aff'- 

• FiO. Tk>u . A. Vo). 20J. p. 1 fJBO*) t WU* Tra» 


l, Vol 232. p- 297 (19331 



IV] ISOTHERMAL AND ADIABATIC ELASTICITIES S3 

If p is the density of the material of the wire, C its specific heat, and 
J the mechanical eqtiivalent of heat, lie change in temperature due to 
the elongation is then 



The change in strain Se might have been produced by changing the 
temperature of the wire while maintaining the wire under constant 
stress. K a is the coefficient of linear c^ansion, the required tem- 
perature change is given by Se = a ST. If we represent Young's 
modulus by j, the wire may bo brought back to its original length by 
decreasing the stress by 5P, where SP — —qSe = —qaST, or 



Hence 5d = —Tqa tefipOJ). Now q Sc is the additional stress 8P re- 
quired to pioduoe liie change in strain Se. Hence the inoiesse in 
temperature 811 produced by an increase in stress SP is given fay 


T<r8P 


“ TST* 


m 


Equation (40) was first verified by Joule, using thermocouples inserted 
in loaded bars. A more recent application has been made by Bates 
and others to calibrate an apparatus used to measure changes of tem- 
perature in ferromagnetic rods undergoing short steps of magnetic 
hysteresis cycles. 

In general, the increase in strmn 8e due to the application of an 
increased strain SP is due partly to the increased stress and, if the heat 
does not escape, partly to the rise in temperature. The equation is 

Se = SP/y + o50. 


Now 86 is given by equation (46); hence 
- SP a-T . 


8 e _ 1 a-T 
SP q pCJ' 
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If wc denote the adiabatic Value of Young’s modulus by q', we have 

1 ^ I _ «*r 

q 

In agreement with theoiy, experiment allows that j' is always greater 
than q, but the numeucu agre^ient is often far from satisfactory. 


2(1 Rayleich’s Three Reciprocal Relations. 

From consideration of the work done m elastic deformstLan under 
laotliermal and adiabatic conditions, Rayleigh deduced three reciprooa] 
relations: 

(a) Iho displacement of a point B due to a force applied at A b 
equal to the displaceznent of a point A due to an equal force at B. 

(h) If the point A be held fixed while B receives a displacement, the 
fnroo requirrd at A is equal to that required to hold B fixed when A 
rcoeivM an oqual displacement. 

(o) \Vlicna force is applied at A. and B is held fired, the ratio which 
the Touotion ut B beare to the force at A is equal to the ratio whlah the 
displacement of A bears to the displacement of B> when a force acts at 
B while A is free from (oroe. 

To establish tlieso (see Searle’s BxperimetUal Elasticit!/), the dis- 
placements X and tj, in the direction of the forces X and Y, are given 
by » ss aX -t- cY and y cX + 6 Y, where a, b, and c ate constants. 
Hence 

(») J/y-o = cX and whence, if X = Y, Xx-o =* 

(b) Solving for X and Y, and puttmg * = y, X,_o = 

(o) Applying the conditions etated, — = a:.T--»/y,Y-»' 

Tho validity of the relations enu bo tested by direct measurement 
of the quantities involved nsing a borisontal tod subjected to various 
loads and displacements. 


27. Elastic Behaviour of Single Cubic Crystals. 

'Jlic ntomio theory of eolida uannul yet claim the successes of tliu 
Innctic theory of gasas described in Chapter IX, but eystematic, if slow, 
udvimcca ure continually being made using an atomin interpretation; 
the study of the elastic beb.uvioiir of single cryetals illustrates this. 
While it would be possible to moaanre the elastic constants of Bingle 
crystals by static mctliods, H is more convenient and acciirnto to make 
use of dynamical relatione eBtalilisLed in Chapter VT. It is shown there 
that the velocity of propagatioii of waves through ae elastic meuium 
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obeying Hooke’s !aw, is given by an Kcpreasion of tlie form v — (Ejpy, 
wlieie p is tbe density of Hie medium and B is an elastic uoustaut 
appropriate to the type and diicctaon of die wave considered. Experi- 
mentally an ultrasonic pulse is generated by a quartz osciUator or 
tramduci'.r, and this pulse is transmitted through the crystal and re- 
flected from the back face. The time whidi elapses between the original 
emission of the pulse and lie arrival of the back-reflected wave is 
measured by standard electronic mctdiodB, and if the thickness of the 
crystal is Imown, the velocity of propagation follows directly. The 
frequency of the pulse is about 15 Mc./s. and the pulse duration is 
about 1 /isec., tlie wavelength being about 3 X 10"^ cm. Specimens 
are about I om. thick but the essential feature is the selection of 
spccimsDB with accurately parallel faces and with faces orientated in a 
definite directioa to the crystal axes. 

Only cubic crystals will be oonadoted here, but even with this 
resU'iotion a variety of different bmdbigs ezbts between the atoms 
composing the crisis, and these variations lead to ccurespondisg 
variations in elastic behaviour. However, for all cubic orystols, a 
longitudinEil wave will be pro}>iigut«d along a cubo axis with a velocity 
given by Vi =3 (j/p)t where q is Young’s modulus, while a shear wave 
will be propagated along the same axis with a velocity given by 
Vt SB (n/p)i where n is the rigidity modulus. For direotiona M propa- 
gation other than along the cubic axes, the velocity of propagation of 
a shear wave is given by 0 *= {n/Ap)* whore A is termed the anisotropy 
factor. For diamond with a shear wave abng the 110 direction, A is 
i-C and the anisotropy arises from the fact that although the crystal is 
cubic, tie forces between the carbon atoms are not independent of 
direction but are coueeutialed along four tetrahedral bond directions. 
In addition, for cubic crystals and centnd forces, an ieotropio crystal 
should have qjn => 3, whereas for diamond the ratio is only about 2-1. 
Even for metals, a wide range of values of A exists, extending up to 
ahout 10, although tungsten is exertional having A nearly unity. For 
tie cubic alkaU halides ench ns sodium chloride, where the forces 
hetwflp.n the atoms are ionio nod theiefore independent of direction 
(central), agreement is a little better with A about 0-7 ahhough is 
about 3-8. 
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CHAPTER V 


Compressibility of Solids and Liquids 

1. latioductioa. The Prodnction of High Pressures. 

The detennination of the compressibility of liquids and solids 
presented for hundreds of years a problem of great experimental 
difficulty. In IBOO, members of the Horeotine Academy concluded 
that water was incompresable, once it was exuded through the pores 
of a hollow lead sphere when the latter was 
compressed in the jaws of a vice. Some years 
later Boyle demonstrated the compressibility 
of gases, communicating his results in a paper 
entitled “Touching the Sprbg of Air”. Owing 
to the large magnitude d the c€ect in gases, 
work in this direction continued to progress 
satisfactorily. 

With liquids and solids, however, the eSect 
is so small that it was not until 1762 that 
Canton first showed that water was definitely 
compressible. The ex^unental arrangement 
adopted ve.$ one whuffi was used subsequently 
by the majority of experimenters until the 
recent work of Bridgman, when a new technique 
was deirised. A large bulb fitted with a 
capillary is filled with the liquid, which is then 
subject^ to pressure by a compression pump. 
The change in height of the liquid in the 
capillary indicates to a first approximation the change iu the volume 
of the liquid. The method was developed by Eegnault and is 
described in detail on p. 92. 

The apparatus designed by Bridgman is shown in fig. i. The liquid L is 
contained in a case ol hardenrf steel, the pressnro bang applied by the adrance 
of the steel piston P. The pressure is transmitted by the intermediary ring of 
steel D pressing on the edt rubber packing C, which is enclosed between the 
copper rings B, to the mushtoom-d»ped st^ head A and thence to the liquid. 
Thfs ingenuity of the apparatus lies in the fact that there can he no leak of liquid 
past the paeldng. since the presscre down the sidca from above always becomes 
autotnatically greater than that up &t«i the liquid. This action is aehicTcd fay 
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leaving a vacant Bpvce E behind tlie tmneated itteni of the head A ; thn n-heb 
of the ilo'vnwntd faice must, then b« suppbed by the prcssuro on the rubber nn^ 
O, and this pressure wilf be gr»<«i Ihaa tint in the liquid in thn ratio of the 


which, by developing new wnja of distnbubng stress ond supporting eriticnl parts, 
allow pressures up to 100,000 Kgiu. per tsq. cm. st temperatures of 2500* K. for 
hours of eontiououa operation. 


2 . M«asitr«Q]ect of High Presaoces. 
(l) Pn«<iry pavpM. 


TLu other type of ptusary ^auge is (he free pjsloo gauge whiidi wai introduced 
by Aaagat. 'I'tiis consists of a piston nbicb is accuiaie[> fitted to a cyUndei M 
that thu leak along ihu sides is iiiup)i(veiabk) ‘I'be ptessun la then Measured 
directly from the load which must bo ajipbetl (o the top of the pistou in order to 
luaintain it in equilibrium The joint l^lween piston and cjlinder tsay be iated 
ivitb molaesce, but this treatment is effectite only up to a iireseure of 3COO Ivgm 
|K-r sq. CO The piston is rotated just before a lueasurcment is laade, to ehsunate 
the tncat of fnotinn 

(ll) Stcondar^ gavffu. 

The simplest of these is the JJourdon spring gaugo, which c/msiste of » plans 
spiral of metal or gU» tulmig wh'eh u flattcitril at the closed end. When the 
pressure is tion«niitted down the Subinj^ the spiral teodc tn Btraighten out and a 
pointer luay be made to register the jwvasure. Tho gauge is useful up to pressures 
of 4000-GIXIO Kgm. per sq cm , it# acemany m limited by elastio hyBleresis 

Bridgman lios ateo used the Tanutton of elrctriisl resittance of # laang-’iiin 
coil with pressure as a secondary pwgsi The method is particularly useful at high 


3. Change In Volume of a Cylindtieal Tube under Pressure. 

As tLe change m volume of a cylinilrical tube under pressitre ia 
involved in many detenninatioiiB of the compressibility of solids 
liquids, an expression for this quantity’ ■will now be obtained. Consider 
ft cylindrical tube with flat ends, e^iosed to an external piesswe p 
and an irteriial pressure P. Lamfi has ahowu that the strains produced 
involve ft Tudial displacement a gmm hy 

o = or 'h 


( 1 ) 
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at a point in tLe cylindei wall a distance r from the asds, a and p 
being constants, is also a longitudinal dis-placememl parallel to 

the axis of the cylinder. 

If X, F, Z are the normai Bfxesses along the radius, tangential to 
it, and along the axis rcBpeolively, the corresponding strains being 
®n> fij5> reference to Chapter IV, section 6, p. 57, shows that 

,2 = (Z + 4«/3K« + (if - + c„) I 

y = (7<r + 4«/3)a„ + (ff - 2«/3)(c„ + s„) . . (2) 

Z = (iT + 4n/3)6„ + (2 - 2«/3){e„ + e,,) j 


Now since e,* = dajdr and e„ = a/r, wo have from (1) 

= (3) 

and 

€„^a+pli^. (4) 

Hence from (2), (3) and (4), at the limits /j and rj. where X =» —P 
and X s= ~p rcspeotivoly, we have 

-P »= 3Ke + 2n(a - 3/5/ri’)/$ + (K - 2nli)e„ . (6) 
and 

-p 22a + 2a(a - 3|3/f,*)/3 + {if - 2tt/3)e„. . (8) 


Again, the force tending to stretch the cylinder parallel to its a 
is irirj^P — and the longitudinal stress is therefore 

(t; 

(»•»*- V) 


Proin equations (2), (3) and (4), however, 

2 (2 + 4n/3)e„ + (2 ~ 2w/3)2a. ... (8) 


Hence, from (7) and (8), 

T,^P - r^y> ^ 4„/3)e^ + (2 - 2«/3)2a. 
(»■/ - ^1*) 

Finally, from equations (5), (6), mid (9), 

32 ■ • • • 

. r,W-P) l 

P- 2« 

The radial (Esplacement a is fdiercforc ^ven by 

fip — r^ r , fiVfP-Pi I 
32"^ (r,* 


( 10 ) 

( 11 ) 


2nr' 


( 12 ) 
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If £ lathe length of the unstraiiied tube, its interna! volume hnri^&Wf 
Vi = anil hence the approcdmste cbango in interuai volume is 

Si^ =5 2frr,ot 4- nf,*e,,L, ( 13 ) 

since a = and e,rt == tL. 

From equations (10), (12) and (13) we have 

find the change in external rolume is aioularl^ given b/ 



1. The Bulk Uodalos of Solids. 


The bulk modulus of eobda may be deterzsioed 
ns foUotra: 

(i) Indirectly £roa the taiown relntioo (cqtjstion 
(6), Chapter Iv, p, ti9) between f, n aud K, rrhen 
; nod ft have bees deteimioed for the specimen, 
rhe disadvantage of the method is that the same 
specimen is rarely used for the determination of 
q and n and subsequently for the problem fur irhioh 
the value of £ is required. 

(U) ^^a^y direct methods depend on Whft meosure- 
meat of the etraius of a thin hollow cylindec subject 
to given Btresses. For example, BWIock has used nn 
optical device to measure the (angitudinal etraiu in a 
thin-walled tubs under intemal pressuie. If the 
iutemal and cstmnal radii ore rj and r, respectively, 
the pressure is P, and the longitudinal steam is IfL, 
from equation (10), putting e„=»l/£ and p equal to 
zero, we have 


K = 


PtJs 

6f(r, - r,)’ 


. . . ( 16 ) 



since (fj -f- r,) is appuwitnately equal to 2ri. 

Alternatively, a load may be suspended from the end of tie 
cylindrical tube arranged vertwaily and the change m internal 
volume registered by a liquid contained in the tube Tlw type of 
apparatus used by Amagat is showii in fig. 2; the change in vol^o 
is measured by means of the transpareut graduated open cnpilla^ 
tube fixed to the top of the mam tube From equation (3). Chapter IV 
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(p. 5fi), pr thfi theory giyea in section 3 o{ this chapter (p. 89), the 
change in volume is given by 

8.>,_ P(l-2o) P 

V, j 3ff' 

where P is the applied stress, a is Poisson's ratio, snd Svjv^ is the 
volume strain. 



R 

3 


R 

'2 

xc. 

si 

□ 






1 L. 



(iii) Bridgman’s methods arc the most reliable; the geDera! arrange- 
meat is shown in fig. 3. 

A heavy etec! oylirtdor PQ eocloeoe the epocimen AB, fvbioh 
i ie In the Iona of a A anifonn osUTcal pieemire 1« then 

applied hydroetatiosUy by iuimerslog Ute eyliuder iti a high. 
rr^FR preeeurs abenber (fig- 1), and ibucou<.ra«tiofti] of the Toclrtiatlve 
^ho oylioder ie mviu^iired by the movcisent of a laoae-fittios 
I Hifl'l < ciug Ai, u’lilfth danng lb« contmeUon moves to Ag, in whieh 
poeitinn It remaioe after the preeeure is removed. Owing Co the 
extension in length I, of the oylindet, ^e true contraetlon of 
the rod is given by / fi — 'Die cliange in Ifingtii of t)ia 
eylis^, which is only a few per cent of Uie change in the nd, is 
determined by eoroporatot measurements. The volume etrain is 
then given % swo (be method aotueJIy measures the longi- 
tudinal etroin. In plnoo of the ting recorder R,Rp a eiidiag 
contact may bo need, the elmtige in length being deteeminsd in 
terms of a change in eleoUfoal tesistanee. 

The absolute compressibility of one metal, for example 
itou, having been detwminod, relative and hence ahBoiute 
compressibilitjes of othtw materials may be rapidly ob- 
tained. 

la Sc 4, the specinicn in the form of a loug rod 8 is kept 
» pressed agsinst the bottom of the holder of iron by the spring M. 
(From Brids- Attached to ii >0 upper eod of (he «xf a a high-resiataneo wire 
T„v^,Th,Pi,y,k, pygy j con{»ot D, attached to the holder but insulated 

‘ fromit. The springtimes the wire pr^ed aghast iWcon^t, 

Tlio relative ^sition of heddor ond wire is determined by a 
potentiometer measurement of Uie diffeieneo of potential between the slidmg 
contaot V and a terminal E fixed to tho ndru. One current tennmsl is rt J- MtJ 
the other ie earthed to the appataliis. IHie whole arransement is pin^ m a 
high-prosanro chamber and exposed to l^dnwtalw {wessurc; tho leiahve linear 
compresBibUity is direoUy detonninsd from tiie change m Tesistanee. 
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6 Compiessibilit? of Liquids. 


(i) Older SxperimeiUt . — ^TLo eodj p.xpariiscnt3 are of historical 
interest only, osving to the uncertainty in the cocreiiliou for the change 
of volume of tlie oontaining vcn-scl. Tho instrumeuta as a whole are 
termed piezometers. If ia the apparent change in volume of tho 
liquid contained in a piezometer under a jucseure P npplied BiTnuI- 
taneouslf internally and eztecoally, the true contraction will he 




(18) 


where fiu, is the deereriBe in the internal volume 
of the contamer. For a cylbidcr of isntropin 
material, with flat ende, wr obtain froin 
equation (14), putting p =’ /*, 

Svi P 


(IS) 


and Lcucb if i has been determined for tbn 
material by an mdepcudenl experiment, 8v| 
may be calculated. Tmally, if I{ is the bulk 
modulus of the liquid, its vidun will lie givou by 


1 >\ 

(.R i)' 


cninfirraaion pump and mauomelrr. The pceonra is 
transmitted to tho outside of J by liquid eootamed in 
the outer Tfficcl D, whioh cad ho placed tn coromani- 
cation with tho compressor hy the nde-tube O and thn 
tap ff. This tap, together mth tlie jemamiDg taps F 
and Of allows the proasiTre to ho comniuiiicated |11 to 
the outside only, (2) to the inside only, or (3) to tho 
mitsidn and inside mmultaneannly. t^ile last 
arran^emeTit is all that is required to obtain JC from 

equation <20), if Sv„ and S«f represent the opparenb contraotions ui rolut 
under conditions (I) and (2), ft may easily to aho-wn, by applying equatio 
(14) and (20), that 

8r« + 8<% = 8vi. 



if the container Is truly isoirofic; a useful check on tJieeppl'ce.hility of equation 
(20) is therefore provided In Itegnanlt’a erperiments tho contamer was actuaUy 
a cylinder with rvuTu^ed ends, and the correctiocs to ho applied to equatioa ( 20 ) 
are of doabtfnl ralnJii,)'. 


(ii) iSridgman’s Ezperrmenis . — ^The classical e-sporiiuents on the 
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compressiWlity of liquids and the standard presBurc-volume ieo- 
ttermals are due to Bridgman. 

The liquid is onntajued tn a sted rdindtu Buniiat to that shown in 6g, 1, but 
fitted with an aoouratoly-fitling sted piston oacrymg a contraction-measuring 
ring i?, exactly like that shown in fig. 3 fortiioerperuaents on solids. The arrange- 
ment ia then immersed in ahigh-]»esaieduuubw of Uie typo described on p. 87 
the pressure being regiatored by moans of a maeganin reeistonoo. The whole 
apparatus is placed in a tbennostal; for water, imthenn.alB np to 80° C. wero 
obtained. To correct for tiio ozpBnedon of the containing vessel, the liquid is 
partially raijlaced by steal and the oombined compressibility of the two is obtained. 

6. Behavioui of Solids and Liaoids at High Ftessuies. 

Tie properties of matter at very bi^ pressures are of fundamental 
importance, since atomic obanges may be expected when forces of 
tie order of tie iateretomio forces arc applied. Pressures of 10* Kgm. 
per aq. cm. would be requited to produce large effects: up to the 
present the luadonim preasure attained is about 20,000 Kgm. par 
aq. om., but even before this value is reached many interesting pheno- 
mena have been observed. A few of the more bnportaut obsoivatioua 
of Bridgman will now be tabulated. 

(!) Change in vohone is entirely reverablo with pressure; up to 
26,000 Kgm. pec sq. cm. no pennaoent change is produced. 

(2) Wi& liquids the volume change becomes relatively smaller; 
the compressibility at 12,000 Egm. per sq. cm. is only about 1/20 of 
its value at moderate pressures. 

(8) Ths coefQoient of tbermal expansion decreases, but to a lesser 
extent than the compressibility, and at very high pressures the eome, 
value is approached by all liquids. 

(1) While a large part d the compressibility of liquids (and gases) 
is due to a decrease in the space between fie atoms, witli solids almost 
all the change of volume is produced by actual shcbloige of the atoms. 
The compressibility of solids is irregular, some decreasing and others 
increasirg with incrcasiiig pressure. 

(6) Anisotropic solids e^bit a great difference in the compressi- 
bilities along the diSerent crysted ares. Tellurium actually expands 
along the trigonal axis when a nnifomi hydrostatic pressuro is applied, 

(6) There is no critical point between liquid and solid, and no 
masimiun melting-point tempeasture above which only the liquid 
phase can eadst, no matter how hi^ the pressure. 

(7) The coeffioiont of viscosity inoreascs, and at enormouely dif- 
ferent rates for different substances. The approximate relation is 

„ logp, where n is a constant depending on the nature of the sub- 
stance. ,-i > 

(8) The ela-stic moduli of some stdids increase, while those of others 
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(9) The effect on tliermal conilucfavity is irrepxilar. Ontof tSmctnls, 
S9 show a decrease in electrical resistance; thermoelectric propertina 
vary in both directions, while the Wiedemann-Franz ratio between 
thermal and electrionl ftondiictivitica • incronses in 0 examples out 
of 11. This behaviour uidlcatrs that the connexion between thermal 
end electrical conductivities cannot be complete!}' explained oa the 
existing electronic theory of metals and that there must be a con- 
Bidcrable diffcrcncfi in the electron mechanisms giving rise to electrical 
resistance and thermoelectric effects. 

(10) Caesium is the most conipressiUe solid, the volume reducing 
to about I at 100.000 Kpn. per aq. cm. 

(11) Most gtiddan changes in compressibility are due to a change 
ui the crybta! lattice but examples are bnown where a reduction in the 
size of the electron orbits cau he produced by external presuuze. 

(12) The transition graphite to diamond is irreversible tf the material 
is cooled to room temperature before the piessuie is reduced. 

7. Fued Points and Che Constractioa of a Fressnre Seale. 

The measurement of absolute pressure beyond about 13,000 Kgiu. 
per eq. cm. is very didkult Merr.ury manometers are obviously un- 
practical, and the Lmit of the ordinary free-piston gauge has been 
icached, However, by making use of certain constant physical pw- 
pcrtiea, n pressure scale is being constructed with this aid of fixed pointa, 
the nunibet of whioh is contiiinnlly inoreoaing. Typical among these 
are the freezing pressures of mercury, 7C40 and 13,700 Kgm, per sq, 
cm. at 0® and 30® C. respectively. Another point is the transitiQii oi 
bismuth 1 to biamiith II at 20,000 Kgm. per sq om. This point is 
marked by a discontinuity lu the bismutb coraptesribili^ curve; it 
is not cntical with respect to temperature. The manganin resistauce 
gauge is then calibrated against the two mercury poiiite and the bis- 
muth point, and the change of rcaialaace is expressed as a quadratic 
function of the pressure, the relatioD being almost linear over the 
initial portion of the range In some expenmentn with eodiuca chloride 
Bridgman estimated the pressure at 200,000 atmospheres; sur-ii esti- 
mates involve wide ertrapolstions of the prefsiire curve und ate liable 
to errors exceeding 20 per cent. For certzuo cryatallme substances, the 
fundamental theory of wlucb is fauly developed, assistance is 
provided from a theoretical estimate based on paloilatious of ionic and 
interatoraic forces 

In the manufacture of diamonds, pressures in the highest re^ons 
were calibrated by la.uking nso of four of thaeleftncal resistance tran- 
sitioB.s np to no, 000 Kgm, p« aq cm established by Bridgman for 
Bi, TJ, Cs, and Ba at 25,400. 45,000. IS.OOO and 8D.0W respecrivcly. 
For pressures above 80,000 Sgm. per sq. cm. the mrfting-point of Ge 
' SeQ Kobeiu, /fetii anri T^enao^mames (Bbcfcio}, fvttcth «d.twa, p l!*® 



CHAPTBE Vr 


Seismic Waves 


1. latrodnctlon. 

Sfiismolngy deals with the problem of asoertaiaiag the stnictare oi 
the earth by mcaoe of the Tarioua waves tirtiich are produced by eartb- 
quakes. The Bouroo of these waves is the/ecais oi the earthquake, tiat 
is, the place where tie earth actually uiideigoes fracture. This regioD 
is some distance below the surface of the earth. The nearest point of 
the earth’s surface to the focus is called the cpeenlre. By means of 
instruments called seismegraphs, records of the vibrabons propagated 
from the focus to various points on the earth’s surface are m^e. Great 
progress has been made in detecting and analysing these records and 
k assignmg causes to the various typea of vibradous. 

2. Velocity of Looeitu^mal Waves. 

Aftec an earthquake hse occurred, the first signal recorded by 
seismographs at distant stafioos is that due to the so-called primary 
01 wave (fig. 1], lu this type of wave vibrations ate longitudioaf, 

tenff iruytt 

r« I 

that fe, the particles nf matter of which the earth is composed vibrate 
along the line of propagation of the ene^y If the earth wwe a homo- 
geneous sphere, these vibrations would travel along rectiliuear path^ 
starting at tie focus of the earthquake- The path between focus and 
recording station would be a chord of a great circle of the earth. Id 
' ■ book, this elementary view of the situation is adopted, and the 
velocity of the P waves a homogeneous earth is calculated. 


p. S 
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Consider the body undoigoing atr^ mentioned on 
Chapter IV, p. 58, tlje Jiuee equations (1) hoki. namely, 

Pj = A8 + 2«'c„, 

Pj=AS + 2n'e^ 

P3 = AS + 2n'c^ 

where 


'(l + oXl-2a) 


- g 

“ (1 -i- <^r 
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3. As in 


- ( 1 ) 


Here g is Young’s modulus of elasticity, er is Poisson’s ratio, a nd is 71 
the modulus of rigidity; sie the strains and Pj, P,, Pg tlie 

BtresfiRE along the three axes respectively; and 8 =* s„ -f -(- e„. 

Consider the special cose in iriueh the only strain is e„ =* S along 
tho ffl-asis, «,v and «„ being each equal to zero. In this case Pj, the 
stress along the asaas, is equ^ to Ac** 2nc^. 

That is, 

Pj *■ ej,(A + 3») 

“'^!(i + .)a-2»)+a+^)' • ■ • (2) 

, .‘.-.SI --) , 8 , 

(I +»)(!- 2.)’ 


where 


ga-?)_ 

^ (1 + a)(l - ar) 




The coefficient j is called the eUmgatiowil idasHdey. As equation (S) 
shows, it is the modulus or factor connecting P^ and e„when 8„„ and e„ 
are each equal to zero. In otheac words, equation (4) represents the 
relation between the stress and ti»e attain in any direction, when 
lateral strains perpendicular to the first axe prohibited. Now these 
are precisely the circumstances which arise when a longitudinal wave- 
train pa-SHKH thrinigli a liamf^eoeous medium which is practically 
unlimited in lateral cfirections. They are in sharp contrast with the 
circumstances attending the passage of longitudinal waves .liong a 
rod or wire. 

Let a train of longitndinal waves of the above type traverse a 
homogeneous medium (fig. 2). Conrider the forces on an element of 
matter AjS, of uniform density p and mnt cross-section, displaced 
longitudinally along the aerfs Ox to CD. I«t the medium be u nlimi ted 
laterally. 

Let the displacement AG he I Then BD is the same function of 
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t + dx us I is Ql X. By Taylor’* dx) =/{*) -f f{x)dx, 

if we neglect small terms, litn BD=f{x+ dic) = l i- —dz. Hence 
Cn, which is equal to — fiC, is equal to 

Hence CD — AB, which is the eitensioa of the ekunent AB due to 
its disphicement, is equal to {(blfbx)dx. Tie fractional extension is 
c>l/Bx. By equation (3) tlie nremge teosUe force on the element CD 
is j{5l/dx). If, however, equal tensions acted on the element at 
C and D, no longitudinal vxvte would be propagated. One tension 
must exceed the other. Only a small error of the second order is made 
by assuming j(o{/dz} to be the tension at one end of the element CD, 



say at C. The value of the tension at D is the same function of 
IB + (is es j(31/3x) is of x Hcncc, by Tnylor'a theorem, it is 




'a**' 


approximately. At 0 the force on the element CD isy(0l/3x). towards 
the ori^ 0 At D the force is 


away from the origin. T^ow the mass of the element is pdx. Applying 
Kewton’s second law of motion to the element, wd have 


P^Si 


(5) 


m 

pdxP’ 
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type of difieroiUal eqDation is well known under the title of 
the “ wave equation A general Bolutioa of it is any function of 
(s — Cit) =f{x — Ojt), say, wltere 

0i*=j7p (6) 

His means that longitudind waves travel along the a-axia with 
velocity 

In a homogeneous earth, P waves would have this velocity. The 
adjectives primary, cotidensalional, and push, as well as 

longiludinal, are applied to tljese waves. In practice three distinct 
eels of P waves, aiieing in diSecent ways, are often observed in tic 
acismographic record of a single earthqual^ 


S. Velocity of Transverse Waves. 

The second section of the vihratiooe recorded by distant seismo- 
graphs after an cartiiquake is due to tie so-called secondary or 8 
waves {fig. 1), These vibra- 
tions have no component in 
the clirootiou of propagation: 
they are transverse vibra- 
tions. In a homogeneous 
earth they too would parsue 
rectilinear paths starting at 
the focus of the earthquake, 
that Ls, chords of great 

circles. It will now bo shown 0 

that the velocity of such 
transverse waves in homo- /»\* 

geneoua matter of density piBi^=f-l.r 
rigidity. 'P' 

Assume that the particles of matter vibrate in planes perpendicular 
to the direction of propagation, in rectfliuear paths. Even if a trans- 
verec vibration is elliptical or circular, it can bo resolved into two 
perpendicular rectilinear vibrations. Let Ox be the direction of pro- 
pagation of a transverse plane wave (fig. 3). Consider a slice of matter 
ABCD of thickness dx, normal to Ox. When a plane wave passes 
along, let every particle in the plane AD undergo the same lateral 
displacement in the plane of the figure, so that A goes to A and D to 
D'. Let AA’ ^ niy = y. Similatly, let every particle m the plane 
BO undergo a lateral displacemtait y-{- dy- In this case BB = C<7 = 
y dy. In such circumstaoces the slice undergoes shearing in the 


s the modulus of 



SEISMIC WAVES 


{Chap. 


y-directioji. T’- — — s- .i . » 

b 7 the thick] . 

p. 65, the av< 
is nd^Jdx. I 

AD aud BQ, a statin shcap uronld ensue, but no ptopagation ol waves 
Waves arc propagated when there is a greater tangential force on one 
face, say on B'C , than on A'l/. Assume, as a close appronmstion to 
the truth, that the tangential force per unit area acting on A'D^ u 
which is a function of x. This acta in the direction I/A’. The 
force per unit area acting on B'C is the same function of x+dx as 
n^isof *. Hence it is given by f{x+ dx) ^ f(x) + /'{x)ix, approa 
mately, where /(*)= n^; that is, /(*+ <i2r)«5= op- 

pcozimately. This force acts in the dncction B'C. The net force pet 
unit acco tending to displace the shoe in the y-ducetion is the diffetence 
nix ^ Let the length AD be 1 cm and let the thickness of the slice 

pecpeudioulai to the plane of the figure ulso be 1 um. Then the mass 
of the element ABCD u pdx. Its equation of motion in the p-direction, 
derived from Newton's eecond law, is 


9t* Ox* 


which reduces to 


. . ( 8 ) 


where t representB time. 

This is a partial diflercatisl equation of the second order, of the 
same form as equation (6) A general Bolution of it ut 




where/ means any function. This can be written in the form 

where . - (9) 

This equation represents a disturbance travelling in the positive d/rec 
tion of X with velocity Vj = (■)* - adjectives s€c<mdary, 

vclumxnal, dhtortioml and shake ore also applied to these 

ivcJl as the adjective transverse In practice thn 5 waves arrived at, tlie 

observing station in a direction iuoLned at some englo to the horizontal 
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It is eusbomaiy to coDadpj the component Titrations in (a) the hori- 
;5otita! direction (the SH waves) and (6) the vertical plane containing 
the direotion of propagation (tie 8F wavcB). Three difierent types of 
S waves, arising in different ways, arc usually recorded in the seismo- 
gram of a single earthquake. 


It may be noted that % = 




the eKpteswm for the velocity of traca- 


verse e’avus in any hnrnogeoeous dastic solid, and thus ropresanta the velocity 
of light through the ether of q»GO according to S^nel's elastic solid thnray. 
In that case n and p are the modnloB of ri^dity and the density of the ether 
tespeulively. 


4. Rayleigh Waves. 

There is a third type of wave, discovered by Lord Rayleigh, in which 
the vibrations arc coi^Ded to a relatively Uiin layer close to the suifaw 
of the earth. In this case the wavee ^ not arrive at the observing 
station along a chord etarting from the foons of the earthquake, but 
along a great oircle starting from the epicentre, further, the dis- 
placement of particles of matter at any point on the caxtli’e surface ia 
in the vertical plane containing the dkeotion of propagation, and can 
be resolved into (a) a vertical component, (6) a horizontal componont 
in the dirertion of propagation. There is no horizontal component 
normal to the direction of propagation. No other kind of wave trans- 
mitted along the earth’s surface would persist over long distances. 
The calouintion of the velocity of Rayleigh waves is too long to re- 
produce here,* but it may be elalecl that tlie velocity would be constant 
if the earth were homogeneous. In the teal earth, composed as it is oi 
hetoiogoneous layers, a disturbance etarting out as a single pulse 
becomes dispersed, that is, broken up into a set of waves with various 
periods and wave-lengths, all travelling with different velodtitis. At 
distant observing etatione a eerics of osciHations is recorded, instead 
of a single throw such as would be observed if the earth were homo- 
geneous. 


6. Love Waves. 

In the real heterogeneous earth a fourth typo of surface waves, 
the Love waves, eirists, in which tiie displacemonta of the particles of 
matter are horizontal and trausvErse to the direction of propagation. 
At any point on the earth’s sur&ec after an eaithquake, a series of 
oscillations corresponding to Love waves of various velocities is pro- 
duced. It can be deduced, from the feet that those waves actually 
e.jdst, that their velodly is less in the surface layer of the earth’s crust 
than in the subjacent matter, fti actual seismograms recorded at 
distant stations the arrival of the P and S waves is well marked, but 

! 5^ Jsflrsys, 3^ BarOi (Cambddge UniTeiaity PtesB). 
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Ho S mvo I, tollowcd by a long teila ol o«3lloti<m., .. i» «8 I- ““* 
arc due to the Rayleigh and Love waves intermingled, and tLeii 
Tropleto H.;?prou4.\ oot yot «Ulod. Thooo coopbejW vW 
tbuo ate rcierced to a> lie taj m L «a™, or oj tho m»n lAoc*. 

6. Seismographs. . , 

TKp ntiTMsc ol a aeismogriiph is to register movementa of 
A oP.X where iiietrumeot is eituated. Any vibra^on 

y„ro„,a« (1) aad (o) are of the oa„. £ ".'^a bar,- 

20 iital vibrations 

We first consider hon- 
jootal vibrations To record 
these, one general method U 
to use some land of pendu* 
lum. formed by a body sus- 
l-ended from a stand resting 
on the ground It u 
etnwlive to consider the 
theory of the vibrations of a 
rigid “vertinar’ pendidum, 
when the ground and there- 
fore the stand and thn pow 
of support are displaced 
boruontally- 

Caee 1.— iVirtion negMed ^ bortiontu) 

Let eras tflg. 4) Teprrsrnt * figu„. % tte horUonteUif.- 



19 of raotion of 


le pcuaiiKiU' lui 

and lfSf = ifV+^^- 
i^X and y=S+ ^• 


tf tioWTi- 
y. Th9 


. (10) 
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Taking momenta about O, ••c obtain tho equation of roUitory motion, n 
= if r(» - 0 - ilKy. 

Henco 

i'*8 =* Ya ainO — Ka cosO 

“ (# “ — &cos9. . . . . 


fcom (10), wLere R ia the radius of gjratiao of the peniuJuiD about an aiis 
through ita centre of grarity 0. Now aiijco 

*= ^-f asiae, 
i= 5 + o(c 086.8— sinO. 6*). 
issume that 0 is smatl oud that 6 ia ni^i^ly amall. Tbeti 


z » £ + acotO.S. (12) 

Fnrthor, y is approsiniately eonetant and p * 0. Equation (1 1 ) becomes 

^ fr*««~ja0-fl|-a*6 (13) 

{^» + a»)8 + 9n9 + a| = 0. (14) 


Let (Jk* + o*}/n • f; f is the distance betneen O' and 
the cf.nlrt of oseiVfafion. Then 


futg/f^n*. Then 


rt + 96 + C - 0. 

8 + n>0+|-.0. 


a certain point 0, called 

(16) 

(16) 


The eotaol displacement t due to a distant earthquake Is usually a com- 

E licated fuaotion of the time, but by Fourier's tbeorom it may be supposed to 
e resolved into a series of cosine tetnis. each of the form $ — oosut. Taking 
one of these terms, wc insert ^ ^ cos(«( in equation (16). It becomea 

g + »»6 - = 0. 

e + n«e«S^k£^. (17) 


The complete solution of this invofres the complementAry fiinctic 
particular integral. The comploDBirtary function is the solution of 




8+»»o-.o. 

e = -4 «»(nt + 9). 


and the 


The particular integral is fcu'nd by writing 


Tho complete sohition i.i 


_ (o^^oosmI 
" f(n= - «»)' 


e»v rieos(Jil+ 9) + jj 


(18) 

119) 
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As (hs second term is the or 
to lu thaa tbe ilrst. Write 


eicca 5 ■= 5® eosoit, wr har* 


' pn^cot tile eartEqualie, it is more 
^ ca costal. 

r_ 0,r(n»-«.s) 


<20) 


Tbis MprescHta one of Ibe Rmrier teiins into leJut-Ji tbe actual displaccincnt iaa 
been resolved. If a style o» pen is mounted at ILb end S vi tbs peadidum, sucli 
that 03 K Tj cu > tbe Apparent Imp^ae dtaplaccuii at of tbs styla is LO, appro:xi- 
mAtely* of ^hich lAi is due to the eartbiiuAkie* 
fa _ tto*^cos£at 
!<»•-<**) 


“ ?(«* - 


(21) 


when ( ■■ Cgfloaut The total dlsplMement ot Uio stylo ia LO 4- !• 


Cm 9 2. — rrwiJtm taken tnfo accotaU 

Auuno that a frtotioosi foreo la pcescot, which ii propcrtiooni to (he angular 
I'elooily of tha|>eiiJuIu(a. Insert a (ena of thefors to represent tins rstardiag 
loroui in equation (14) On reducing to Uie iutni of equation (lli). and wnting 
the irictlonal term u Sid, we obtain the equation 

a + ate + nsO+^-O (22) 

Again oasnrno tbit tbc netoal seiamio djeplace&est ( of tbs supiatrl can be 
pspaoded by JFouner’s theorem m a eenes of costne (viius of the fbm $ » ^ eositit 
Substitute I « (^etieeiT u> equation (33). It become* 

o + zis + .'s-iik^'. (m 

As before, the complementaiy functioa ropreeente that port of 6 wbicb is 
not produced by seismio displocemeDts. To BmJ the paiUonl.ir integral, assume 
a solution of the form G 8, cosleit — qi) On eubstitnting in equation (2S] we 

— m’Oq Oosl<ct — ^ 2fa»0bBii>(€id ~ 9) 4- w^oCOstuI — ?) = — — » 

which is true for all values of t Substitute «t =: gi Hien 
(~iB* + n*) SUIT Sfai oeay 


2t<»» 

»• — «a* 




(24) 


Now put <Bl • 
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n„= 

• l{(n» - oi*)» -i- 

The case when k= n is trf practice importaac^ for example, Golilzin’a seiamo- 
graphs Llils critical value of the dtunping. Then oquation (26) becomes 


.. _ 

is the apparent it 


that is, equal to ^ multiplied by a oonetant factor. A pm at a distance L troio 
the point of support or knife'edge baa the uppaceiil msTimum displacement 
T6g, which ie also proportimni to I,. Tbo pm faiUifuily reproduces the more. 
ments of the supporli with the same freqticticy, but on a difTursnt scale, prerrided 
the support noTos with a de&nito ircqueocy sod am^ude for a suSoient numhei 
of oseMstioos, The magniScstaon is tlio ratio <A toe pen's dispiaoemuut to that 
of the support oc groui^. For a displaoemeot 4 " v; coeui, the necniiicatioi) 
ie ZOg/Sg (oompuing ma.xiiuum dispisceuicote). This is equal to Ltii‘/!(n^ + u>) 
in the important esse of critical dampiog. 


7. Horizoatal Fendolum SeismoBtapb (GslitziL). 

Seismogiapha belotiging to the class of vertical pendulums just 
discussed are actuary used to measure hoiizoiital dispiacenouts, 
volodties, and aceelerations of the caret’s oruafc. They have, howaver, 
the disadvantage of being very heavy. Pendulums with mosses up to 
20 tons are eequired in order to reduce the friction involved in the 
registration of vibrations, when great magnification is needed. Another 
disadvantage is that the period of oscillation is small. To avoid these 
defects, seismographs belonging to the class of horisontal pendultun 
described in Chapter II, p. 35, are frequently UBcd to mcasiue hori- 
zontal movements.* Hie student should therefore refer to pp. 85-37 
before proceeding fiir^er. Only slight additions are required to 
convert a horizontal pendulnm into a very sensitive scismograpL 
^Vhen the earth move.s horizontally, the supports of the pendulum do 
likewise and the " boom *' of the latter is set in motion. 

Various t3*pcs of rccordtog device are in use. In Gelitotn s method, tiie boom 
of the horizontfll pcadulum extends b^roci the bob. At a point on it beyond 
the bob a flat coil of copper wire is mounted, eo ttot wheu Uie boom moves the 
coil niov-ea in a stroug magnetic field ptoduced by a pair of horsesbos magnets. 
An induced ourrent proportional to the angnlar vdocity of tbs boom is produced 
in the coil, which ia connected to a vc*y senatave gfJvanonietcr. The movements 
of the suspended part of tbe gafranometEr are recorded by means of the usual 
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time of tile explnaion ia 
A, B, a and D, all in on 
P waves. T' • ‘ 

nieawrcd. 

Should one 
mean vslac 


noted. SeismoRmph.? sifcnated at other pmnts 
rwid tlie tuiicss of mival of the first 



Fm 6 


veloejtj' along the ether paths. Sio/ilur mcosurcmcnts m a direotton 
porpendioulat to the first, using waves from a fresh souroe, coafiiin 
the ftmt results. A more detailed survey then enables the position of 
the top and flanks of the dome to be ncrnratoly ascrrtcincd. 

11. The RefieeiiOD method of Scbmie Frospeetme. 

At the boundary between two kioda of rocks, on isoidect wave 

n . » ’ ’ O .'ll-, 


bed is properly located hy b»n» when he knows (o) the length of the 
perpendicular SN drawn from S to the plane, {b) tic angle of dip ^ of 
the plane, i,c. the anj^c which a atra^hl line of deepest descent XNV, 
in the plane and passing through N, makes with its own projection 
X'SA in a horizontal plane, (c) the direction of that horizontal projection 
1 ' : ' ■ '*1, vfl *' ’ »■ — to tho 

' . . ' i I ' ' ■ flectiou 

• i ' . ■ . ting or 


CcTTdation S}iooiing 

This form of reflection method is used when the beds of rock to be 
located have extensive plane upper feoca and Icfw dip. The apparatus 
tisad includes o number of rwxu-v^is arranged at regular intarvalB along 
a straight [me on one side td a point called the “ shot point ”, at which 
an esplnsion is arr.\ngcd to take place, fig. 7 represents such a Bystem. 
S is the allot point and Bj, B,, . . . Bg arc enxTeccivera with eijual spacing 
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a, Wteo the sliot is fired at S, longitudinal seismic waves pass down- 
wards and are refleeted by the upper plane XY of the bed to be located, 
whose nature differs from that of rock above it. Consider the 
simple case when the normal SN and dl the ray paths STj, TjRj, STj, 
TgRj, &c., are coplanar stzmght linea- The time taken by the various 
redeoted \vavea to reach R,, Rg, &c., can be calculated as follows. 
Let S' be the image of the ^ot point in tiie plane XY, regarding XY 
as a plane mirror. SNS' is normal to the plane. Let SN = NS' = p 



and let SR^ ~ RiRg, &c., — a. (a is of the order 20-100 ft.) Let 
— angle of dip of the plane XY. From the geometry of the figure 
it is seen that NSR = 90 -f- Also ST, TjB, = S'R,, aud STg -i- 
TgRj = S'Rj, &c. Let v be the velocity of the wavoa, and let 2p = P. 
Then the distance traversed the xvaves from the shot point to the 
first receiver is ST, -f- T,Rj — S'R,. From the trigonometry of the 
triangle SS'K^, 

S'R, ={8'S* + SRi* - aSS' . SR, . cos(90 + ^)}i 
= {P^ + ff2 + 3Paan^p, 

and the travel time taken by wav'es to go from S to R, via T„ is 

1 , = S'lyB -{!>• + »' + SP« siort'/" 
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or t>%* = p» + a* + 2Ph Mn^, where P «= 2jt?. . (30> 

Quite generally, if there are n rc«nvMa. then 

»'V«»=-7«+(fta)* + 2P.na,6in^. , . . {SI) 

The 'Umcs are measured a* receivers, the interval <3 — {, somsfimes 
being as large as 0 04 sec. Reejwg in mind the object of the mcaaure- 
juents which is to find p =- P/2 and ^ or sin^, a general method wnulil 
be to write = X and P m ^6 =’ V. The sis equations would take the 
form 

X + ^naY + n*a* — = 0 after rearranging. 

To find the most probable values of X and I' in these ciTcirnistances, 
one of the methods of J 6. Chapter XII. would be needed. It is siroplet 
nnd aufRciontly acournto to adopt iJternativo methods. 

First ilftkod. 

The method of least squares and the tike are sometimes too laborious 
for the practical gcophj^tcist. He may prefer a less accurate and 
shorter method. In one of these let the distance SK from shot point 
to a receiver bo x Suppose the receiver to be on the '* down-dip '' 
side nf S If the travel lime of Itio reflected waves from shot point to 
receiver is then, us in equatiou (SO). 

ir^tjS „ 4. ** 4. ipz sja^. [33) 

Neict, If a reoeiver is placed at the same distance * from the shot point, 
but on the “ up-dip ” side of 8, the travel time Ig is given by 

+ 3^ — 47a: Bin^ - . • (33) 

On adding (32] and (33), we gel after leacraaging 

= + - • (34) 

so that p can be calculated from moasurod values of v, tj, tj, aud 
Thus 

On subtracting (32) from (33), we get after rearranging- 

87IE BUI^ *= — tj*) 

and — t,*)/e/wr. . • <33) 

Writing aud i, — t, ^ we get 

sin^ — tfi.l. ACfipr. 


. (37) 
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Here f = {/, + k Uie average fame and Af = — % is the diffor- 

eace of the times. Equations {35) and (37) give p and in terms of 
measurable quantities. 

Second Method. 

Tlie following method is sometiines used to combine tbe measure- 
ments of times made by a pair of down-dip receivers at distances Xj 
and X2 from tbe shot point. In this ease two equations of tbe same kind 


aa (32) bold, pving 

v%* == ipx^ sia^ (38) 

t)%*s=47>* H' (39) 

It is left to the sfaidenb to prove that 

+ . (40) 

and — ii)-{xi + *j)}/4p. . . (41) 


Tbetefore to get sin^ we must use in equation (41) the value of p 
derii'ed from equation (40). 

These tucact expressions for p* and sin ^ are frequently icplacsd by 
approximate fonndx when <f> is small. 


Conlinvous Profiling. 

The second refleetton method, called “ continuous profiling ", is 
applied when the dip is small and the redeotiog beds ere not so well 
defined over large areas. In this case, the shot point S and receivers 
Ri to Rg are first arranged as for conelatioo shooting and the shot is 
fired. Times are measured. The shot point is then moved to Kr, the 
position of the sixth receiver, which is moved back to S. Thus, when 
a shot i.s fired, reception is carried ont in the reverse direction (see fig. 8). 
In this way almost twice as many reflections as before are obtained 
60m a given portion T,Tjj of the upper fece of the bed. T^Tu is, so 
to speak, examined more closely than before. 

The double process is next applied to the portions of the reflecting 
plane adjacent to T,Tj, either on down-dip or up-dip side. By 
proper anangemenl of the recavers, " holes ”, i.e. unexamined portions 
of the plane left under the shot pennts, may be clisninated or made 
small. The spacing a is generally from 100 to 150 feet. 

Dip Shooting. 

A thin! reflection method, called “ dip shooting ”, is used when 
the angle of dip is largo and when ^le reflecting beds are not so well 




+JC« 

r>tt 

defised oret la^e acsAS. It Las 8«verel funns. One is tlie same as the 
contianous proniing method. Aiiother forta mrolves shootiag osce m 
euoh liole with ha& the reeeirere on one etde a&d half on the other 
side. A series of shots >s taken with the shot pciats and receivers dis- 
tributed along a closed loop enclosing a considerable area of the district. 
In this wnj the underground stjuctiirce can be mapped Bystematicall)». 

A t^'pical example of the disposition of such beds is ehoTrs is the 
graph in fig. 9 whicli expresses the results of a survey made by the 
Rohden gravimeter (p. 2C). A layer of the heavy raineral pyrrhotite, 
7-d metres thick, waa known to be below the surface of the ground 
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at Karrljo, Sweden. Values of Ag were measured along a straigtfc line 
on tie eartii’s surface, <ao 8 sing ova: the so-called “ore body”, and 
usii^ the first- point as a standard posi&m. Ordinates are values of 
^ in m i lli gals; abscissae are distances measured from the first point. 

12. Constitution of the Earth. 

Studies of the behaviour of smsmic waves, together with advances 
in geomagnetism, geology and geochemistry, have recently led to a 
marked incaxase in our knowledge of the structure of the earth itself. 
There is some probabili^ that the earth consists of four layers, termed 
the crvsl, the manlU, the core, and the cenirol body. The radius of a 
true sphere equal in volume to the earth is 6371 km., and the mean 
density is 5'517 gm./c.e. The crust of the real earth is the outermost 
layer and it is composed of two companttively thm sub-layers. Accord- 
ing to ife&eys, the surface layer h composed of solid rods of a granitic 
nature, of mean thicknera almut 11 km. and mean density 2-65 m./c.c. 
The lower sub-layer, sometimes tenned the intermediate solid layer, 
is of mean thickness 24 bn., and mean density 2'87 gm./o.o. and 
probably partly consists of basaltic rocks. These two layers together 
compose me crust, and the fact that both P and S type seismic waves 
are reflected at the base of the intermediate layer is evidence for a 
discontinuity at the base of the crust. Below the crust, and composed 
of ro(^ nlfiu to oEvine, is the thick solid manUe, whose internal radius 
is about 3500 km., that is, its inner boundary is about 2900 km. below 
the earth’s surface. When seismic P and S waves, coming from the 
focus of an earthquake, strike this boundary, both sets undergo re- 
flection, but while the P craves arc also transmitted, the S waves are 
not. Thus no 8 wave has been found to pass forward, into the core. 
There is thereibre a sharp discontinnity at a depth of about 2900 km. 
which is regarded as due to a change from solid to liquid in a downward 
direcrioE, since liquids cannot tiausnit S waves. Supporting eridence 
for this is afforded by a study of the lunar bodily tide within the earth, 
as it is only possible to account for the amplitude of this tide by assmn- 
ins the core to be liquid. There is strong evidence that the magnetic 
field observed at the surface of the earth is generated in the core, which 
is rotating more slowly than the mmitle. 
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JefTiryb. Kttrt^ (CATnbndgs Dntveraity Ptvm, 1020). 

Oouaue, (I 

Handbvch drr Bxpfrimtntcd^ynl;, Vol. XXV, Put 11. 



CHAPTER VU 


Capillarity 


I. ElementarF Principles. 

It is assumed here that tiie student already has some elementary 
knowledge of capillary phenomena. The customary view is adopted, 
namely, that in every ^ace film separating a liquid and a gas, two 
liquids, or a solid and a Kquid, a surface tenrion ejdsts. This is defined 
as the force per centimefcre exerted in the tangent plane to the surface, 
in a direction normal to an element of a luie drawn in that surface 
through any point. This quantity is assumed to have the same value 
at every point in a given fflm, whate^'er the shape of the film may be. 
Irom a second point of view the surface tension is also the " &ce ” 
or " available ” energy, in the thennodynamio sense, of one square 
centimetre of film surface. This definition is equivalent to the first 
since, if a portion of film, one cenrimetre wide, is extended so as to 
increase the area by one square centimetre, employing a force equal to 
the surface tension defined in the first maimer, acting through one linear 
centimetre, the work done is equal to that surfece tension. By reversing 
the process and letting the fihn contmet, an amount of energy, equal 
to the work done previously, is now released by the film, and hence the 
second definition follows. According to the problem under discussion, 
use is made, sometimes of one, sometimes of the other, definition, 

When a liquid and a solid meet along some line, a certain angle is 
included inside the liquid between a tangent plane to the surface of 
the liquid and a tangent jdane to the surfeco of the solid at any point 
on the curve of contact. It is known as the angle of contacl of that 
particular liquid and solid. The measured value of an angle of contact, 
and indeed of surface tonrion, depends on various conditions; 

(a) Wliether the liquid is advancing, receding, or at rest on the 
solid. {This has been called a hysteresis effect.) 

(b) Whether the solid is corwed by a complete layer of matter 
foreign to itself, i.e. by a contaminatiMi film. 
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(c) "Wlietlier tLe liquid is contaminated in any other way. (The 
surface of the liquid sLonld be swept dean before measurements are 
nude.) 


(d) On the iaterval of time (the time of immersion) in which the 
liquid and solid have been in contact. 

(e) On the amount of Unction between solid and liquid. 
hlDasuremenlfl of angles of contact have meaning only if s quan- 
titative account of these couditioiis of observation is given. 

^Theoran . — ^Tbe excess of pressure on one side of a film of constant 
BUTfacft tension over that on the other side is equal to r(l/fii + l/R^, 
where T is the surfiicc tension, and ff,. are the principal "iiadii of 
ourvatuie of tiie Clin at the pomt in questicio. 

Proof . — Consider a surface film separating two regions containing 
fluids (fig. IJ. In general it will be cnttxd. Let a small curvilinear 





roctauglB be drawn, enofosiog any point O in the film, such that the 
sides are in " principal sections ” of the film passing through A, B, 0 
and D, the film being regarded ns a geometneal suifaoe.^^Lot the sides 


• XllB two^i 


a point sre oncK tliat 


of »«tic 
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one side of the film over that on tiie other side. Lot the film, pushed 
forward by the esceas pressure p, nndee^ a small displacement 82 cm. 
along the outward norma! through O. As a result of this displacement, 
let the sides of the rectangle be ineueaEcd from to Sii(l -f- «) and 
from hl^ to Sljtl H- respectively, where a and /S are small com- 
pared with unity. Thus the area of the rectangle is increased, and as 
this involves stretching of tije fihn, wort is d<me ag.ainst the surface 
tension. Since the syettan was initially in equilibrium, it can be 
assumed that the work done by the excess pressure in pushing back 
the film is equal to the work done in stoetcbii^ it. After the stretching, 
the new area of the element of film is 

Sii(i «) S£,{i + ^ a, SI*(1 -J- cc -i- ^ + KjS). 

If we m^ket the small term «j 8 , we have B£j(l + a + ^). The 
initial area was Si^ Slg, so that the inotease in area is SIj 8 t 8 (« + 6) 
sq. cm. Referring to fig. 1, wo see that 81,(1 -f «) = (R, + 8 a:) 8 fl and 
ako 81, = Bj S?, so that « = Sx/Rj. Similsrly, , j 8 = Sz/B,. Hence 
the inoiease in area is 

81 ! cm. 

If we assume, as in elementary work, that the surface tension B 
may also be defined ns the work required to stretch a surface film by 
one square centimetre undar isothermal conditions, * and if we further 
assume that the stretching in the present case is kotheimai, the work 
required to stretch the patch of film by the above amount is 

r8*SI,8!,^^ + ^ei®>, 

Now consider the work done by the excess pressure p in pushing for- 
ward the elemeiitfti'y area of film throi^b Sx cm. The initial thrust 
on the patch of film is the excess ptessure multiplied by the area, i.c. 
pSliSlj sq. cm. The final thrust is pSljStgfl + « -f- ;S). As « and ^ 
are small compared with unity, we may assnuje the thrust to be constant 
and equal to pSIiSI,. When a force of Ibis nuignitude advances its 
point of application through 8 a: cm., the work doac is ergs. 

Equating the two quantities «rf work aaid caucelling factors, wc have 

™ 

* StriotJy speaking, tiis definlHon leqnira correoUon by the tUoory oi 1 31, 
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If the centiea of ciirvnLurc of the ades AB and DC ate on opposite 
sides of the Elm and if 22, < iJj, the equation has the form 

p) 

2. Shape of an Interfacial Bouadaty. 

Consider a system of two utcompiesaible liquids in contact and in 
cqiiilihnmn, the lighter tme resting on tie heavier. Fig, 3 repieseuU 
a priiiciiJ.a] section of such a system; the curve AD is a section of the 
surface of contact, It is required to find an equation for the curve 
AB. 

'rake a point 0 fur hclow the interface aa origin of co-ordinates, and 
axes Os, Oy. Lot the interface tmdei^ an elementary virtual displace- 
mast iu which each eleinent of sitrfaoc moves from its initis! position 



to its final portion along a normal to itKolf, the displacement at a 
point P being 8n cm. Let the element of surface have sides nf Ir.ngih 
SI, and Sit cm., and let 81, 81* = 85. Let the excess preasiirc ou the 

concave aide he ji dynes per sq. cm. Then, as in the Inel theorem, this 
pressure givos rise to a force pSS dynes, which dor.B work on the element 
of interface anjountmg toySSSn =pSV eigs, where SF ^ 5S8« la an 
element of volume. /I 

By the last theorem this worit is equal to 
where R, and R, are the principal ta^ of curvutuie at P _ The sum 
of all such quantities taken over the whole of the interface is 
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As a result of the displacement, the system gains or loses potential 
energy. The gain of enei^ may he calculated as follows. Let the 
imtia! vertical co-ordinate of the typical element of surface just con- 
sidered be y. Since the liquids are incompressible, the liquid removed 
from any one region is replaced fay an equal volume from another. 
The displacement of the surface, Sn, has the following effective result 
so far as gravitational potential energy is concerned. An element of 
volume SF of mass pjSF, with vetdcal co-ordinate y, is removed 
from its initial position and replaced fay an element of volume 5F of 
mass with the same co-ordinate y. This particular element of 
volume gains potential energy (pg — Pi)<?ySF ergs, and the total gain 
of energy is 

the integiatioD bdng taken over the whole of the interface. Since 
the system is initially in equilibrium, the work done by the hydrostatic 
pressuie is equal to the gain in potential energy. Hence 

that is, 

Now ///dF, which jcpreseuic the total volumo change of the 
ayatem, is zero, since the liquids ore incompressible; hence 

r(^-l-^)-(Pi-Pi)yff = 8COiistaiit, . . {3; 

an equation which may be regarded as the differential equation of the 
surface whose section is AB. 

The above reasoning holds in the case when one of the media is an 
incompressible liquid and the other a gas, for fZ/dF will still bo zero. 

If we put Pf — Pi = P> obtain equation (3) in a convenient 
form, 

+ = extant- ■ ■ • (i) 

Equation (4) is of great importance and forms the basis of many of 
the particular problems elucidated in the following sectlouB. 

3. Rise of a Liquid along the ffifle of an Inclined Plane Plate. 

Let AB represent a transverse sectaon of one face of a plane plate 
dipping into a liquid (fig. 3). The plate may be supposed to be of 
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Ignite length in tho ilaeekion pcrpendicalar to the plane of the figure. 
BEC rc.pn-sert8_ a principal seetbn of the free surface of the Jjquid. 
ABSume that it is horizontal at a great distance from the plate. Let 
the angle of contact of tha liquid with the plate be if;, fiat is, let US, 
the tangent to the curve BEO at the point of contact B, make an 
angle ^ with the plate. If we take an or^n 0 below the *urfe.oe. as 
in the last Beotioa, the e^nation of the curve BEC is 




gpy = constant. 


wherap*= ft “ Pt and the other symbols have their previous mcaninga. 
In the present problem all ecetions of the auiface parallel to the plane 



of the figure are Biimlar in eh^, that is, the aurfoce is oyhndrical 
and one radius of curvature is infinite. Equation (5) therefore becomes 

-}' eon.staut. . . - (fi) 

If we take O', ia the “general fewj ” of the free surface at a great 
dist.ance from the plate, as origin, the constant bseomea zero, for when 
y= 0 the free surface ia plane and fi is jnfinilc. 

Consider the tangents PS, QM and notaials P&, QS drawn at r 
and Q, two points on the curve, an elementary iiiBl.aiice & apart 
(fig, 4). Let the ordinate of P be y Let tto tangents make anglas 8 
and 6 -(• 66 with the avis O'* The noittuds meet at 8 , the centre oi 



On integration we nave 

~-T co8(>= oonatanfc, 

that is, 

gpy^ + cosfl = constant. 

When y — 0, ^ = 0, cos 6—1, hence the constant is ^T. That is, 

y^/=2ni-co80) (7) 

This is the equation of the cnive BEG. 


( 1 ) If the plate makes an an^ 9 with the hcuizootal, o tangent to the ourve 
at B, where the liquid meetstheplato,ni^asanaiiete(9— ij.} with the horizontal 
(<|i is tho angle of oontaot), and tho retUcal oo-onliiiato F of i? is given b}' 

opl-’^Sril-oafT-W (8) 



CAPILLARITY 


[Chap. 


(2> (a) IF iLe pJate is Tertioal, SO*, «nd 

tfi"* = iT(i ~eu, ^). ,9, 

(h) If i}i 0 iH addition. 



(9) Tha |^ri«ral Kaionuig ktill bolds if Ui« plate if bonzontal wd tbe Itqvid 
If attached to the lenw face; in 6g. b. for eiaople, at a point of eontart B we 
isTw •f ISO'. Nenew 

+ «»<.). 

When 

0 , pp n a 4 r. 

(4} The etpreaaion Titp u often 
onllivi Laplai^'f coiutant* and a 
tTfreneA by a* 

|fi) Wlieu a " avaade '' drop or 
bubbte, resting on or pendeot (rom a 
hOTizoDtsl plate, ia U(S« {lig. 6). a 
ceotrai paction of its siu.&ce. ffA*J'£. 
does not depart appreciably ln>in Ibe 
cyLndncal shape, and the equaMou to 
a proGle cnrre for a central eection aucb as UB la given approximately by 
equation (8) with ip == ISO*. 

4. Rise of 8 Uqoid bstiresc FaitUel Vertical Plates. 

Let fig. 7 represent; a vertical sectiou of at system id Tvhicl; s liquid 
rises bettpeen two vertical paralld plates. The angle of contant is 
not assumed to be rero. The profile curve ACP.B is the sjime in aU 
parallel sections perpendjcnJar to the plates, and the auiface of the 
liquid is cylindrical, i c. one radius of caryatute ia infinite. Take an 
origin O in the general level of the exbetnal liquid, midway between 
the plates, and take horizontal and Tertical axes Or, Oy. The tliei^ 
of § S, p. 119, applies here; if y is the vnrtic^ oo-unlinate of any point 
P on the, profile enrve, equation (5) bolds, giving 

T(l/Ji, + i/Pg) — 9/>y — constant, where p~ pg~ p,. 

•Among the nuthore who o»» T/ap = a' *ra IlajJfigb, and Dareej- 

Amoug ihosc who prefer 'ITljp ~ c’ ar« Sogdoi. Adam, cjid Iisaud. 
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As in § 3, one radius is infinite tie oiigin Lies in tlie geiioral level, 
so that the equation becomes TjR = gpy. 

From %. 4, p. 121, we have flS»=^8s. Fuither, Sy=:8s8in0, 
hence T 8y/R = T sin dBO = gpy 

Integrating, we have ~T cos + constant. 

At C let y = j/g and 9 = 0; then — T = Iffpyo* + constant. 

By subtraction 2J’(1 — cos 9) == . . . (il) 

which can be written y* = — (B — cos 9), . . {12) 

where J3 = I + y^,=/(2r). 



The profile curve ACPB may cither be concave or convex upwards 
or it may have a point of inflection, according as the liquid maivos an 
acute angle of contact with both plates, with neither, or with one 
plate only. Thus w'heu the constant B of equation (12) exceeds 4-1, 
^ is positive, and >j may be either positTVo or negative, but not zero. 
The equation then gives the profile enrvo when the liquid mates an 
acute angle of contact with both or nmther of the plates. 

Equation (12) is the differential equation of the profile curve. A 
rigorous iutegiution i.s difficult, but the oo-otdinafces of various points 
can be obtamed by a method of successive appro.vimation, of which a 
sketch is now given. 

At C (fig. 8), the radius of curvature is given by equation (6), that 

is. T/Ro = gpy^ or ^0 = T/ypUf 

Near C, it may be assumed that an rfanentary portion CD of the 
profile curve is circular and of radius ff#. Let E be the centre of this 
circle; then KC = ED. Let CKU be a smaU jmgle 2^. 
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In fig. 8^ 

CE = FJ) = CD 009 ^ 2ltr(}, ros if,, 

flG = CD «D = 2*0^ sin 4 .. 

Tie oKljDate of Z) is y, 4- DB 

= Mi4- SBj-^sin^ 

V ~ JTo + 2J?o^ ain 4 , is now sobstituted iti tha equah'on TfR = gpy, 
a value of ft = ft^, aay, is obtained, vluch wav be taken as the lariias 
of cujvatntc of the nest eJewent DH of the profiie cttr\-e. Thus 



ft, -- 


T 


By an aipiment siwilar to the one 
(ia«l in oblnuiinR DE and CE, the inne- 
uienU t>Q aiul GH may nnw be found: 

ZJff = 2ftj^cos2^ aud GU •» Sftj^Bra itf,- 
To obtain the relation between the 
ordinates of the pouts of ooulaot, ivd 
proceed as follows Let the liquid make 
angles of coDtact with the plates on 
the left and nght respeutiwly, and let the 
ordinates of the points of contact be T, 
end respecticei/. 


- ros = 
-coafl,)^ 


:2r(I - 
2T(I- 


By equation (11), 

s’p(V-»o*)“2ro- 

By subtracUoa we obtain 

?p( IV “ !’**> ~ 22X^ ~ sin C 

which IS the required relati<at. 


^QO. 


6. Rise of a Liguiii between Two ParaUel Vertical Hates close to?etber. 

In dsteraimiag the height of the lowest pout of tie surface, let us 
assume the plates (fig. 9) to be of the same material, the angle of 
contact to be aero, and the distance between the platc a to be X cm., 
where X is very mutli Jess than o, that is, than V Tfyp As the plates 
are dose together and the length of the peofilc curve is small, it may 
be asaiitned to be seruicmailsr. The elevated portion of the liquid is 
m equilibriom. Consider a column of it, J nm. thiot, measured at 
right angles to the plane of fig. 9. The downward force on it, i.e. its 
weight, IS equal to the sum of tb« two upward farces due to surface 
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tension. The area between the sections of the menisens and the 
tangent plane at its lowest penut is equal to the area of a rectangle 
minus the area of a semiciicle, that is, its ares is ff'/2 — ?rX2/8. 
Hence the volume of tiie 


slice of unit thickness is 


8 * 


The equation of equiinwimn is 
Weight of slice of unit 
thickness = 2?", 
or 

^yti9P + (^ “ l) 

hence 



which is the reqiiired he^t. It is left to the student to calculate 
^0 when the angle of contact is not ^ero. 


6. Eori£ontel Force os One Side of a Vertical Plane Plate Dippisg in a 
LlitUd. 

Take an origin 0 in the general level (fig. 10). Let the liquid under 
considerntion extend indcfi^telj to the of the figure. Take an;^ 
point K on the left-band 
face of the plate; let OK be 
y. Consider the horirontal 
force on an elementaiy area 
of the plate, who.se section 
is HQ = Zy, and whose 
length, measured at ri^t 
angles to the plane of Ihe 
paper, is I cm. Since K is 
y cm. above 0, the pressure 
there is the atmospheric 
pressure P minus the 
quantity gpy, accordingly, 
the force on KQ towards the 
right is {P — gpy]Sy dynes. On the whole surface up to d, where 
OA — ¥, the whole force acting horizontally to tie right is 

/ - SPy)^y = Py — dynes. 
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Further, at tlie top there is a iocce T simi acting horirentsllj to 
tho left, Tvhora is tho angle of contact. Tfi rcsultaut force to tho 
left is T einyl — -f- dynea. 

Now by equation (0), p. 122, 


5pr*=2r(l — sin^h 

Hence tho net force to tho left is T — PY, provided we neglect any 
forces acting on the plate aboTa A. 


7. Hortrontal Force e 
In n Ltqnld. 


. One of Tiro ParsUel Ycrtleal Pistes Dipping 


J 


In Cg. U lot the point AT be ^ cm. nhovc the general level. If tis 
atmospheric pressure la P, the pcssutc at L' U F — gpy. CoDsidee 
the forces on a strip 
jy of plate of height ^ 

a between two hoiisontal 

^ pianos tQ and MK, 

/ per eentijnetro length 

Qoasured at eight 
iT ' 1 ongica to tie piano of 

* tho figuro. On ZM 

there IS a force PBy 
dynes to tiu right. On 

• ■ H'T i (F — ppy)8y dynes to 

tho loft. The net force 
FI, „ iathcrcforcppySydyncs 

to the right. The total 

force of this kind acting cm tie plate to tho right up to the level of 
If is y ypydy dynes, whrro Y = AU, that is. iypY^ dynes. If tho 
angle of contact at B is ^6, ticro is another foico T sin^ acting to 
the right, making + I’8}n^!i alti^thcr. OutBido the plate and 
acting to the left, there is a force which by the theory of the 
previous section is T — PZ, where Z is the height of tho point F . 
If, as usually happons, Z is nc^giblo compared with Y, this force 
reduces to T. Heneo, if we take into cocsiderntjon forces both 
inside and outside, the resultant farce lu^g to the right is 

j^pys^yain^— rdynos (15) 
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8. Else of a Liquid in a VerUcal (Srcolarly Cylindrical Tube. (Harrow 
Tale: Angle of Confaot not Zero.) 

Fig. 12 represente a cented Tertical aection of a circularly cylinilrical 
tube dipping into a liquid. The profile or meridional curve is repre- 
sented by LMN. Let the angle of contact be >}i. In the present case 
of a narrow tube the profile enrva is short in length and may bo assumed 
to be nearly cireular, that is, 
the surface may be assumed 
to be nearly spherical.* 

Let p~Pi~Pi- Let r 
and H be the radii of the 
tube and oi the meniscus 
respectively, and let if be 
the height of ilf, the lowest 
point of the meniscus, above 
the general level. It is 
aBBumed that the some at- 
mosphecio pressure P exists 
above the liquid inside and 
outside the tube. Since the 
elevated portion of the liquid is in equib'brium, its weight is equal to 
the upward force due to snrface tension, acting around the oirolo 
whose section is ZN. Hence 



2irrT cosdt = + weight of liquid lens betweenl 

iMAT and JMP /• ' 


If the weight of the liquid lens is neglected, equation (16) reduces to 
ZnrT co8^ = vr^Upa, 


wienoB ^ ,npg 

2 cos^* 

When the volume of the liquid lens LMNBA is not negligible, it is 
calculated by elementary mensuration and is found to be 
V == •2rt^{Beo^ + 1 tan*^ — f aec’^i}, 

expressed in terms of the Migle of cont^ and the radius of the tube. 
In this case the equation of equibbrium is 

2in-T (io&<S> = vi-Ilpg + ~ 


Rnylsigh. GoBteltd Papers, VoL C, p. 3C ! . 
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which gives 

^ ^ + ! «ecil fanv - I m‘f). 

When 

<i=o r— 

2 ^ s ■ 

II we put Tfpg = a*, we mi^y wiitn thb equation in the form 



9. Rise of e Lionid in an? Veriieal CtrcaJar]? CyhnMctl Tn&a Dip- 
pios Into an Open Vessel of Lisnid (Angle of Contact not Zato). 

Fig. 13 lepteaenta a centtal vertical section. The surface of the 
liquid in noinRsumcdapbcricnl, nottstheproSIe curve assumed ciieuki, 
By STnimetry, however, the surface must he a surface of revolution. 

Equation 0/ Oa J/er«fio«of iVq/tte Cune . — Take sa ongin 0 at tie 
point where the nzie of the tube meets the geoersl level The vertical 
co-ordmate p of 007 point P is given b/ equation (4) oi § 3, asmel7, 


^ihkY 


(IS) 


where In this case neither nnr la inHiute. One of these 
principal radii is the radios of curvature of the meridjODa] proills 
curve. Let it be 
The other principal 
radius ^ is equal to 
PO, where PO ja the 
normal at P, because of 
the symmetry about the 
asds Off. Ihus = 
PG = xl&m<li, where 
MCP^ ^ 

Further, if we note 
Uiat at A/| which is one 
‘ of those points which 

** ia solid geometry are 

knowa ns umLilics, the radii of curvature are equal, they may each 
be denoted by 6, say, and if we put Oil = F, equation (IS) becomes 



gpT = cousbuit 


( 19 ) 
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Hence at any point /*, by equations (18) and (19), we have 


,»/l , siuA 2T 

. . (20) 

Divide throughout by Ffli and put t/~ S'— e; (Iirti 


1 ,sm^_„ zpp 

Jtj/6'*' xlb TjU ■ • 

■ - (21) 

Write Tjgp = a* and 


Q» T ^ 

, . (22) 

Then 


^4.^_2+_ 

■ . (23) 


If and ein^ aie tsprcased in terms of z and z, this equation 
takes the form of a diffcieatiai equation of tiie second order, which 
has not yet been integrated by rigorous methods. However, Bash- 
forth and Adams * devised a special method of obtaining numoiica) 
values of x/b and zjb corresponding to various values of ^ from 0“ to 
180° and of ^ from +0-1 to +100. To use the important tables pub- 
lished by them, values of ^ aod ^ are ebosen and ^cn the tables give 
the oorrcspoiidiug values of x/b and z/b. The value of z/b fixes that 
of and vice versa. 

10. Application to the Measorement of ^ ^ ^ 

Surface Tension. 

Sugden t has described what some 
authoiitica regard as the best form of 
the capillary rise mc^od of obtaining 
surface tensions of b'quids in the presence 
of their own vapours. He makes the sub- 
stitution 2T!gp~ a^. Tbc tbctwctical part 
of the determination involves three oases, 

(1) T/aj<0-25, (2) 0-25 <r/®i< 2-24, 

(3) r/(7j > 4-24. There is a hiatus betwcMi 

(2) and (3), referred to again on p. 181. 1-- 

We begin by coaadoiog tie swMmd 

case. 

Case (2), 0-25 < r/a, < 2-24. The liquid is placed in a vertical 
U'tube (fig. 14) with one narrow limb and oae wide limb, the radii 
being r, and r. respectively. Further, 0-25 < r/oj < 2-24 fox the 

•iln Allempt lo TesI (Ac J'Aemy<^Oaji®w».4(iioa (Cambridge Univereitj- Piesa, 
1882). 

tSngien. Jovm. Chem. Sdc, VoL 119, p. 1483 (1921). 
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narrow limb. The limbs ate leganlcsd as two separate tubes standiig 
m ao open vessel. We see that eguation /D) or (19) holds for each 
umbilic, that is, ^ t , 

IT 

^ — api , =a eoDStant, 

27 

* the saiae eonatant, 

where 6„ 6j are the radii ol curvature at tie poiota l/„ ill, /usd Tj, 
are the heights. 

On Bubtraction, 

. . (24) 


Tube (1) u Barrow and tube (2) is wide. As a first approxiTnation, 
put ^ and 6j = «; then, if we use the jBeosured value of fl', 
which is easy to obtain, an approximate value of 87/jp == Oj* is cal* 
culatcd. 

Frost the measured values of Vj and nod r,/ii] arc calculated. 

_ Assume that the angle of contact, of tbc hqud Lae been measured; 
^ is 90° minus the ^ of BssbloUit aud Adams, when the point 7 is on 
tho line of contact of liquid aod tubes, and their tables givu the 
cotiespoadlng j3. 

Now, by the definition of Oi, equation (22) becomes 



hence 


and 


1 1 
Oj V 

/?=" 

o, V ^ 6 


Siigdcn has coastnicted a table of corresponding values of rjb, 
and r/o^ obtained from equation (26), for values of r/tti between 0'25 
and 2-24. 

Using tha approximate valnes of rjag and Tj/aj obtained above, 
Sugden’a table gives values of aad r,/^, and hence 3/bj and J/hj 
are calculated. Substitute these new values of l/ij aud 3/5j ia equation 
(24) and csJcuJate a more accuwite vahie of ^TJffp = Oj* end hence 
of ri/Oj and Tj/ox. ‘ ' tj . . values 

of r,/\ and rjb^, . 
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obtained becomes practically constant and an accurate value of T is 
derived from it. This is the vsdue of the surface tension of the liquid 
m contact with its own vaponr. 

Case (i), r/oi < 0-25. Ccmsider a narrow vertical capillary standing 
in an open vessel of liquid. The equation 2T(l/6i— I/&2) — gpB 
holds, but, since one tube is infinitely vride, we may neglect I/&3 
and write, for the narrow tube, ZTlb^gpH, or 

nip 

a^=.t±^bS. (27) 

9P 

This value of Oj* is eubstitoted in Bayle^’s formula * for very 
narrow tubes, namely, 

V - f (^ + 5 - <M288 + 0'1312 J). 

the proof of which is too long to give here. Then, by equation (27). 

from which & can be calculated. Substituting in (27), we obtain s 
numerical viilac of and hcncc find T. 

Case (S), rje^ > 6. Consider a wide verticid tube standing in an 
open vessel of liquid. In this case Itayleigh’s formula for very wide 
tubes is used, namely, 

^-log, 0-8381 + 0'2798“+! tog. . . (28) 

where 



The proof of (28) is .also too long to reproduce here. 

From experimental values of r and B, « and T can be c.'iloulatcrl. 
For tubes in which 2-24 <r/o <4-24 no exact formula giving tbe 
capillary rise seems to have been pat forward, but Sugden gives an 
approximate graphical method of extr^olatioc for use in this case. 

11. Measurement of tbe Sutfecs Tension of a Liquid Available only 
in very Small Quantity. 

If the volume of liquid aTOilablo is only about two cubic millimetres, 
the method of Ferguson and Kennedy T is very suitable, especially as 
B knowledge of the density of the liquid is not required. 

• Eayleigli, Pros. Boy. Son., .A, Vol. Mi p. 184 (I9i6). 
tFergufion «ncl Kennedy, Proa. Phyt. BtC., VoL M, p. RH (10.12). 
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Some ofJlie^Uqnid Mt ie placed ia a. clean gtase capillary tube C, 


*t the mouth of the tnhe, U plane and borizotital- Since tlia liquid is in equi- 
librium, the resultant upa-ard force on it is equal to the resultant downward 
force. Asauming that the angle of contact is tre get 

SneT co9i(i W^gbtnf liquid + 'Hirust on the top 
— ff(>{jrr*A, + + ffpjhjin*. 





R being a pure numbei’ whose value b 3 when ’ll is aeru and the moiisens is hctni- 
aptieriGal, On reducliou, we have 




meter and la rpjA,, say, that is, tbeiwisa UJru»tffp,)ki.>rr’ anting to the left 'luere 
ie also a force towards the tight of value 2 icrT coa iji, due to suifsca tenaion. 
For equilibrium we must have 

JJjtrTooaife. yp^jRf*. (30) 

This assuinea that the capiUaiy tnbe w eo narrow that the gravitational forces 
causing B distortioo of the nght-hand tnemsous fioin the sphennal shape are 
compared with tbe forces duo to sinfooe teoakui tu other worda, it is a«3iuaea 
that the distortioD is negligihte. 

Comparing equations [2C) and <30), »« eee that 

P.^1 = p(*i + £) + P'*'’ 


(31) 
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Haring found, liy expemoiBil, that tiio two sides of this equation a 
Ko need only use equation (30) to get 

= 


Ferguson and Kennedy show ceporimente with liquids for which = 0 
that equation (31) is satisfied by tabes for which r < 0 05 cm. They hare also 
used the method to determmB intofacisJ surface tensions. 

12. Pendent Drop at the End of a Tabe. 

Fig. 16 shotvs a pendent drop of liquid in equilibrium at the Iowa 
end of an open vertical tube. Let there be a column of liquid in the 
tube above tbe drop. Let 
its total height above the 
bottom of the meniscus be 
H. This height is usnaDy 
so great that the e€ect 
the curvature of the meniscus 
at the top on the pressure 
at an^r point in the drop is 
negligible. Ecie ive ^all 
assume that this is the case. 

Consider the Gqiiilibrium. 
as regards vertical forces, of 
the portion of liquid whose 
meridional section b; a 
central vertical plane is 
OODQ. It is subject to the 
folloMug forces. Vertically 

downwards there are the wdght mg and a force due to hydrostatic 
pressure on the plane DG, namely, 

^G(P{P + gp{B-OG)}. 

where P is the atmoq>heric pressure. Vertically upwards there are 
the forces nGCPP due to afanospheric pres-suie below the drop 
and 2-nTGO cos 6 due to surface tensiou. If we restrict the di.scussion 
to cases in which DG is not mnch above 0, wo may assume that the 
profile curve is parabolic and has tho equation y ~ to*. If the c 
ordinates of G are (ir. «/,) i.e. if ®, Off = y. then the w " 
CODG, regarded as the SJun of the masses of elementary horj' 





-Es: 


and its eSective weight ra wj 
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The eqimtion represcnthig eqailibmtra of COllQ, on which 
the totat do'vu'vaid /orcee are equal to the total upward forces, is 

— y)s=2r-raicos5. . . . (33) 



Next, consider the eqni- 
Gbrium, with respect to hori- 
xontal forces, of that half ol 
CODG which is convex towards 
n . t fhoworfec. There i$ a borhxiatil 

— 

' ■ - - ' ‘fitx.y) fonas equal to ?’ X length of 
' .S' /I nro COD oway from the reader. 


ty. per cm. length acta aomiall/ 

— T to the arcumfistence of the 

1 

wards the reads 
bottom of tho 
follows (fig. 17): 

Thrust oa an 

■' citcle whose diaaetei is DC. 

‘1 This amounts to a rcsultnut 

T X DC Bin 9 » 2xT ain $ lo- 
r. The hydrostatic thrust of the other half of the 
drop, acemg towards the reader, is cakulated as 

elementary etc^ UK 


>= pressure at J X area of strip 

a* (pressure »i0 pressure due to OJ) X area of strip 

:=ffP(B -y)2Xdr. 


Hence total thrust on section CGDO = ^ 2pp(H — y)Xiiy. 

If wo put r= kX*, the integral becomea 

f’2{!p[H~kX^X2kXdX 

= 4ppS(-~--J. 

and if we put y Lr’, this becomea 

the reader '' , , 

Let the length of the arc COD be 1. The honzoutal forces on the 
front half of CODO balance. Hence 

fl=^2xTsbi6-i‘4gf>^^--iS/^- • ■ ■ 



Vir] DROP WEIGHT METHOD 13 

Oii elimiaating R from egnations (33) and (34), we find that 

JSlSt , ,35, 




Fcrg^on has applied this fbimula to the mcasnreraont of T. The 
method is of paitioular use in measuring T for molten metals. 


13. Drop Weight Method of Measuring the Surface Ttensiem of a Li4ui4. 
Method of Haihdss aod Brown. 

Instead of a pendent drop, consider a drop of liquid of volume V c.c. 
which has just ceased to make oontuct with the lower end of a rod 
or tube and is falling uudar gravity. Such a lower end is called a “tip”. 
Let its esteiual radius be r cxn. The shape of the drop is complicated, 
but its weight Mg may be regarded as a function of the siirfaca tension 
T of the liquid, the radius r of the tip, the volume V of the drop, and 
other variables. Now tlie products Mg and Tt have the dimensions 
of a force. Hence, applying rire method of dimensions, we have 

Mg = Tr X A non-dimensional function of the various variables, 

= Tt X/i(x, p, say. 

We may take the T)on-dimen.sinnal factor 2n out of the function, 
leaving 

Mg = 2vTr/t(x, y, 8. . . .). 

Since the function mast be non-dimensional, wo may try the special 
(36) 






., the capillary constant. (37) 


The constant o has the dimensicins of a fcngth. 

For any particular drop, ^r/F*) mid fi{Tja) will be numerically 
equal. 


In tLeir researches iHth watw and beuzene, Harkins and Brown * weighed 
the drops of a liquid falling from a givffli hibnlar tip- The density was taowii aud 
bonce 74 was calculated, and thus, from a measured value off, r/71 was obtained. 
By the oapillary rise method, a value of 5" was obUined csperiineiitally and a 
value of r/a was calculated. The value of Jfjr/SirfJ'. that is. olfi{rfV^) — Uina)' 


“ Harlans and Brown, Jvktb. .dnier, CitiruSoe.i V<d. 41, Part I, p- 4119 (1819J. 
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» the- 


Wr/FJ) 

Rcpcttlii • ■ ' 

Euch ral • ■ • ■ 

were ploiceu. lue atiuai oetutmuiatiou* ol tlarkina and Krown dealt 'with 
values of r/o ranging from 0025 to SCa 'Hie eorresponding values of f.(r/o) 
did not remain cousbat, Uit varied lioin OSJ24 to 0nSS2 Precisely the same 
curves connecting r/a and JJlr/a) were otiUined for four liquids of such varj-iag 
densities and vi«ocaitiea as water, kenzaie. carbon tetrachloride, and ethylene 
dilrroinide, (Jiat is, the uursea were alMalutoIy auperfmacd nn one another when 
plotted on the eanie sheet of papei. A eltuiUi result was fouud for the ritrves 
connecting r/V’l and /,(r/Ft>. TTio vurvea were almost exactly those of a cubic 
equation 

'iho unchanging form of the function /<(r/o) for foair dissusiUr liquids jusfiScs 
the belief that from anch a corve as the one connecting rfl't /s(c/Vl], 
together with a eimpio drop esperfment. the tutihen tension of any liquid cau 
be found. All that ia Ecceafiary is to carry oat a drop wight expenoieDt with the 
liquid, measure il and r, and calculate r/Ti; ia thn tablM of Harlrms and 
Brown or on the eppropnalc graph dctcnnine which is equal to /i(iVo)> 

and oa the other graph find the corrcepondiag valoe of r/a end ealruiate e ana T. 


PneiiMl IMIaiit.—llm apparatus is pUoed in a Ihencostot. If o drop were 
aUotrrd to form and fall under gnejiy alooe. it wuuid taie ju fuU " drop timo " 
of more ttMO three nimutoe. A large part of >l is iberefure rgmed by Euetion on 
the part of the opentor and it is then aibwed to cuiaplele lU growth and fiiU 
■Uidrr grartty- Usually a ibtrty.«ln>p run is (aheu. wturo rcquirvaabout 30 aua. 


CemtmenU. — (1) The eqtiaUoD if? = ZiwT. aomeUmes called Tate's law. is 
seen to be mooETOcC. 

{2) Tbe ratio of the aarfaco tensione of two liquids u not equal to the ratio 
of the weights of fsDing from a given tip. as is often assoioed. 

(3) Any departum from a mrculac nluipe of the edge of the Up mtroduoes 
error. Hence a special caetbod of gnodtng « used. 

(4) The method can also be applied to intcrf^ial aaiitos mdred. 


in that, It involves some nnwitainty sdiout the angle of contacu 
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d! niatpml iWth 


^enrate axprcxaion * /or toe rar/acs teniion when tlia ring is made 
• rretanguUr eoction. aaxl nbcn 9, = ijCI', ia 




wtereFis the maxiuiuincstra fon*. Sis thoineda radjua of the ring, 
p = p, — Pj, end 28 U th® thickness of the Hng. mrgaiired verticJly. 


Ifi. Bleasnremeiit of Surface Tenuon by the Ring Method. 

The ring method a particularly useful in studying the progressive 
oharigrB which occur in the surface tensions of vatioua liquids with tio 
passage of tunc 

(1) Luomitdu IfoO/tapparantsf ml) noir be dsKrihed. A ring o! plstmum 
conamiot’ per cent of tncUtia hsegs froai so utrerto) V frame of the tsjue 
wire, to wtijch it u “sTfcat«d This eysCen esh ho alasDod by hMting. It 
(f suspsoded fren so arm ^ of a special borisonto) tonfnn ba^acD, called a 
fen«im<(<r. The wiru of Ibe ring U of circular sacbOB. aboutOSmm. In diEuucter, 
lU mean clrcumfereoce bclog about 4 cm. TLe toxelon wire is steel pious wire 
oi diameter 0-2S mu. The li<|ul<i Uea lo a cloek gkn. lu the eaperunv&t e pointer 
F ottaehed to the toraion mre rotates over a fixed ciieuiar Ksle at the tuig u 
raised. The beam A ia kept botizODtal by lowensg the siipport eaiiyrng the 
liquid. The maximum angular reodug 0 of the poioUr is noted. The soole t« 
ciOiliratrd in the absence cd liquid by attechirig keens weighta to the nng, so 
that 0 corresponds to a errtam raanomm extra pell P. The nog is ol such thin 
mro tkse du Kouy aasumea ebat 

F^4nlir. C401 


The method hoa the foUowii^ advantages: ft) Oaly a sinali quantity of hquid 
ia requicEd. (2) Each reading lakes only about 20 oao. [3) The pall is measiued 
U> wiUun 0 1 dyne. (4) Comparisoo* with etsiutaitl tquiris are quickly made. 

(2) T/i€ ffiKj Sitt/iai of UarUru, Yaw^ a»i CTeup-.J:— Consider a mots) ring 
of circular ware, euspendrf lumrootally in a liquid. As tho nag u gradually 
raised out of the liquid, the extra downward puli on it in oddiUun Co the weight 
passse through a maxinuun eelnn. If the ie made of tlau wire, the maxiniuin 
pull 13 given approximately by i**- dic/JT, wlneto ff is the mean radius of tbs 

pmg o’’" •' -r . » .-1 — WI- rn_-a-Bp, wbare F is 

{I Qon ' calculation 

of Since dicRT/f' 

a D Biperuaect. 

they asvumad that 

4$?-/.® m 

<«' 

where V is the volume of liquid held np by Uie maximum puli of the nag(wii«l» 
IS equal to PIpSt where p is the dcnmty} and r is the radius of tlio Cftre 


• VerschadBlt., <7oni«. Laden. Ko. 42d. IISIS) 

t Lecomte du KoOy, .foara. <to« «swoi., Vol 1. p 
J Haikms, Young and Ocog. Aetna, Vot £!4, p. SJa | lO.Ol 
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Using w&ter, benzene and bromobeouaie, Jiqutde of known euifaoe tension, 
tbey measured the iiin:einium pnll on three rings of different i2 and r but constant 
R/r. They plotted graphs in whi^ the abscisss were values of JPjV and the 
ordinalBS ware values of iTOUTfP. The points for sU three liquids were found 
to lie on ona smootii curve. They inferred that if the same rings and other liquids 
had been userl, the values of JP/F and dwitT/F would have given points on the 

To obtain an accurate value ri the snrfeee tension of another liquid, the pro- 
cedure is as foUows. Take a ring of the same metal and same It Jr as one of those 
used by Harkins, Young and Cheng. Use it to meaaurs the masimum pull as it 
is raised out of the given liquid. Calculate JP/F =*• iPjp/F. Find the point on 
the graph of Harlritis , Young and CSiong, for rings of the same li/r ns that usod, 
which has the ahsoissa iP/F, Read oS tbo viduo the ordinate y, which is 
inBTjP, and from it oalonlate T, the eurfaoo tooaioo, which is given by tjPlinB. 

The practical precautiong employed may be summarized as follows: 

(1) The whole appaxatiw is enclosed is 6 thermostat to beep the temperaturo 
DonstBut. 

(2) The surf ace of the liquid b swept by barrientocleanitbuforaascxpeihoout. 

(3) The liquid is covered by an iuverled gl^ funnel to induce evaporation, 

(4) The thermostat is supported indepeudeiitly of the rest of the apparatus, 
to prevent agitation of the liquid under test. 

(6) The dish oontaioing the liquid b made wide, tc prevout errors duo to the 
curvature of the menuous. 


16. Measurement of the Rate of Spreading of a Sobstanoe over the 
Surface of a Liquid. 

The ring method has been applied to measure the rate of spreading of a 
substonce over the surfooe of a liquid, by Cary ood Bideal.* A crystal of a fatty 
ooid, e.g. myristie acid, is l»ou^ into con- 
taot with the snifaoc of an N/lOO solution 
of hydioohlorie acid In water. A film of 
solution of the myristic odd b formed, which 
spreads out irum tbo crystal. More acid cou- 
tlnuos to dissolve and to spread until the 
strength of the eolnCinn inrmn^ tbo film 
reaches a certain value, when sfweadiog ceases. 

The direct abject of Coiy and BideaTe eaeperi- 
ment is to compare the surisoe temrion at 
points on the ciroumiereDoe of a oirelB at 
whose centre the crystal touches the liqtzid, 
at various instants following eontaufi with 
that of the N/lOO bydrocLicric acid before 
conl aot, measured at points on the eame ciicla. 

From the values of the EUzfscB tensiaD thus 
obtained, the mean strength of the sdhitaon at 
points on the ciioumfcrccco oi the cii^ at 
various instemte can be calculated, and henoe 
the rate of spreading of the molecules of die myriatic acid. 

In the osporimeut the actual qoania^ measured is the force required to 
detach a horizontal platinum ring from the surface of tie liquid, and this force 
Is proportional to the surface tension (see eqoalaon (40)). 

Tiio apparatus is sbeovn in fig. 19. The plaizDum ring iff is suspended from 
one acm of a balance, so as to hang just below the surface of the liquid, which 

• Cary and Rideal, Free. Hoy. Soe., A., Td. 109, p. 306 (192E1. 
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U contAfncrf in & funnel P. TLe Ki^ is i^cmiuerpoiacil Ijy * liplit cyc-gl4M chsin 
C, 60 snjiportrrf at one end tlisl -weights cu be grsduall/ added to that side of 
the balancp. The weight coQteibc*cd fcy tliis chais at any Uzne is knoirc from 
a prerianj ealihrat/tai expeiituent m «lucb (be ring W replaced by treighw, and 
m which a pointer Q. attached to the chain, mores orer a caLhrated scale Jlf. 
Tho instant when the ring is oa the point of being detached is rcgirtered by the 
moreinent of a long pointer P oo an arhitr^ scale 5. 

The expennent^ procedure is sa foUows. Some K/lOO bydcocbioris acid is 
poured into the carefully cleaned fuoueL and the force t«iai^ to detach tie 


tbn »ro. The chain is again raised and the process repeated. The temperature of 
the lifioH Is teeetdsd- 


Hyristic acid and similar stibstanM* are femod to ppread 
ta trro stacH. 

Stage f. lie sniUte is coT«td by a tuiiroolenilsr “cjcpMjded” 
6Im*Tmdei zero compeessioa. and tf a crystal ofcnnEfiiutcItcujaieretLes 
L» u.scd tho time required for the sprc.adjng is jiroportional to the area 
of surface of the hydioohlono acid solution covered. Rom a c^tal 
of myrutac acid of circuaiference 2-51 used by Cory aod Ridna], 
at C. it teas found that 9-06 x 10** molecutca left the crj’Btal per 
second, i e. 36*1 X 10** molecules per sec. per cm. length of crystal fsca. 

Stage JI The expanded film of stage 1 becomes packed more 
closely irith molecules of myr- 
isUc add, although it rsmaina 
uoimolecnler, that is, one 
molecule thick. The pressure 
io tttc surface increaspa until 
thac a eqdlibrinm at thn sui- 
fcice of the crystal between 
eoi&ce eolntion and reconden- 
satioa, that ts, untU as many 
inotw.ule8 return to tha erystaJ 
: second as Icare it. 



pcr« 


17. Lenard’s Frame Mclhod for 
Surface Tension.! 
tn this method the experi- 
ment consists iu tie measor^ 

meat of the EaximuTri pull reqmred to detach a frame A£C 
(fig 20) with a cros.s wire XT from the surface oi a « 

particular, as the frame is being dragged out. a film of hqmd attached 
'Swip. 1R4. tI>-nArd,.4n».d.i’h5f..VoL54.p.3tSl{I9;<l- 
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to tho wire X Y along its whole length pulls downwards on the frame. 
It is the masmum vahic of this pnll which is measured. 

Regard .S' Y as a horizontal cjlinder of lengtli I cm. and radius r cm. 
Fig. 21 shows a section of the t^linder and film below it. Let the 
angle of contact be zero, and let d be the angle made with the 
horizontal by tangent plrnies to the liipiid and wire at the points 
of contact K and ilf. In addition to Ihe weight which the frame 
has, when ZF is dry and just not touching the surface, the downward 
pull on the frame in the position shown in fig. 20 , will be 

P=2J28in»+7%p~rPi+TF2, . . . (43) 
where p is the density of the liquid, 6 is KM in the figure, h is the 
height of KM above the general lewd of the liquid, TFj the weight of 
the portion ELM of 6 g. 

21 considered as liquid, 
and JFj the downward 
pull due to the removal 
of the upthrust on the 
immersed portions qIXB 
and YO which oocure 
whoa XY is raised 
through a height h. The 
expression Whgp — is 
the weight of the ele- 
vated liquid, which pulls 
downwards on ZF. The Fig. a, 

shape of the surface films 

is cylindrical in the sense of § 3, p. 120, and the theory of that 
section, and in particular equation ( 8 ), applies here. The original 
form of equation ( 8 ) is gpF® = 2Z'{l — cos (9 — Now the left- 

hand side of fig. 21 is comparable with fig. i. Here F — ?i, ij; = 0, 



ppA3==2r{l — cob(180° — 6)} = 2r(l-t-cos9) . (44) 
gtH? I? 

l + cos0 = ^ = --j,8ay. 


Hence, in the general case, 

sin»-(l~cos?8)l=jl-^J-iy|‘. 

Also bj2r = siud and i»= 2rsinfl. If the two vertical 


Also bj2r = siud and i»= 2rsinfl. If the two vertical wires of the 
frame each have a radius R cm., TFj = We may now wnte 

P = 2rf sin e + 2Mrgp anfl - TFi -}- 2iTE?gpk 
= 2 i(r + cpiflh ~ “ l)T- IF, + l^iegpk (45) 
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The position of the firs* ■ ..... 

i.s foiind na follows, 
a Konstant, amce the Ir 

is very slight. Substitute k Oj(l -J- x), where k is a small quantity 
compared with unity. Neglect powra of * higher than the first. It is 
found that the first maximum ogguts when 




(fr + srB*) l 
3/(ai+a-)r 


. . . . (ib) 


and the cQrri-aponduig maximum value of the pull * la 

J=„,. - 2 IT + 2 , nil'- + ( 17 ) 

la the aotual osiieriinent, two wt(m of wcigWnjp we fsrri»d out. With the 


ii BtUelied to 2J'. Otlier <S«ctt, of suiall mportHOoe. near ti)« poiuts X and 
are (akaa into oousidumtjuu. lu expsaoeoU davnti^ by Lcatrd, tUe foagtb 
XT ruied froa 3 to 5 ea-, tad XT M'««insd«of wireof r«»os« Detsl* of diaiaetsn 
Vetirees 0 03 001 sad 0 1 tam. inme AliCVf n<s made of irne of dianeter 
from 0 3 mta. to 0 Q sub. Iu so esperioeot with esilb-oot »] st 31* C., wbrs 
X T WH asdo of iroo wlis, tiie luieotreoted value cl T )vs> 3 73 ug./aa. sad 
sftsr eonvetion 3 S3 ag-/mn>. I.etisr(] sod hie cuUaborslun have uaptoTed tbe 
Ifsaio method uatll the results atv. in tbetr oplnioo. ourrest to ^OOtt per sent. 
They girt the surfsee tension of voter os 7230 dysea/cm at 18° C. Louard 
AAsurts thet no tenthod in uso op to 1024 gove roeuhs accurate to :fcl prr Mot. 

Tbfl Tns.asiireramts in the frame method ol Lcnoid ue those of Icsi^tti end 


hehioce a uaod. tlaKirauin teosi. 
Uvennn u thus obtamed. 

18. Determination of the Sur- 
face l^nsion of a Liquid 
from the Idasimum 
Pressure in Bubbles 
(often called JaSer's 
Meihad). 

(1) Elementcay Theory . — 
A glass jet J (fig- 22), cut ofi 
squarely at tie tip, hs niaanted wrtisiilly bO that the tjp Js kumetsed 



ere the spproiuattte toIup JF, “ fwVef. c* 
Ciirrect. V nied in tba U^t (and maB) tann 


aponrimg to S ^ t0°, which 
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at a depth /Jj in a liquid whose surface tension is to be found. By 
means of a dropping funnel, air bubbles are biown at the tip and then 
l)reak' away. A manometer ilf containing a light liquid of density pj 
shows the maximum pressure + P in the bubbles before they 
break away. P is the atmospheric pressure. The elementary theory 
assumes that the maximum pressure is reached when the bubble 
reaches a hemispbciical shape of radius r equal to the radius of the 
bore of the jet, and that then fhe bubble becomes unst.iil)le and 
breaks away. The excess pressure inside the bubble over that out- 
side when on the point of breaking away is assumed to be 23’/r. This 
gives the equation 

^=P + ffP^,-P-ifpA 

and r = (iS) 

The method is used to measure T at vaxbus temperatures. The 
assumption that instability and detachment occur when the bubble 
is hemispherical would 
seem to be unsound. 

This difficulty is avoided 
in Sugden’s discussion, 
which we shall now de- 
scribe. 

(ii) Siigdun's Pi'sctw- 
sion.* — Fig. 23 represents 
a bubble forming at the 
end of a jet below the 
surface of a liquid whose 
surface tensiou is required. 

The figure represente a 
centra! section, showing a f-fi-fl 

•meridicual profile curve. nc-ti 

At a point F on the 

surface of the bubble, the genial equation (4) holds, with a plus sign 
before gpy, because P is below the general level (p — Pa — Pi)- Thus 



T 


gpg = a constant. 


if the origin is taken at 0 in the general leveL Alternatively, the same 
equation may be derived almost from first priudples. It expresses 
the fact that tiie pressure inside the bubUe near P exceeds that outside 
the bubble near P by Tll/P, The interaal pressure at 0 


'SugdcD, Jmim. Chem. See^ Vd. 121, p. 858 (1822). 
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i. „g..a.a M M. a e»t ..ai™ »f .«rv.t». i. »n.a 

b and tlie dc-ptli 1', we get 

^ gpY — tlie Bame coostant. . • • 

CombtoiBg the.., ... get which h.ia. .t »y P™* 

«*■■ * ' 

Divide throughout by Tfb and put V - y = *^ 






iiv 


Put 

Tlien 


■JT , j 2b* _ b’sp g 
zi. a «i* and ^ r ^ 


flj/b^ ®/6 


(BO) 

, (r.i) 


• /h# 5 9 D 129» and Bash- 

I'hi. .q»tlo» i> t*!' T' “."TirS Biv. ”'”• »* "'*.f 

iooh ma Adum'. tablcswpply to It Th 7 8 

c„ce.poodw.B to P™”™'”’ „®th. liquid h. . ma^o 

“ rgorrEtSeJM. .-a h. h.. epma-r ». 

”‘l:E;otfB“.‘E's:w th. BC...U. .= t. 

the tube, and ^ + 

^/b+ rfb 

+ 5, J - m(y-‘) + 


. loc-y-'- 
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The pressure inside minus Uie preasoxe oaisidej if we put p — pj — pj, is 

27 

= ^+gpz, 

which can be written in the fonn gph, where A is a positive depth; 
thai; is, 

27 , 

gph = + gpz 


Multiply throughout by r/oj^ 
Ar _ ; 
^-i 


Write Ar/flj^ *= rjX, that is. 




. . . (52) 
... (63) 




m 


For a given liquid and orifice, there ato fixed values of r, T, and p, 
i.e. a fixed value of f/o,. If the excess pressure in tho bubble 
alters, so will the shape and size of the latter. For any one pressure 
there is one value of A, of X, and of r/X, and corresponding to that 
value of r/X there ia one value of that is, one value of Bashfocth 
and Adams’s tables give the conespondiug values of x/b = rjb, 
end zjh, and enable rjX to be calculated by equation (54). Then 
T ~ ppiii^/2 = gphX/2. 

Calculation reveals that for a given vahie of r/Oi and for steadily 
increasing values of <f>, rjX passes through a maximum which can readily 
be determined. The reciprocal Xjr passes through a nainimum. It is 
assumed that the bubble breaks a\ray when rjX lias a maximum value, 
that is, when the excess pressure inside has a maximum value. Sugden 
gives four-figure tables of minitnnm values of Xjr and corresponding 
values of rla^. 
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19< Esperiment&l Betails ot 3sge(*8 Metliod, 

By me.lns of the appaiatus m fig. 21 tlie prewuM required to liberate bubblei 
from the lower ends of two tabes of differeat radii, iramcraed to the Bams dep^ 
in a liquid, is measured. 

The tnanoraetor is used to measure these maiiaam preeturea. which exceed 
etmospberie pteisure by }>, and ji*. ‘Hiese excess pressures may bo written in 
the form Pi ffp^i atid J's“ 9(^s* wh«*e P is the density of tte liquid under 
test less that oi air. 

I«t the radii of the tubes he cm. and r, cm. 

Then gpfl’i ia equal to pre-saure doetodepth of the lower end of the first tub* 
below the aurfaeo + cxeesa pmtanre of inside orer outside at level o£ the lowei 
end, from fig. 23. Kenee 

flpl7, -a eet + tpkf, 

OT S,»M K, 

«• » + ^ by i5S>, £65) 
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Xrom r to r -4- dr, and kt tho excess pressnrc change from p 
to »+ dv By the priuciple of viptnnl work, the total work done m 

tanaioD given on p. 115.) Hence 

p X 4n>^dr— 6iiTrdr= 0 


In tU onse n! .. ■<»? b”"* b? “ 

Bnrfaoe films aad 

P= 7 

rougher approximations. 

21. sn.n.. Tension of • »»« <»”» « on ai.U.ne'I 

DIOTJ Uia BnoMeJ. 

We consider the general .jjve the drop being a gas; 

resting on a horizontal plate, ^*** projecting blm the upper 
lb) a bubble of gas resting on a pla« ^ p j ^ pendent drop 

;„d of n tube, Iho “XUtSf Sbe. tie mdiu» b** 

of liquid projootmg tom lie 'ofet end ^ „ 

,t being n KoK M », I*"*™*, b;™' “ « below it being 

p.oieoting Irom the lower end "I » „volution 

0 liquid In oil there o.te. lb. mterto 

.W o oertnin „„d (i), represent ee-f;' 

.eeE."“”rrO^S'B Sn'St^’e'' P“« b'™" “ 

'’“‘re°ir(Ttb^s*^ "" b''”'"’ 

written down: » R, are the principal radn 

"* of curvature near .4; _ n.ffprence in Ic^* n 

p“ — pa == gpiy- 
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Combining these, we get 

■ ■ ■ w 

Case (fl) gives the same final equation. Cases (5) and (c) give 

■ ■ ■ <“> 

These are the diderential equations ol the meridional curves, that is, 
profile curves of central sections, and tiieir integrals, if obtainable, 
would be the equations to these cutvm. They are not integrahle in 
the general case by rigorous methods. In the special cases of very large 
drops and bubbles, they are intcgrable. 



(a) {b) 



ffe-JS 


The theory giving T for large drops and bubbles placed ns in (a) 
and (d) may be stated as follows. Equatioa (60} reduces to 

-I- where p= Pa — Pi. 

since b, the radius of curvature near 0, is very grEsat. Further, one of 
the two radii of curvature near A is very groat, since the drop is large, 
and the equation becomes TJH — gpy. The theory then proceeds as m 
§ 3, p. 119. Take axes Oz and Oy as shown in fig. 26. Put li~dsld9, 
where 6 is the angle made by tiic tangent at A with Oz, and we have 
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Hea.ce 

and, multipiTing by dtf imd integratiog, we Iiave 
— T cos 6 = \gpy^ + constant. 

Wien y «= 0, 5=0. cosB = 1, Itence the constant u —T. Hence 

gp^^2I(l~ccs6) (62) 

ifi the equation to the metidiou^ curve m terms of y and d. 



and eqiiatJoB (62) can l>e wnttea in the form 
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On inverting and squaring, we liave 


1 -f / == / Y 

\dx/ \2a* — jrV 

/%Y_ y^4g»— 

\d(B/ (3a*~^)3’ 

. yV4ffl« — yg 
d* (2o*-y=)’ 


(63) 


taking tlie jioailave root, since dy/(kc is positive when y* < 2a^. This 
may he seen from fig. 26, according fco which dyjis is positive if 0 < 90°, 
and by equation (52), y* < 2o* when 0 < 90°. 

There are two mc^ods of obtaining a* and hence T. 

Method (I) acisee out of the fact that 


dyjdci)’=><» whai y*®» Sa^^Oi^say. . . (64) 


This boids for very let|o or infinite drops. For drops or bubbles whiob 
axe nearly plane at the vertex, a condHjon wMeh holds in most 
practical cases, Fevgvison * gives the mote aceuxate formnia 

^s5s «• when y*sss Oj® + '606 — , . . (65) 


where r is the maxhuum horizontal radius of the drop. 

In the esperisieiit, the velnes of y and •- at the greatest borizocta! sestioa are 
measured with the aid of a lnkrt>ecop^ and the value of a,‘ ia obtained by the 
method of suecceatve approximations. 

In one case of a bubble of air in tap water, Ferguaon obtained ys -4001, 
r= 2‘S40 om. by espetimeot. As a Gi^ approximation he put a, >s -4051 in 
the small second term on the right of the equation y* = o,' -f -fiOA a,‘/r and 
caiculated a better value of Oj* in this way. 

The value of a, derived from this was substituted in tbs small term, and s 
new value of o,* was found. The prooesa was repeated until ft conetant value of 
Bi* was found, namely, aj*=® -IfiOS, Tvhonoo S' was found to be 73-65 

dynes/cm. for top waist at 8° C. 


Method (2) arises from the fact that for largo drops or bubbles 
ypy* = 2r{l — cosd). 

At if, 0= 180° — ^ 1 , where if is Ihe angle of contaGt. Let OF, 
the full height of tho bubble, be H. T T icn 

pp^=2y(l + oosi^) (66) 

To obtain tba surface tension with Hie aid of this formula, H must be luBasurod 
by means of a microseepe and >i> mnal he measured in anme special waj-. Since 
Ibis method involves a knowledge of thedetotmination of which always involves 
a certain amoiiut of doubt, it is not considered as good as the other. 

> no. Mag^ 7d. 20, p. «» (1813). 
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22. Contact of Solids. Lii^uids. and Cases. 

Consider a eysteni {% 27) (Hno3.sting of a solid S and a Kqiaid L. 
Suppose that tliey nm initiftDy in contaot, and are then separated. 
Let the irork per square centimetre roqtiired to separate them, that is, 
the work performed hy the oprmtnr who separates them, be IV,^ ergs, 
say. Before aeparnttoH tJiero is potential energy in the interface, 
amoutitLug to ergs per sq. nm., the aiirfiico tension of the interface. 
After separation there Is energy T,, ergs per eq. cm. on the surface 
between the eoliJ and a gaa, for example, air, and T",., crg?i per sq. cm. 
on the surface between the liquid and the goa. 

The initial energy of the cyateiii plus the work nf sepamtiou which 
Is girea to ur dune on (he eystcni is equal tn the tliuil energy after 
separation. Hence we have Ifoprd’s equation 

• (<57) 



Next consider a system consisting of a liquid, a solid, and a gas 
all in contact and in equilibrium. Assume that they meet alo^ a 
common line of contact. The moJecafos in this hue are in eqmhbriuir. 
Hence, from fig. 28, since the net horizantal forcJ per oentunctro to 
the left 18 equal to the jict honrontol force per centimetre to the right, 

r„ + rMCostfr--=JW. - (t>B) 

where ■/; is tbo an-caiicd equibbrium angle of ooofant between hquM and 
solid If Tag — r„ ie eliminated from cqiwtions (07) and (68), we 
have Young’s equation 

n'at=“2’„(14-coa^) (60) 

If ,/. = 0. TT’„ •= 2r„ . 

Now the work required to separate two poitions of ttie saroo nquM. 
by reaBOuing analogous to that at the banning of this b-cction, is 
= 2Tig ergs per sq cm Hmce the meaning of the inct that -•=■ V 
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is that the attraction befciTeen solid and liqoid is equal to the attrac- 
tion between two parts of tie mw liqnid. 

Estending an idea due fx> Doss and Rao (1938), Yainoid and Mason 
(1949) have shown how to give a deep^ loeaniiig to equation (68). 
In their theory they assume fliat in He case represented hy fig, 28, 
the surface of the sofid on the li^it is partJy covered by a fibn of con- 
densed. vapour of tlie liquid, partly by an adsorbed film of air or other 
gas, and is partly bare. They discuss two cases in which the liquid is 
(a) advanoing, (b) receding over He scfiid surface. The full expressions 
are too long to reproduce here, but if we take the special cose when 
the adsorbed gas or air film is abseoxt, He theory can bo quoted. 

If, in tie case of advancing liquid, <ri is the fraction of surface carry- 
ing condensed vapour, then a fraction 1 — oj is bare. In equation (68) 
the energy of 1 sq. cm. of solid-gas interface is not now Tgg but is 
oj(2’s4-f (l-a,)?*,,. This gives 

COSti = (1 - Oi) -1- Oj. 

Similarly, for a receding liquid 

COSl^ = (1 ~ 03) ■!' ®3- 

whore erg is the fraotion of surface carrying condensed vapour. In both 
oases, if there is no condensed vapour film at all, 

T — T 

as in equation (C8). Hence, accoidiug to Yarnold and Mason, the value 
of ^ given by (08), i.e. the »o-<«11eo equilibrium angle of contact, is 
really an upper limit, correspraiding to He advMice or retreat of the 
•liquid over a completely degassed surface. In both cases, also, if the 
solid is completely covered by a film of oondeoaed vapour, <7, =i v, = ] , 
and i/r ^ 0. In other eases ifi has an intermediate value. Further, in 
the complete theory, by sopposing Hat an advancing liquid removes 
air from the solid surface and takes Hat w into solution, and that the 
converse occurs with a receding liquid, it has been possible to explain 
the experimentally found changes in He angle of contact witli varying 
velocities of advance and retreat, and time of immersion. 

ZffecI of Friction . — In practice, wlieu mcasur^ nugks of contact, it is neces- 
g-arj, aceoeding to Adnm and Jessop,* to take into account tlie feiclimi wliiclj 


* Joum, Oftem. jSoe., p. 1865 (1055). 
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( 2 ) Atiffle of Coraoei hdvem Paraffin TFax and VTaCsr. AiiM's 
— ^In tiis wetliod it ia rewired that an angle of contact 
varies accordii^ as the liquiil is udrancin^ over tin; aojid. receding, or 
stationa^, and oorcesponding measurementa ara made. The efiect 
of vaiying the speed of the liquid relative to the solid 13 also in- 
vestigated. 



f<ij (i) 


Ft S> 

The male part g{ the apparstue (%. SO) u a sobd glM» eyluidet alioub Uii«a 
laches ia diimetec and uicb'v Lug. wlu^b is vareioUy coated ivith paraffin 
irsT, Aitar cooling, the surface of the wax a (ortied saooth i'he e^i^er it 
monntod and gear^ so as to rotate about lie ovn axis, which u honzontal, rnth 
various linear aiirfaee relocibea, up to about 4 mm. per era. Tt ia partly immnaRd 
In ivstor tn a saecial glsaa lank. Oda eod of (he tank is covered mth dull bUeIr 
paper, m whieli a narrow horizontal sitl Sg is made, Parallel light from a kuap 
passes obliquely upwards throogb an adjustablr. aiit fij, then through Hg and 
the liquid, and iai& on tha ondet afcle of the euifece of the Iiquui, whence it is 



F% s* 


wfleited downwards towards an observer. Th* oWrver aeea a hoTKontal image 
of the Blit, 5, adjoining tho alboueOe (d the Burlace of the cytindcr, and that 
end of tho imago near tha oyliodar u u> geaecal currrd. TEe drpta ol tDa 
can he altered, but the lamp and ffj are always arranged so that the pomt /“ is 
in a flsed vertioal place Ail. When the ^Imdet la at reat and the level of ths 
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tlie flepth in this position uid in tiiat srtiea the Bquid just touches the lowoat 
point of the cylinder gives h. 

Fig. 33 shows that 

oos4i = l^. . . . (73) 

Ahlet^s mean vtdoe of ifj is 104“ 32'. 

Analogous oxperimonts arc carried out 
with the cylinder rotuitlng in clockwise and 
anticlockwise directions; in each case the 
depth is adjusted until a perfect image is 
seen right up tti the line of contact. Ablett 
/onnd titat for surCaco speeds up to about 
0-44 mm,/sec. the angles of contact varied 
in a deCnuCe way, but for speeds exceeding 
0-44 am./se«. they became constant. The 
mean v^ue of tlio angle of oontect for 
anticlockwise rotation, ^served on the 
leB-hand side of the cylinder and tlicrofbro 
correapondiiig (o the case of a liquid ad- 
vanclngorerasoUd, wagU2“56', TJiemeao 
valoc of corresponding to liquid receding 
TO 8 90® 10'. Within tba Ilniito of ciiierimenta) error ^ «» ijij), 

(3) YamoU and 31awn'$ Method * — Like Ablett, tliese midors 
studied the effect of velocity on the “advancing" mid “receding'’ 
angles of contact. Tlic range of velocities was l^s than in Ablctt’s 
work, but on inteiesting novelty was discovered, viz. that the length of 
the time of previous immersion affected the measured angle of contact, 
The experiment eonsieCed in ratsiog or lowering a plane water surises, previ- 
ously swept clean, at a deJinlto »to wbiJo it was m contact with tie surfaeo of 
a steel sphere coated with paraffin wax. Hot ntocl a^eie was suspended from a 
Sucksmiti ring halaties,t a sensftive devies usually usedln magnetism to measure 
small, continuously applied, variabls forces. In this cose tbs Sucksmith ring 
balance nteosut^ tlie instantaneous downwanl hiruo X on the steel spliere. Con- 
tinuous observations wers made of this fbceo and of the position of the water 
surface. The laller quantity enid^led y, (he hei^t of tiw csntio of the aphoco of 
radius r above the plane liquid surface, to he found. 

In general, the sphere was in equilibrium whenils downward weight IT was equal 

to the upward resultant force made upof(o)*force If due todisploccd liquid, ( 6 ) ten- 
sion X in the suspending fibre, and (c) soriaoe tenaion acting round the side of the 
sphere. In the special case whon tto liquid snriaco came flocurately horizontal 
right up to the surface of the qdise. the surBscc tension force, boing horizontal, 
contributed zero to tha vertical forces, iju force (c) teas equal to zero. In this 
case then, W = U + X, and U = ff ~ X and X was pven by the Siicksmith 
halanee. Thus V was obtained- Cafl this special value £/„• Now the volume of 
a spherical cap was easily calculated as the integral of the volume of a oirciiiar 
disc and found to be wr’j(y/ry/3 ~y/r + *} and ila ratio to tho volume of tiie. 
whole sphere, f,Tir' was - 3(sMI* + i- This was therefore the ratio of 

Va to dj, the upthrust when tte whido sjdme was just immersed. 

A grapli was plotted in which the abscissae were values of ij/r ami the ordiniites 

• Yaroold and Mason. Pme. Phys. Soe. B, ToL <52, p. 125 (IfltO). 
t Bates, Uodem 4fosnt«tisi» (OMnbridgo tJuivwsiby Tress, 1951). 
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’ ' • Wilnfa ftf VfUg, On the same figuie 

I B y/r and ordinates V,IVi = (jr/r)’/4 — 

• • point of intersectiDii was noted. Since 

. he liquid surface came accurately hori- 

zontal right tip to the aurfsee of the aphen*. and at the same tune made the obtnaa 
angle of contact i{i with that suHaco, it follimed os in equation (73) and fig 33 
that w»9i}< •= (A — r)/r ■- ~<ffr. Thua ^ -waa ohtv'ned. This method had the 
adviLDlages (a) that it wee nut nnfmnry to koow at iwiiteg the -ralae of tie 
surface tensiun, ami (h) that it did not ^pmd upon a purely eisual ohatreatios 
of <p. The results indicated that the snete of contact decreased with incieasing 
time of immenioni both for adtanang and neceding liquid The eSect was much 
more marked in the oecond caac than in tho find. Tn a cenain experiment tji 
dropped from about iOC* to a)>out 117* (n tO minutes for receding liquid, and 
from 109° to about 10S° in 40 mlnutea foe adeaneing liquid, tho fall in <]i hemg 
non-iinear in each eaao In tbo cose of both adeimeing and recoding liquid i|> 
seemed to approach a limiting Talnc. For ennstant titan of imncrelon, a alight 
increase of adyaneuig an^c of oontoct from lOS* to 109* was ebserrel as the 
yelocitvofadrancms Jiquid uerewed fiomOS to I d mm peroin Onthoother 
hand, for a oonstont time of lamenton of 39 nln . an increMS b xelocity of teced- 
bg liquid from 0 1 to t-O mm. per mm van accompanied by » decrease m the 
' , . ..t ^ .. .si- ^ofoyujlun 

iigleas. since 

, whiuii they 


2d. Ucaauremeni of tnterfacial Sntfnoe TensioDS. 

Some of tho methods prcsrionsly dcscn'bod may he used to measure 
interfAciiil surface tcL.von3. Mark and Boitell '' describe a method 
of TDcnsimug tho ten- 
sion of the surface 
between water and 
varions organic 
liquids, which hag the 
ndvnntagc of precision 
and cf not requiring 
more iLoa about 2 c.c. 
of organic liquid. The 
case when the liquid 
IS denser than water 
i.s discussed hers. 



Tbr ^ivnaratiiii. which 
IS TnsdA of glass, is ehowci 

in fig. 3+ It consiata of , . » 

two trido cups .4 and -B, sealed io c^iillAnea S', T of dioen 
through them joined to a cential wide tube G. Thu nrraiigom 
coUy V7«.ter is first povued into (wfiKh m connected to the i 
to avoid entrapping biibbics ofair. A larger quantity of wat»r 
a Both capillaiie.i are filled with water and a little ezfia i' 


• narrow capillary JtJ 
•r 13 then poured into 
added The organic 


• llaoU and Bactell, -ft*: 


r Biria. See, Vol. d 
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liquid is introduced into iio ceiti^ tube C and riaca up the two capillaries. By a 
certain method of manipolaUon, Uie lerels we brought near two etched marks on 
the capiilaiy tubes, and the liyHtom s allowed to attain equilibrium. The Sve 
different levels are accurately measured. Assume that the interface in X at 
level /i, is conves upwards, ll'he vertical (^liiidcr of liquid above the mterfaoe 
is at rest. Hence, equating veiticd forces, we bare 

[(hs - *1 + p. - (ht *1 d- 0 Pk| == 2rer,3’„. . (74) 

where p^, pn- ore the densities of the oiganic liquid and of water respectively. 
Similarly, for the interface in 7, 

Wj*s|^hs-bj + ^^p8-^b, ~A, + ^^PB-| = 2urjJ’i,. . (75) 

Subtracting equation (76) from equation (74), and putting h, — h, «» S,, 
A, — Aj — Hj, r, — r, «ir Ji, we find that, if vre ossumo that J? is email compared 
to r, or r„ and neglect certain terms. 

It is to be noted that in tbe above equations tbe approximate expiossfon 
oonteponding to a bemiepherical meniscus is used, and r is taken to mean tbs 
radius of the capillary in each case. This assumption is justiiied if we use narrow 
capillatles. The radius of tbe larger capillary la less than 1 mm. One advantage 
of the method is that p{, need nut he knou’o more aoeuiately than to tiro plaons 
of daoimals, as this quantity ooly occurs in tbe small terms of equation (76). 
One esamplo of a rcsidt obtained by Mack and BarteU is that the surface teusluit 
of the inter&ce nitiobeazcne-water at 16-13* C. is 26-66 dyncs/ctn. 

26. Hippies, and Velocity of Gravity Wans oo a Deep Iiiqnid. 

One method of measniing tho aurfHcti kenslou of a liquid dapeuds on 
ripples excited upon the surface. Consider the mccltaniem of a certain 
type of wave passing over the sitrfece of a deep liquid, In this par- 
ticxilar type of wave, the stuface of the fiquld is traversed by transverse 
vertical vibratioiu? controlled by the force of gravity. Assume that every 
drop of Equid in or near the surtaoe describes a circular path in a vertic^ 
plane; this is very nearly the actual state of affairs for waves of small 
amplitude,* as revealed by direct observation. 

Fig. 35 repreaenta a section of a liquid traversed by such waves, 
in a vertical plane paralld to the direction of motion. Let c be the 
velocity of the waves in a horizontal direction. Assume that every 
drop of liquid describee a circle of radius r in a clockwise direction. 
Let T be the time taken to describo a cizcle. This is also the time taken 
by the waves in moving forward tfaroi^ a distance equal to the wave- 
length A. As seen by an obaervm; at rest, the motion is unst€<idtf, i.e. 
the velocity of a drop rituated at any given point does not remain 
constant as time passes. If, however, the system is viewed by an ob- 

• Ewald, Posohl and Praodtl, The Phytiet tf Selide and Liquids, p. 232 (Blockio 
& Sod. Ltd., 1936). 
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server travelling ^tli tlie same velocity and direction as the waves, 
then, as seen by him, tl>r. mntioa is steady, and the circular paths 
of the drops are streumfiDefl to each of which Ecmoolh’s theorem, 
that th» total energy {>er grumme is eonstacS along a streamline, 
applies. We can regard the. actusl motioo of the system, as viewed by 
an observer at rest, as a combination of n stcmly streamline motion 
and a constant velocity c of flow tovmrda the right. In the actual 
resultant motion each drop desGrihea a circular orbit with velocity 
V = 2TrrfT, Hence in the elreamline component motfcin, although the 
streamlines ate circles, the velocity of u drop is not censtont at each 
point of its circle. At the highest point X of a circle the streamlins 
velocity of a drop is horizontal and is that Kdiiah, if c is added, bBcoines 


X 



equal to u, or, alternatively, we can n^ard it as the velocity of a drop 
relative to the waves going in the aanm dii«::tio& to the right. It is 
therefore equal to 

€ — c « 2«rr/v — c « fi, say. (77) 

At the lowest point of the circle whose highest point is X, the stream' 
line velocity is 

r O =s 2>r»-/r + c =* f*. say, . (78) 

for this is again the velocity of the drop relative to the waves. 

By Torricelli's theorem, which states that the increase in tinetic 
energy of a drop is due to the foil m height, and hence is equal to the 
loss uf potential energy, wc have = ji* + where h = 2r, Hence 
== Si* + • • • • 

By squaring (77) and (78) and. subtracting one from the other, 
we have — 3,* -= Sver/T. Hence 4jr = — fi* Srrcr/r, und 

c ^ grf^TT yAf2-nc, since A = or. Hence 

c = (g^[^)"- . . - (80) 

26 Rflect of SurfaDo Tension oa the Velocity of Gravity Waves. 

By § 25, the velocity of wavea travellmg over the siiTfiic e of a deep 
liqidd and depending only on the force of gravity is c — 

lu order to allow for the efiBecfc of Bmfoee tension, it is to he noted 
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that -nriierever tie surface film of a liquid is curved, there is, by § 1, 
p. 116 , a pressure directed from the concave side tc the eoavex side equal 
to T{\IR^ -F i/-Sa)i where T is the sur^ce teasiou and flj, are the 
principal radii of curvature at the point considered. 

Consider simple harmonic waves tzavelling over a liquid; the position 
of any point on the surface in a giv«i verticai plane section, parallel 
to the direction of prop^atwn, at any given moment may be 
represented by 

. /2m , A 

where y is the ordinate of the point above the undisturbed level, A 
the wave-length, a the constant amplitude, x the abscissa of tlie 
point measured from some arbitrary origin, and b another constant. 
If we assume that in oil sections parallel to the one under consideiatioD 



n»- j6 


the profile curve is the some, the system of waves is cylindrical and 
R^, say, is infinite. Also 





if dyidx is small compared with unity, as is the case In practical 
experiments on ripples. 

1iy~ a sin(2wa;/A + ft), 

4wV 

A» ■ 

Thus at a point such as P in fig. 36 the surface tension causes an 
excess pressure, directed along NP, of 2*/^, or along PN of TjR^, 
that is, of iTfiTyj}? dynes per sq. cm. 

The e.xcess force on an elanent of area whose profile curve is 
PQ (= ds) and whose thickness k 1 cm. measured perpendicularly to 
the plane of the figure, is i^TyisjX^ dynes, acting along PN, or 
i-rr^Tydxjh- resolved vertically downwards. The principal downward 
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Restoring) force on the dement FQTX is its weight ^pydx dvnea. 
The total downwanl force on it is therefore 

gpy dx 4- y dx dynes ^ypdx(^s + dynes 

Thus the efTect of eurface tension is, as it were, to chanee o to 
9 + 

Now the veloci ty of * * gravity waves *' on deep liquids has beea 
shown to be c s= 

Hence the velocity of waves controlled by gravity and snrfoce 
tension I3 

• ■ <”> 

In this equation we pute = »iA, where n is thafrequeacy; after equaring, 
we way rewrite the equation is the form 

. ( 62 ) 


It may be easQy shown from equation (81) that as A vanes, the veluottv 
0 is Q mimmiim when 9 *= 4^Tl>?p. Hence the least vdocity witt 
which water waves can travel is about 28 cm./sMi., when A is about 

1*7 cir '■ ' •',18 mjajmum are termed waiw, 

eborte 

If ... • vertical etiok, is inaertsd into e 

stceaiu of water whose velodty of flow exceeds 28 om./eec., statinnaiy 
ripples ate observed in a n^ion upsUeum from the obstacle. These 
Tipples appear stationary at loci where the forward velocity of the 
stream is equal to the velocity of backward propagation of the ripploe. 
Since from equation [81) the velocity of the ripples increases wlieni 
their wave-length derreases, tbeu at points upstream, whexc the 
velocity of the water is contiouaUy increasing with distance from the 
obstacle, the effective stationiuy wave-lengths will bneomo shorter and 
shorter, and consequently the rtJitionniy ripplea will crowd ever closer 
together. 


27. Blcaanremeiit of Surface Tenrion br the Ripcle Sfeibod, 

This method, introduced by Lord Rayleigh,* has been used by 
varioHS authors A recent ImjsoveBient of tho nietliod by Ghosh, Banerji 
and Dalta f posiscsscs several admat^es and wiH now be described 

The Jjgujd whoso BUrfaEV tensirai w requireil *• placed m o shallow porcelain 
recUcguIar trough of dunensious 10 m X Sin. X I 6 in. Above the Uqojd 

(Qg. S7 (a) and {i.)) is moimted sndeettscally-iniunteiBod tnnuig-fork of frequency 

about 100 vibrations per see. Its prangs a« hOTiaontel, one above the ofh^ 
when at rest, and they vihratc in a vcrtieal pbiie. To the lower prong are attached 
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twt) objects. First, a. blade, 3 in. kmg, of polished siiTor or alurainium, called 
a dipper; this by its up uid down nbiatkma. in and out of the liquid, excites 
ripplea on the enrfacc. Hie plane of Hie dipper is vertical, but perpendioular to 



mwmw 

' Mercuru 

Fig- 31 (a> 


the plane of vfbruiioa of the prongs. Hie tvo trains of dpplu oxoiled by the 
dipper are leSeoted by the ends of the Iroueh and gire rise to stationary ripplea. 
Secondly, a rootangtifac framen’ork of metal, called tbe Tiewor, bsTing two steel 
wiiaa nttming hoHrontally along its length, in attached to the same prang as tbe 
dipper, but neater tbo lip. The plane of the eiewet is esrUoal, ancl parallel to 
the plane of ribration of tbe prongs. The purpoeo of the 'riowor U to enable the 
utivn form of the ripples to be seen and photographed and the wave-length to 
be measured. 

This is done by causing a parallel beam of light, proceeding in planes pe> 
pendicular to the plane of vibration of the ]irangs, to be reQecied by the ripple- 
enrvod surface of the liquid and to 
pass obliquely upwards past the 
wires of the viewer. An observer 
receiving this light eccs that the 
shadows of the two eteel wires are 
not straight but have the dear wave- 
iike form of the ripples, for the light 
is proceeding iu planes panDel to the 
crests of the real Btati<siaiy ripphs. 

A metal plate with two fine notdios 
at a measured distance apart is fixed 
in the same plane as the wires of the 
viewer. This is photograpdied along 
with the bhaOuw-ripples and enables tbo («act wave-length to be calculated from 
the micrometric moasureuient of the wavo-Iength of the shadows. It is asspmed 

that the wave-length of thorfiadoWB is equal to UiBwavB-leiigtb J. of tbo real ripples 

on the liquid. The whole device ia thus a atmboscopio arrangement for measuring 
using one fork only. When Hie am^itndoof tho ripples is below a certain limit 
and the depth of Uquid in tbe trough is above u oerliibi limit, the value obtained 
ia constant. The ftequenQ- of tbe fork is deteraimed by the aid of an aecur.atfl 
chronographio recordw tuned in unison with Hie fork, which also records signals 
from a standard clock at intwvats of one second. The surface tension is calculated 
ftom equation (28): 
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jf _ ^*«V _ 

2it 4)1* 

cvliera T is U 19 surfuce tensiua ol tke liquid, p ita X ware-lenath of 

the ripples. Aird n tbe iccqueiioy of tlie folk. 


28. Stability of a Cyhadncal Film. 

It 13 required toBiiow thata nrcnlar cjllnder of liquid, ora circularly 
cylindrical film, in equilibrium under the action of surface tension 
begins to ba unstable when Ihft wnve-lcngth of n dfeturbance imposed 
upon it exceeds tlie circumference (A > 27ra) 

We neglect the weight, and asaunte that initially the liquid {fig. 3S) 
IS in tbe form of a circular cyliudei of radius a. Let its surface undergo 
a periodic disturbance such that the radius of the disturbed cylinder 
at any point A is yss o + deos 2jrr/A. irbem A is tbe wave-length. 
Thus circular symmetry about the a»$ Oi is assumed In the dishirbod 
oylirder, equilibriurn ia Rtablc if the pre-ssute to the swollen parts, c g 


y 



near Y, is grcatM than the prei^ure in the conatticted parts, _B.g. near 0, 
For then ttic fluid inside tends to flow back to the constricted parts, 
tiuw tc.stOTUig the imiial shape of the filui. Tha ejccess preesure over 
thn cxtPTunl pWHBure at any point luside the film is TO-jP^ -h V^i) 
Ono of these radii of curx’atnre is y itself say). If we assume that 
dMx is small, then 

Now 

d’j 2nA . 5ifri 

ds A A ' 

ijr®6 25135 

_ 


a + h cos 


, 4i7*6 
A 


2 irl 

X’ 


Hence 
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fciie positive sign being taken at Y, tije n^afeive sign at 0. At points 
suck as Y, 


A* 


The pressure at Y exceeds tiiat at 0 by 
, iir^b 


4n^b\ 


<“Tt+T~rij + 

2& \ 

” VA* a*-6*/ 

and if Z> ^ 0 , a® — 6* = a* approximately, and this reduces to 


(84) 


This is positive, and the cylinder is stable, so Jong as 4?r^® > ??, 
that is, when 2rra > A. The cylinder ceases to be stable when 
2ita Bs A, 

It can he shown that maximum instability ocenrs when 8'02 a =» A. 


29. Jots. 

We now attempt to find an expression for the wave>lesgth of a jet 
of liquid, using tlie uietbud of dimensions. The symbol 3 is used 
here for surface tension to avoid confusion with T, representing thne. 
The study of liquid jets gives oscM infonnalaon about the surface 
tension of the liquid. When a jet of liquid emerges horizontally from 
an orifice under jwessure, its s^ace shows peculiar recurrent forms. 
This phenomenon is parity due to surface tension. Under ordinary 
conditions the motion of Uic liquid is " steady ” in the hydrodynamical 
sense, that is, the velocity at tmy point remains constant and the 
surface of llie jet is fixed in space, Ibough made up of moving drops. 
The distance between consecutive correspondiog points of the recurrent 
figure may be called the wave-length A It is the distance described 
by the stream dm'ing one complete vibration. When the shape of die 
orifice is givco, tie wave-iengtb of the jet may be regarded as a function 
of <S the surface tension, p the densHy of the liquid, A the area of 
the orifice, aud P tie pressure at which the jet emerges. Viscosity 
is assumed to play only an animportaut pa^ The direct analytical 
determination of A in terms of S, p, A, and P is laborious in the general 
case, but the method of dimen^ns ^ves a certain amount of in- 
formation about A. 
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^Htna tliat A « a constMit X where v. w, r and v are 

to be found. TLo dimenaons of S are Oioee of force per ujyS Jcogit. 


Those of p are mass per unit rolume, Leuoe 

p « ML-*; 

A = L^\ 

r = foice/area =* . Ir^ — 

k = constant X S^p^A^P*, 

i,0. 

n'}ience 

v+w+y»0 

—Jui 4- 2n — y = J 

-*2v — 2y e» 0, 00 comparing indices, 
Solring for », a aod y m teccuofv, we get 
y--e 


A = constairt x S’A^P”. 
which ma^ be written in the form 
As conetent x 
Thus V is undolemiiiicil. 

Wo maf write 

A = ,<1* X afoDCtion of ... (85) 


30 Kensurement of Gnrface ^nsioii br meaos of Jets. 

The surface of a jet of liquid emerging from on ondne is bring 
constantlj’ renewed, and hence contanunatioa of the surTnoe due. to 
standing, such as obcu» in sessile drops, h absent, This la a enn- 
sidcwfjie advantage Irom the pomt of view ofaccuiare inensuTCTiicni.a 
of surface tension, Espressions for the sutfoee tension in tamiH of the 
wave-length A of the recurrent form of jet, the velocity of the jet, 
and certain constants of the liquid have b«n calculated by Kayle^b 
and Bolir for the case where the amplitude of tie wave form of the 
section of the jet is small compared with A. Rayleigh, Pedersen. Bohr 
and Btoclfsr liave earned out ciqieninentB to measure * T, bused on 
these exptessioua. 

* IVe nairnrvrt to Ow a« of I* to njiraMlt sarfoeB tosaiofl. 
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Sfncl'er’s — The fiill espiessioii for the surface tension T 

of a liquid in the form of a jet emei^ng in a horizontal direction from 
an orifice is 

Here e is the Teloci^ of cmeigence, A the wave-iength, pj and p, 
are the densities of the liquid and of the suEOunding air respectively, 



Tie- 39 


and the instantaneous radms r at any point is eqaal to a fixed quantity 
a plus a Suctuatii^ part whose an^tude is 6. 

h _ — ^ato 

O “i“ ^mtal 

where and arc ttiAm BTTnwnTT and minimum radii of the sections 
of the Jet {%. 30), and 

“ = Kr^-rV™ta)|l-— )■ 

* StiKker, Zei{»./. jjJbys. VoUM, p 1^9 <1920). 
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Storker’s wtpcrimenta are clevolM to themeaauremmt of th« variouJ qaanWujs 
on thB right-bAiid mda of r<^Ation (86) In bis oaso tho are tranapareut, 

C-S- 'wat<>r And fttiMeous jolutions, and flw oat of An olliptit*! apcrtare in the end 
of n pceo. of thcTTOOTBetcr tubing of dbiitiBi] bore, ^ojet is bo arranged that its 
two parpcndifutar planes of apinnkeUy are borizontal and TsrtJcal rcspectircly. 


places. As the jet gets laiUter front tbe apcrtnre. internal fhctioa causes itt 
recfionni profita to become fiattei, m less tt>M.a SS', and the unaea B, u 


The Teloeity t of Ibe jc-t la obtained mensunng the Toltune of liquid Q 
emetgin^ pir eecqnd ami tbea usii^g tbo foRDola e •• Qinr*, wbero r 1 b the mean 
radiui. To obMm Q, an electrocaasnttio denee >e amused to that the jel is 
pBiiuittecl to thruugli an aperture in a eiicubt due lor a loMwn pnM nf 
tlae and it teen cut oS sbarplp bj the rotation of the dies through part of a 
remlution. During the tune wheo flow is perautted, tbehrvuid peteing it eolicctodi 
It h then wpigheA Q ^ where IF la tba rnvst is grammes eoUestad ui 

I Ke., and pj is the dcnaitp nf tbn li^iri. The groatett and diamaten of 
the ^ei. 2r^ and 2r«,> meaeurptl dircetty b; meass of a mierotvoiw nth a 
uuoruoieter cpepiece. the jet teiog illmsuiatea over a lesglh of 5 en. The 
quaiitiUre l/u and « are tbea calculated, f, aod p, are measured u the usual wny. 

Besttll Tin- ^ 43 i CIS dyne/ccD for a-ater 

This method is cot siulable for au opaque liquid lilre merCUiT. 

3). Criticism and Compamoo ef Tanotis Idptbods of Ueasunag Sarface 
TeosioB. 

The numerical range of vnluea of aurfiicp. tension vanes from about 
10 dyUEB/cm for Borun organic bijmds to several thousand dynca per 
centimetre for a liquid metal such as tungsteu A compurtRuii of some 

. aR.lly carried 

c uutiict of the 

J Ustance from 

tlio end, nnd (3) the fcinjienitttre of the meBiscus, are required It is 

difficult to measure these quantitiea with a very high degree of preciMOD. 

(4) The esperiment is static and contanuoatiou inside the tube is 
not improbable. (Q) According to Dorsey, the cleaning of a OTail 
tube is not easy (6) A correction fer the curvature of the hqmd in 
the reservoir is required. Recent modificaliwis of the original method 
elimiuatG some of these difficulties, hot not others Sugden's metnofi, 
described lo § 10. p. 129, eJimmates the reservoir coirection (fi), but 
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tetains (2), (3), (4) and (5), even idieD the angle of contact mav be 
taken as zero. Fcignson’s modificstion {p. 131) enables the snifece 
tension of a veiy small quanta of a Bqnid to be measured with 
precLsion. 

(ii) Sessile Drop arid BuWe iZelhod. — ^TheoreHcally, this method 
would seem free from objections, except that the drops have to stand 
while measnrements are bemg made, and the film runs a certain risk 
of contamination. In addition, to avend the introdncticin of the angle 
of contact, it is necessary to measure the distance from the plane of 
maximam diameter to the vertex. Measurements of this quantity 
appear to involve errors of several per cent (Lonard). To get accurate 
results it is necessary to cany the approximations rather far. A fair 
amount of liquid is required. The method is convenient for the deter- 
minatioa of t)ie surface teusion of molten metals near the melting point. 

(iii) Marinmn Pressure JleXJiod (JSger’s ^Iclhod ). — This 

method as used by Sugden, has the following advantages. (I) It does 
not involve the angle of contact explicidy, i.e. that angle need not be 
mcasnied. (2) The intcroa] radios of the tube has only to be measured 
at the end. where it is easily accessible. (3) Temperatura control is good ; 
the bubbles are fonned in the middle of a b^y of liqtdd of Imowu 
temperature. (4) Contamination is avoided by continual renewal 
of the surface mwlved. (5) A large quantity of liquid is nob 
required. 

The theory assumes (1) that static conditions exist, (2) that the 
interaal circumference of the tube on which the bubble forma is circular 
and hoilzontaL Dorsey asserts that no attempt has been made to 
determine how far these conditions may be departed from without 
introduemg appreciable errois. 

(4) Ring Method.— 'She ring method has the advantages of rapidity 
and facility and, sis applied by Harbins and his collaborators, great 
accuracy. It is becoming incrcasingty important in applied physics. 

32. Paper Chromatography. 

An elegant application of capUaiy act bn wa-s introdneed in 1944 by 
Considen, Gordon and Martin lor detecting the presence of the various 
components of a drop of a mrrwl liquid solution, such as a protein 
hydroly.'ate contaming various amino-acids. The method is char- 
acterize bv the smallness of tie quantity of solution osed and by the 
simplicifev of the apparatus and procedare. 

In the one-dimensional method, a rectaugnlar piece of filter paper is 
touched, at a point not far from one of the shorter edges, by the tip 
of a micro-pipette cont.-iining a drop of the solution under test. The 
solution soaks into the filter paper fotuung a small spot and tlu's is 
allowed to dry. The ncighbonriDg edge of the filter paper i.' then 
dipped into a liquid solvent which &»W3 abng the paper, through and 
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past tile spot, under capillaiy adaon. The various components of the 
solution in the spot are partially reabsorbed into the solvent, and con* 
8«]\icntly they travel altAg the paper, al various rates, behind the 
sharp hue wliioh represents the fremt of that part of the paper reached 
by the solvent. A eerieti of new cnUmeai spots are thus formed by the 
vanous components of the BoVatiuD, at tbe various planes they have 
renched at any given time. Tbo various amino-acids era revealed by 
spraying tiie filter paper with a material which stains the spots red, 
oniiige, yellow, hlnc, pntplo or grey, according to the nature of the 
amino-add present. 

la the iu'o-dimcnsioiwl method a square sheet of filter paper is used, 
and after a spot of solntson baa first been formed and dried near a 



" ' • * ’• ’ • ^ . I • <--o— 

ue two 
trent- 

ineut with the colorant, the various coloured spots which correspond to 
the different components ate separated moxc widely than m the one- 
dimcosional method and therefore the rssoiution is greater. 

Ab the spots spread, the porticai of a solute which remains fixed m 
the filter paper is termed the stetionary jtbasa while that which is still 
spreading with the srfvent constitutes the cfcvefo7nnj7 phase. If a 
quantity R is defined os the ratio <rf the daWnncB from the point of 
origin reached by the front of the dereloping phase and by the statioiimy 
phase respectively, as shown in fig. 40, then it is found that a relation 

n ^k[R~ ]) Mists. Id this exptesMon fc is independent of the nature 
or the concentration of the solute and la therefore constant, Fur a 
solvent and filter ■pn.'pcr, while a is the paroitoti oor^cienl defined as « 
ratio of the coiicentrationB of solute in (he stationary nnd the de- 
veioping phases respectively. Tho various values of fi for the diflercuc 
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spot-s tlierefote give the ratios of the corresponding Talues of c for tho 
different components. 

Fig. 40 shows the one-dimensional method of paper chromatography. 
P is the. spot at which a drop of leistnw is applied to a vertical Mter 
paper. 00 is the line of contact of paper and solvent. Sj, S™, and 
are spots reached by different (xmstitaeiits of the mixture. PSj = y^, 
PS., = 5/3, and PSj — y^. CTO is the line reached by the developing 
phase travelling upwards. PT~y^ ^ — the first con- 
stituent, P = yo/^2 second coi^tuent, etc. 

•S3. Temijeratnre Relations of Sniface Tension. 

In considering the way in which the surface tension of a liquid is 
affected fay temperature changes, we must distinguiidi between 
" associated " end “ nnassociatod ” liquids. An unassociated liquid 
is one which contains nothing bnt individuai molecules of that liquid, 
so that if the molectdes were further subdivided, the ohemioal nature 
of the liquid would be changed. An associated liquid contains groups 
ooDslsbing of individual molecules attached to one another, each 
group acting like a molecole of another ^cies. There is evidence 
that at or dinsT y temperatures water contains groups coneiatbg of 
two HjO molec^es, in addition to single HgO molecules. In ^ese 
oiroumstanoee water is an ossocioted liquid. At ordinary temperatures 
benzene and carbon tetrachloride are unassociatad. There is evidence 
that, as might be esq>ected, tbe groups of an associated liquid break 
up as the temperature rises. 

Tho surface tension of unassociated liquids doorcases as the tciii- 
peraturo rises. The changes may be represented over a wide range of 
temperature by Ferguson’s empirical formula, 

T = T„(l~^'. ( 67 ) 

where Tis ihe surface tension of a liquid in contact with its own vapom, 
6 the absolute temperature, the critical temperature of that liquid 
(in the sense of Andrews*), a constant, and a a constant for a single 
liquid, but varying slight^ from liquid to liquid. The mean value of •>! 
is about 1-2. 

Equation (87) is eqnivaleiit to one given fay Van dor Waals. From 
it we can deduce directly that the surface tension of an unassooiated 
liquid is zero at the critical temperature. By differentiation, 



Katavama showed that riie relation 

ry-5 = Aa-W. 

• See Roberts, iTeat <J»Kf TRermorfjmoniies, ibnrtk edition (10.51), p- 10/. 
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where y ^ — p^, tLe difference in tlie denatips of the liquid and of 

the flaturated vaporir in equilibrium with the liquid at tempcratiire B, 
bold.a pery well for several oi^aaic substaaces. It is also m accordance 
with fcho classical theory of conesponding atates. 

EdLOi' jC«W.— T he variation of surface teusion tif hath na-soointefl 
and mia'?sociated liquids with temperatute is represent ed by an equa- 
tion, duR in a fiimplR fonn to Edtvoa, but corrected by Ramsay and 
Sbiclda, namely, 

T{Mw)*^-K(0,~0-d) (89) 

where T is the surface tensioa at absolute; d is a constant term 
introduced by Ramsay and bhielda, which has a value between 6 and 
8 for roost liquids; 6^ is the critical temperature, j js a number called 
tlio au’ffieinnl of oasooMtww of the liquid at B. equal to tbe eifootive 
moleoular weight of the associated liquid divided by the moleoLJnr 
weight of an uaussociated liquid with the same molcoulee , ond S is 
a ooustant which U approxuualcly equiil to 2*12 for associated liquids 
and has a mean value of 2-22 for twassociated liquids, for which, of 
coucse, X I. ilf is tbe molecular weight of the unassociated liquid 
and V ita specif c volume. 

Fcom this law it follows that tbe surface tension is soro when 
8 — d, tliat IS, nt a IcnipcmUirc a few di^rees below the critical 

temperature. According to CnUciidar, water has a critical temperature 
of 053* absolute, but lU surface tension vanishes neat 647* absolute. 

31. Thermodyuamics of a fUm. 

To unrlCTStand this section some knowlwlge of thermodynamic 
formula} and the use of perfeol differeutiaU is required.* Let an ele- 
mentary quantity of heat dlj be given to a portion of a film of Lguid 
which ^las the surface tension T. Some of the energy is used in in- 
creasing the internal energy £7 by dU, and aoroe in perfoiroing external 
worlr d}y. Ry tbo first law of tbcirnoclyuamics, 
dH<=dn + dif. 

Now the external wort dir done tbe film .as tha result of tbe additinii 
of heat 13 — TdA, where dA la the increase in area. For when a fdm 
is stretched by dA, work -f-TdA, which is numerically positive, is done 
OJi the film by the operator, that is, —T dA is done by tbe film. Hence 
dH^dU~TdA. . . 190) 

By the second law of thennodynamics, 

= . - ( 91 ) 

•rnr m rintailed cxpr,sitiotl soe Bobena. ifai# ami T/wr-maiiturniai. Ch»p>- Xll 
and XIII 
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where d4 is the increase in entropy, if we suppose the heat to have 
been used \ip in peifonrdng reversibie pKic<sscs only. Now U, B and 
may be regarded as fanetions of any pair of variables connected 
OTth the film which we care to scleot, and hence V — F, say. 
is also a function of any pair of vnriables. Differentiate F. Then 
dF^iW ~B^~4,ie—TdA — 4>d6. . . (92} 

Since dF is a perfect differential of F with respect to A and B, it 
follows from equation (92) that 

Since d<fi ~ dS /$, 



Physically, this equation ineaua that when a him is stretched iao- 
thennally, heat must i>e added U> keep the (emperatnio constant, and 
this heat, lookoned per unit increase iu area, is equal to the product 
of the absolute tenipemtuie and the t^pecatuie coefficiont of eurfooe 
tension, with its sign changed. The product, mU] tho sign changed, 
is numerically positive. Now when tl^ area of a £lm is increased iso- 
theimally by 1 sg. cm., work equal to T ergs is required to perform 
the strotcliing, and energy equal fo —Oi^T/ddjj must be supplied 
to keep the temperaiitre constant. We may suppose that both these 
amounts of energy are contained in the new portion of him, 1 sg. cm, 
in area. The f.otal energy in that I aq. cm., as far as surface tension 
is concerned, is [7„ say, and is equal to 


T- 


(95) 


Every square centimetre of 0 large film may bo supposed to be produced 
by stretching, starting from a film of negligible area. Hence Vx = 
T — B(dTldB)j^eoa»t. is the total surface energy per square centimetre 
of a film of any size. T, tie surface tMision, is called the “ free ” or 
“available” energy and — fi{3ir/9^).rfcoiiBt. i® called the “bound” 
energy. In the case of water at 15® C., T is approximately 74 dynes 
per cm., and — 6(9T/35)^eowit. “ approsiinately -f-4a dynes per cm. 
The second term is important. (On pp- and 148, we neglected it, 
thereby assiuning that the enei^ it represeuta is taken by the film 
from its surroundings, to maintain a constant temperature.) 

When a film, like a soap film in an ordinary soap bubble, has two 
faces, tho total energy has the form 


. . (RQ) 
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as. Eelations conneciii^ STutace Tension nod Other Quantities. 

(1) Alacl(Kd a large number of ron-associated aub- 

BtanccB, with a wide range of chemical properties, obey the empirical 
Javr 

T-=E(pi~-p2Y (97) 

over ft wide rnnge of temperature. Ifcie T is the Burfacc tenFion, K 
is a constant for a given subetaoee, and p^, p^ are the densities of 
a liquid and its saturated vapauc at the temperatiTTe at which T is 
measured. 

{2) ^u^dcH’a Porachor. — Even more important than Maxdeod’s 
relatiou is that ol &ugdcn, namely, 

Jir> 

“A constant, .... (08) 

Pi~- Pt 


where T, p| aud p, havo their previous meanings and Jli is the atomia 
weight of certain elemcote or the molecular weight oi certain raolenulea 
or groups oi molecules The conataat is called (he yarachvr oi the 
particular atom, molecule or group concersed, and is pcoportionsl to 
the molcouloT Tolumc The coustnney is meintained (1) during tem- 
perature Tariations oi a single substance, (2) when the atom, molecule 
or group concerned is trausierred from one compotmd to another, 
For example, atomic hydrogen, represented by S, has the same para- 
chot, 17-1, in a largo nun^^ oi compounds For substances wluch 
axe saturated in the chemical sense, the parachor u an additive function 
Thus, as we proceed along tfie paraffin scries, the parachor oi the whole 
' ' ’ ' , group CITj is added, that 

The parachor of molecular 
• n times the parachor oJ 

uria nom me paraenor of a paraum witn uio formula C„nsr+«, and has 
the value 34-2. For a la^c number of compounds it has been found 
that the parachor derived from the egression ca'> he 

calculated by adding together two seta of uouBtsmts, one for the para- 
chora of the atoms in the molecule, Uie other for the constitutiocal 
influeccBS of uosotuiotsoa *nd ring closure. Thus constitutio^l 
factors such as double bonds, triple bonde, and rings have a definite 
parachor which is independent of the atoms or groups conwrued. For 
example, a double bond has tiift same pacoohor when it exists between 
C and C, 0 nod 0, or N M»d 0. Provided the bonds of a six- 
meiubered ring remain conatantt the total parachor of the boeda 
reroaina constant, even though tie identity of the groups changas 
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36. Molecular and OLber Theories of Capillarity. 

From time to time attempts have been made to esplain capillary 
phenomena in terms of some fundan^tal property of matter, e.g. 
a law of force between partsdes, without iutaroduciiig arbitrary ad hoc 
hypotheses. One of the most celebrated is that of Laplace, a brief 
account of which will be given here. 

(I) Laphee’s Theory . — It is assumed that every particle of matter 
in the uruvereR attrju-.ta every other particle with a force which is 
some function of the distance apart. The precise value of this force 



Fie.4« 


la not stated, but it is assumed that when tlio distance apart exceeds 
a certain limitiug value, called the range of molecular action, the value 
of the force becomes n^^bly small and is reckoned as zero. 

AUraction of a Spkire on a Oylinier resting on it . — Consider the 
attraction of a sphere of matter of density p on a cylinder of the 
same matter resting upon its surface as in fig. ^I- 

Let the cylinder have a cross-section of area 1 sq. cm., and let 
its he^kt be (Ji — E) om. = A*. In particular, consider the attraction 
between an element of matter, of volume ■j^sinSdrdBd^, near the 
point P, and an element of the vertical ojdiader neat the point Q. 
Assume the law of force to be such tiiat particles, each of unit mass, 
whose distance apart is x cm., esert a force on one another, in the 
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direction of increaabg of valne ~d7j(ir)fda; d>TieA, or, in other 
words, that the potential at a point x caj. irom unit maas has the 
vnlnc Let FQ = xtm. and let OQ=^z cm. The potentia) 

cDCTgj of unit mass at Q, due to the dement of volume r* sin Sirddd^ 
near is therefore Tits total potential 

energy V of unit mass at Q due to the whole sphere is 


•\-pJ ^’ff* r*drj^ Fx(*)8m0ii 


Ifrom the figure, s* =**+»* ~ 2w oosd, and Lance z is a function 
of both r and 6. Treating z and r as constants, we Lave, by differen- 
tifition, xdx^ it ^9dd, andsioce during lie integration with respect 
to 6, r and s arc regarded as coDstast> we may substitute for sinCdfl 
tho value sdx/tr and rearrange the eipreasion for V, as follows- 

The limits in the last integral are t + r and z — r, because s Las these 
values when 6 =■« w aud 0=0 respectively. Further, 

y* d^= Sir. 

Heaea 

p =. +2i,jr' (»)»&. 

Let 

J^T,(xpdx= (100) 

where ^ is any lower limit, and let J Fj(a)a:<J® — Fj(®). Asaume 
that whan sc exceeds a certain limituig vdue c, the poteutial energy 
of two molecules or particles due to their pmxiniity vseusLes In 
symbols. Vi(x) ^ 0 when *>0. In this case Vifs) = 0 when n > c. 
Assume that the radius of the sphere is so great that * yb r 's always 
^eater than c; « — r is sometinica greater than c, sometimes lees tbao 
c. Then 

f* 'v^{z)Tdx — J ^ F,(a:)a: d®, 

sunce s + r and 00 are both above fiie hmiting value c. Eenco 


f‘*'Ty(x)xdas= F*(z-r). 
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by (100), and 

. . . (Ml) 

Tie force on unit mass at Q actii^ towards 0 is -j-dF/Ss:. Tke force 
on an element of the cylinder, of li riglit . de, of crosB-seotion 1 sq. cm., 
aud of mass pth is 

fiV 

+ ^P&, (102) 

acting towards 0. 

The total force F acting on the whole cylinder of height h — R. 
say, is 

/•*9F , 

J. sT '■* 

= — f)rdr j 

S^p’ { J jf - ,)r* - ll'uh - ry*) . 

In the second integral (h — r) occurs. Now (A — r) S (A — R)- Assume 
that the cylinder has a doitc length h — R, which exceeds the range of 
molecular action c. Then Fj{X — r) =» 0, because (A — r) g (A — fl) > 0 , 
and the second integrat is zero. Hence 

Put R — r — r. 

~ 2,p*jf 

which may be written 

y-ir-l (103) 

In an analogous manner it may be prowed that on a similar internal 
cylinder the force of attraction is 


(104) 
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Comm/nts, — (1) IVbca Ji is mfioitF, 

^’= =- X.,aiy (100) 

TIeoce tlw taj^eMion denoted by Km, hi tiie Mtrtctjve fcijce per imit a»a 

. d CMC. we see that J a 

rge mass of liquid, die 
. , » sxerts on that oa the 

ftthar side is Em dynes per aq. cm. Since the whole liquids or env cvlmder oi iti 
la in eqiiilibnuro, it may be assumed that a tepiilsiee foree exists u tvell as an 
attraction, and this repoIaioB also amoimM to /r_ dynes per aq cm. An extemsUy 
applied preaaoro acts la addiuoa to these lorcai. In this coimexioa, Em is often 
called the '* Intrinsio preaaiuc *' of tbe hqnid. K, has also severs] other inrsmrss. 
Jt 19 approsiinately equal to the mteraol latent heat of evaporatiori per unit 
volume of liquid. Furtlier, tie Unn «/ip* lo Van der Weals’ equation of state, 
^ + a/v’Jfv — &} M ^;Cl, is also equal* to Em- Km a oIm the “(ccsiia 
atreugUi " of a iiqujd. i.e. the force pvrsq. cm. requiml u> pull apart a rokuas 
ol liquid, tree liuin bubbles and duaolved gasea. For liquiila at orUjiiary teupen* 
tvea, Em has a very high value. For water ^ 1 IXi x 11^° dynes per sq. 
cm. apprcsimately. 

(2) Txeept when Jl < A ^«s A'». Hence irben E >e we may regard E/S ts 
tlo ropnlsiTO force introduced by (be curvature of the surfece, oras tSe attmtive 
fores eierted when tbo pLano-coneiive leu abaped portion of epaee L between tbs 
■pbere and the tvigent plue BS u llUed u-iib Itquii In $ 31^ p. ii7i ft has 
been rttown that fivsi ssoUivr point of new, oaoivly, the asnioipbos of ths 
■xlfteDve ol a surface dfu iviUi a eurface tension T> the intenei of a sphere of 
liquid may be supposed to possess an eicess pressure with respect to itp eur- 
roundings, equal to ZT/Il cWpann); the two pmsta of now and the eapreesuns 
derived frnm tlwm. we see that iT/S is eqaivakat to S/S, i e. 7* « ^0 or 

r -- wp»y^ K,(s)s<fe. (106) 

(3) 11 iho sphere is composed ol a substance oT density p, and the cylinder of 
density p,, it is olo.ir that the factor p’, in the various expressions, must be 
replaoed by p,p, Xtus spphes to the case of a liquid in contact with its owo 
vapour. 

Calnilalicn oj a Ltniir Ltmti fnr lAe Kanft qf iloimdar Action Ciloung) — By 
equation (106), the surface tennUD T may he wntlen as 

r- itp'y*Prfs)sd», (lov 

where 8 -» JJ — r. B length, ^ 

Although 8 may have any value between 0 and ft yet if it eicerts a, (’ ,(») =■ W 
by as carJjw assumption AH the vnlnea ol a which do not make r,(r) 2ero Jie 
hetweeu 0 and c, and in this rcgiOD a > A Hence the expression 

wp*y^ »'J»)eds 

Is always greater Chan 

•Seep. 11®- (ft » Che 6»» 
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Hence T is always less tliaa V^«)6ds; that is. 

Vi»)dt, 

bIucb c is a coiwtant. 

Now 2jrp* J Vt{e)dt is the £„ <rf eqnatioii (106), Roncc 


«>^ (108) 

Hence 2T/K^ is the lower limSt of e, and this may be calcnLatcd by substituting 
aamnrinaJ values of T and X derh^ Irom cvporimeat or tboory. Feu water 
the lower limit works out at about 6 x iO”* cm. 

(4) From equation (106) we see that on eveiy square I 

oe&tunetieof ^esurfaca^afluidwithaplaneboundary | 

there is a fotoo ditectod towards the iot^or along the p-^Kte 

normal, of value K^, whfeh can bo written in the form '■■■ ' ■ 

Bp’, wheru <»=> STtjf Ft{4)(b. This force is due to the 
attiaot^on of the rest oi the fluid. Now, to an external 
obsorver, the fluid Is exerting an mitward pressure p. 
say, which Is measurable, tbat is, there must l>e an 
estomally applied pressure p to keep the fluid in place. 

This pressure is applied at tbe boundary. A cylinder o{ 
unit area, such ae is shown in fig. 42, witb one end in r 

the surface and the other in tbe interior of tbe Quid, is | 

in equilibrinm. On the outer face there ie a total R^e Fig, 4} 

p + directed towards, nence on the inner face the 
pressure Pk> 2> + Ea. Thte accounts for tbetenna/v* in Vandei Waals’ equation 
of state of a fluid. 


(r+ 


for the Of the present section is ap’, whi^ can bo written ae n/v*, where v 
is the specific volume. 


(II) Van Her Wools' Theory . — lu Laplace's original theory the 
precise forms of the functions F^fa:) wsd Fj{e) are not stated. In an 
exteusiou of the theory by Van der Waals, it is assumed that 


Fi(x) = - 


(109) 


where A and A are coDstants; A is called tlio radius of the sphere of 
molecular action. Hence in this case 

Vi(x)=f\{xycdx ( 110 ) 


= — /f Ae"*!^. 
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Also 

— 2Trp*Ai? &ad H»=—2vp*AX^. . (Ill) 

Some of tlio poluts in Uie theory from which these expressions are 
deduced arc Bummarised below. 

liiplue's Chsoiy sad other tbeorica ±re iatxnnplebi in Txrioiu v^yi. Pot 
ezmupla. attraetive forces hotweea mokeul^ parbelrs, nt Tnltime elnnenU are 
not tbo only fuicee in operation inside a flnid. There are repulsive foreea, for 
ezampte, (a) those wliiuh arise when an attempt is mods to superpose one particle 
on BDOther, and (h) those due to the thetinal a^pteQaa of the molecuke. Further, 
the equilibrium of a fluol is detenuined by ile “free " or “aTsilable" energy, 
not by tlie total potential energy of tbo aUiaeUvs forces. FinsUy, the ilenuty 
of a fluid it not constant throughout iU wbole mass. 

Van t}rt 1Vaa{j tabes some of tbcee poults into consideratian. InsCstd of 
Msuming that the boundaiy betveen a liquid and lU vapour is mrrely a gesraetn* 
Odl surface. Van dcr Waala aasurnca that a transition layer exists, in which tha 
proiicrtlos of the ' ' • ‘ ■' • « ■ r ,i / ^ 

liquid to those of 6 ' • ' 

of eitramcfy thin 


to the etprrasioaa in equations (IIO) and fill), but tbs foil dstaili 

eanent ho glvsn here. 

Bahker, la contrast to Van dor tVaals, ossumss tie existence of s trsnsitioa 
layer betwesa Lquid and vapour, lo which llie density vanee eontiauouily aceord- 
ing to tha iBothennal law ootoioed by Bshiog the temperature ecnstsnt in Van 
der VVaoU* well-kuonn e^usUoQ of ctate. Ue Uien dedueos the total energ; 
in the libu , &On to • similar iDsnoer to Van dcr Waals. 
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Surface Films 

1. Surface Films of lasolaMe Substances. 

A surface film of a substance 4 on a liquid B in wHch it is in- 
soluble is usually obtained by dissolvii^ a small quantity of .4 in 
some volatile solvent C, and then dropping a little of tlie solution 
from a pipette on to tbe Burfaco of B. \^n the whole of C has evapo- 
rated, a surface film of A remains on B. For example, A may be a 
fatty acid, B water, and 0 benaene. Four types of such films have been 
found to exist. 

In order to describe the properties of the films, N, K. Adam and 
other authorities use the concept of mface pressure, derived by analogy 
from the kinetic theory of gases. Ihe films are nearly all only one 
moleoule thick, and each molecule of a film, or aesemblage of molecules, 
moves about in a two-dimensional region, colliding with other molecules 
and with the boundaries of the surface. The momentum imparted to 
the boundaries per cm. per second may be regarded as a force per 
om, length exerted “ outwards ” by the film. This is the so-callcd 
mjm frtmrt of the film. This force per cm. may also be regarded 
as the difierence of the surface tensions of the pure solvent and of the 
solvent covered by the surface film, and is dtm to the presence of the 
film. In symbols, the pressiure where Ti and are 

the respective surface tensions of the two liquids. Further, if the 
solution changes in strength, dP = — df,, ance Tj is constant. A 
method of measuring this force is ^en later (p. 185). 

(i) Gaseous films. 

The first of the four types of film to be discussed is the so-called 
gaseous film, in which sin^e molecules of the substance move about 
independently. In a perfect gaseous film the lateral attractions of 
the molecules on one another would be zero aud in actual practice 
they are small. The molecules have properties analogous to those of 
molecules in a rarefied gas or of molecules of a solute in a dilute solution. 
They exert a pressure by bombardment of the boundaries. The dimen- 
sions of the film pressure are those of force per cm., whereas both the 
pressure of a gas and tbe osmotic pressure of a solution have the 
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dimeosioas of force per sq cm The raoieculcs of such a film are pre- 
vented from emergiog normallf from flie suffice, that is, from evapora- 
tion, bj the attraction ezcit^ upon them by tie molecules of the 
subjacent liquid; this, hotreTei, is not very great, or tic ftim woidd 
dissolve. For example, in the case (vfaen films of alcohols or fatty acids 
floaton water, tMs attraction is due to end groups suci asOHorCOQH, 
which are termed AyJrc^iht 


It is converu^Dt to exhibit the proiicrUes tif thiae Glme by graphs (fig. I] 
In whieh tba ahsews* is tha pmtsiirn in dynes* per ea. and the orJinaCa tia 
ptodttot CjI preasura and area per moleeutc. the tcmpcrotorc baujg eonatact. If the 
film were prriect, in the Bense that a perfect gaa is perfect, the product PA TOuld 

In practietA e.g, Sot films of certsis 
raters n( the dibasic acids on irater, 
which approach most nearly to the 
perfect state, tbePJ-^F cwph starts, 
(or tenpcratuies near 1B°0. and for 
fi* • 0. at »■ puist where FA u about 
400 K IIT’’* dt-ne^ciB , whioh is tbn 
value for a perfect gaseous film at that 
tsEnperaliiTs. The gmpL thee descends 
« little, but sooa b«sdr upwards sod 
coolinues almost at a utrai^t liue, hha 
tbePF ~ P ^pb for real gases. 

The value uf the product PA for a 
perfect gaaenus film may he ealoulated 
as foDowe. By the thMrem of eqoi* 
partition of energy,* We may assign to 
^ * every molecule of tbe film a kmetic 

PdijnU OCT enu eneipy ol JkO s^s per degree ci 

Fig I frcolnm, where k fa fioltanana'i cen- 

etant. 1-372 X 10“**. U \*e assign t>ro 
degrees of freedom to each znolecule, emce it can only move in two directions, 
the Wnetle energy per molecolo b 1-372 X I®”** X 9 ergs As in tie elemenbuy 
kinetic theory of goacs, bot replacing /’t' by i'A, sm got PA -» 1 372 X 10’“ X 6. 
where A is the area per midecnle m eq. cm. At a leaiperatuce of 18“ C 
(=291" K.). PA n. 300 3 X !{>->• ergs. 

It is proiaile ttat in tie gaseoua filnu of loDg-chasn molecuJtis, 
tbcac moleculc.t lie with tbcir longest dimension more or less parallel 
to the surface The characteristic features of a gaseous film are that 
its eurface pteasurc remains continuous down to very low values at 
very large areas and ^at the value of the pressure is stjH given by 
PA = k9, when P is very tnnail 


(li) Condensed or “ coherent "ftms 

This type of film, which fa mach nwro cocomoa than the fast, is 
composed of groups or “ islands " of Hwdeciiica adhsrii^ to one another 
but Beparated by relatively l«ge areas I<'i» tic gaseous film, thit 
kind of film is only one inol«nde fiiick. Individual molecules leave 

i!>, Oynarmcaf ni«o»y efOatn, stcUona 09 Bad 100, 


'Pee. I' 
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the islands at rare intervals. The snrfaoe pressure exerted by the film • 
on tliB boimdsiries is dne to iKunbanlment by islands, not by individual 
molecules. 

Such dime may be demonstriited experimentally by dropping a solution of 
triolein or oleic acid in a volatile solvent on to the sucfsce of clean water. 



tie. a 


lUui. Graph 1 roprosents the bebAvionr of a film of a i^tty said on old distilled 
n-ater. For moat of iU length It Is a uteaply-lnolined straight line, rrith a sliott 
rounded part at tiie lower end dne to certain experimoatal errors. The straight 
part when produced meets the hnizontol axis viieie A =■ £0'S X fO~te gq. cm. 
per molecule. It is probable that in soch cases riie cross-sections of the end groups 
of the long-chaiit componndsaflectthecloecncssoftho packing. If the end groups 
have iatge volumes under low pnssuies, they will prevent the chains from packing 
tightly together; hut. if the end ^oups are compresmble or can ba *' tucked " 
away into recesses in the chains of neighbouring moieculcs, increasing pressure 
u-ili produce changes in area such as are represented by the lets steep part of 
graph n. 

Pursuing the analogy between the behaviour of Burface films and 
that of any working siibsteoce nndeigoing pressure and volume changes, 
we now see that the condensed films are analogous to liquids. The 
passage of a condensed film into a gaseous one is analogous to the 
passage of a working snbstaocc from the liquid state to the gaseous 
state. Such changes take {dace at very low surface pressure.s, namely, 
pressures not greater than 0-3 dyne per cm. 
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Pot films ol lattj’ acMs oe mtter, tbs ecJmiwtlQg piesauro and stpa 

•how just the same featurra m Andrewef isothcnnsls /or carbon dioiide* below 
the critical point, namely, an almost vertical straight part correepondiog to the 
condensed film, a horiioritai part Tepreseatmg the change oi sute at constant 
pressuw, and a eurved part reprcnmtii^ tfie gaseous state. The curve* /or myriatic 
aod tridecylio acids are shout) la fig, 3. 


(iu) Expandtd Jilms. 

lierft arc two tjfpes of film whose properties have no nnnlogy with 
those of a tlirBc-dimcnsional wotldng substance. Their properties are 



intenaediate between those of the condensed (liquid) and gaarouslllms 
They aro calJcd “ liquid expanded ” and “ vapour expauJed ” films 
reapectiTely. The churscteTjstiis features of the liquid e^anded filma 
are that their area per molecule approaches a conatont value when 
the ptesBure becomes very low, and that Uiey then have a constant 
surface pressure. 

An ssampla of a P — A graph /wsuchahtais* shown in fig. 4. Lil repreasots 
the stale ut very low prevsor^. Uff leprescnta the film in the liquid expandeii 
elate NOQ tepresenU the gradual change Irom the Uquid eipancled to the 
condensed state. Filitu! of niynstio acad <» dilute hjdrochlono acid show such 
propertjoe at tetaperalaraa near 10* C, 

The characteristic feature of vapour expanded films » a gradual 
expansion, bub not to a limiting area or surfiice pressure. This behaviour 

* See Eohects, lital. aai Thawaliftlamlet, Icnnth ediLioa, p- 106. 
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is shown bj films of ediyl pahnitate on a dilute acid. The precise 
arraiigemeut of the molocides in these films is still unlmown. 

The type of graph representing tire bdiavioar of a TOpour expanded 61m is 
shown in fig. B. 




With some tuat«ria1s, micb as eoiRe protoina. monotnolooiilar 61tna on an air- 
water Interfiboe cannot he le-ezpanded if tiie oompreecion exceeds a certoia limit. 
In the Devans oSoct a solid Rbroue thread is produced on coupreeaion. 

2, Measurement of Surface Pressures and Areas. 

The most seneitiTo toetbod used is one doTieed by Langmuir and improved 
by Adam. The cspmments are conducted with films fioating on a liquid con- 
tained in a shallow reotangul.v bioas trougb (fig. 6). In a certain case the trongh 
measured 60 cm. x 14 cm. x i'S cm. iniarnaUj, and the sides were I cm. tblok 
and ilat on top. The liquid in the trough ie cleaned before a film is formed, by 



drawing “ barriere ”, i.e. strips of plate glass, over tbo liquid eitrface to “ scrap® ” 
it- When the liquid ie water, the baoief!) and tops of the edges of the trough 
are coated with hard paraSiii-was (0 eidistanco which docs not contaminate 
water) to prevent the film creeping past liie banieis. 

The pressure of the film is exerted on a float, i.e. a vortical plans sheet AA 
of wased copper foil, which oxfamde almost the wholo width of the trough and 
dips into tho liquid- To block the at each end of tlio fioat, thin platinum 
ribbons about S miu. wido, atiaehed to tiio main framowork of the trough but 


free at tbts oth( 


(CWAP. 


SURFACE FILMS 


depcadcntJy iboTO the tho torvcm »'tn» to tb« stii'Br'inre wireb 


I«ngtb. Ak^ui, thiA Ibruat ib<iI«it4i« 0 by tb««(I«cUre l«ogth of tbe “ ann" luOoaii 
the liletr tension «ue to the tonioii wire uiees the aomeDt of the Uinwt itlout 
the axis of the tomoa irire- Wbeo {bv float it in lUi tquMifiuie fmilioa iiadti 
tlie t-wo force*. 

mya, f* fla^ 

wliwe nijiiti is the rnoment of tho forces corretpowlioj: to the eetiiel lomon-bced 
()rflc«tion if required to keep the fleet in itn equilibnuzri position, P is the film 
pressure to ho rncnsuted, 1 1* the e.ffeociee leixglh of the float, ana d| (s the acrs 
or perpendicular from the axis of the torsion «nre to the line of aotioa of the 
resultant thnst of the film. The area of the film is the ersa of the reotaagle 
brtweon the float and the next bamcr 

An appaeatii.s of thi« kind will meauite preasiiers down to 0 01 dynea per oiu 
After the area is altered hy moringa barrier it is necessary to make quick tesdjngi 
in order to avoid eontarnination, especially at very low surface pressures. 

3. Setfsoo rilms of Solaiioos. 

The etat« of concentration of tte surface film of a solution is u.-suaHy 
differeut from th&t of the general body of the liquid. In fard, tie 
concectiatioa in the film is governed by tie genoral law that a me- 
chanical system free to move will reach a etato of equilibrium in which 
the potential energy has a miruiiium vtdue In particular, it is the 
' >• . ; I .. I — “hich Las a minimum value 

, • (p. 173). WB tea that the 

, > fcJiQ free surface eneigy- 

In a eyatem consisting of two cantjunmntB, e g a solvent and a 
solute B, the surface CIm e richer in that component which reduces 
,the free surface energy to a minimum. ILe general name of odswyfiw 
is given to the alteration of concentxation of a component in tnc 
suiIaGe film of a Kquid, protinced by any cause. _ Tie terms podilive 
adsorption and negative adsondfoo »t® used t* indicate the increase 
sad decrease of coaceatratjon pi » ewnponent, 
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4. Gibljs’s Aasorption Formula. 

The quaatitative relation connecting surface tension and con- 
oentratioa 0 ! solute in tiie surface film and in the main body of a 
sohition is known as GHAs's adsorplian fortmtla. In order to derive 
it, certain definitions are required. 

Consider a system consistii^ of one solvci^ and one solute. Let 
the total volnme be v c.c., the dilute temperature P, the total entropy 
4‘ e.g.B. urnte, the surface area A sq. cm., the total internal energy 
of the solution (inohiding the BUt&cc film) U ergs, and the surface 
tension T dynea/cm, Let the solution have an osmotic pressure of 71 
dynes/aq. 001 . Apply tic first and second laws of thermodynamics 
to this system. Let an elementMj quantity of heat dll ergs be given 
to the system and let it he used in ineceasing the area of the sarfsce 
by dA 81 ]. cm., and the volume by de c.c. By the first law of thermn- 
dynamics, 

iH^dV + pdv-TdA (1) 

sinoe +pdiv and —TdA represent the contributions to the external 
work done by the working eubstanoo. By the second law, if all the 
energy is used in performing reversible processes only, 

( 2 ) 

Hence 

dV‘^ed4,-pd»+TiA (3) 

Wo now introduce O, the tbermodynamio potential at constant 
temperature and pressure. As is usual in thermodynamics ", 

<P^V-0<t>-¥pv. (4) 

Difierentiation gives 

= dtf — + vdp, . . (5) 

and, by (3), 

== — d>dB + TdA + vdp ((3) 


If the system is kept at constant temperature, 

dd=sO and d^= TdA + vdp. 

Now d® is a perfect or totri differential of <I» with respect to any 
pair of variables such as .4 and p; hence, by tile properties of such 
differentials, 


<'> 


‘ See Roberts, Ucal atld TAermod^ntici, hutth edition, p. 381. 
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Let the total volume « of solutioa (represented by LMNO in fig 7) 
contain n cmrnracK nf solute JJraw an arbitrary LorizDnt.i,i pliicie X¥ 
j j. aciosa the lit^uid very near the top, bo as 

y to cot off a portion LMYX of negligible 

^ volume compared with ZJUNO. Call the 
portion LMYX, thus defined, the surface 
film Let there be m grammes of solute in 
LMYX. We write this in the form m — ^4*, 
where A is the area of the surface film 
perpendiciilar to the plane of the diagram. 
Uehned in this way, and reckoned in 

Q I - - — -l j</ gmnuaes per eq. cm , the quantity * is 

Fi| 7 called the excess concentration in the 

sitrfooe film, nnd has the rliincneiouB of mass 
per unit area The concentration in grammes per o.o. of tho rest of 
the solution, by the defmiUon of concentration, is 
mass 

— 5 w e, any, 

volums •' 

ft — n—Ax n — 

™ volume xYNo “* t»— voirii/yx “ V ' 

since LMYX is small compared with «■ lienee 

n-4* 


Substituting from equation (d) in equation (7) and noting that ^ is 
constant when c is conblant, we find that equation (T) becomea 


’/accut. \S^/»tOIlBt. \3lf/cc 


Assume that the solution is dilute and obeys van’t Hoff b law. 
p = Eiffc, where 

„ __ DTiiversal gas constan t (^) 

^ molecular wt. of solute 

Then if 0 is constant, dp = li^Odc and 


/^\ ^ 

oonrt. ouii/it 


Comparing (9) and (ZO), we get 
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This is the so-callcd Gibbs’s eqaation in 
general form of it is 


* — 


R^e da’ 


special form. A more 


( 12 ) 


where o is a more gener^ quants^ c^ed the “ activity ” of the solute 
in the solution (and rednees to c in the special case). The a: of 
equation (12) is the ezeees concentcation in lie case of a non-iomzed 
solute. 


5. Gibbs’s Equation in the oase of Ionized Solutes. (Theory of 
G. N. Lewis.) 

In contrast with the last case, we consider s solution in which the 
solute is ionized. We assume, as is often done, that on the surface of 
such a solution thm is mr electric double layer, 
caused by the positive and native ions. 

In tins case the two faces of the suifacs film 
are charged with jKisitjve and negative electricity 
respectively, and form, in efiect, a ^a^ed electric^ 
condoDser (fig. 8). The film ^etefore po-ssesses an 
additional feature, besides those postulated in the 
previous section. Let the total charge of each 
kind of eleotrioity be Q oi.n., in each ca«i dis- 
tributed over A sq. cm., and let the potential 
di&icnce between the faces of the film be V e.3.u. 

If an elementary quantity of boat dll is given to 
the film only, an elementary charge +<^ passes 
across the film from the n^ntive face to the positive. During tJjis 
process the system has work -|- VdQ ergs deme upon it, that is, it does 
~VdQ ergs of work. As we arc considering phenomena in the film 
only, the external work done by the osmotic pressure will be ignored 
in the following equation, whi^ represents the first law of thermo- 


dynamics apjilied to tie film; 

dB = dU-TdA-VdQ (13) 

If we assume that no heat is used in porfonning irroversibb processes, 
the second law of thermodynMnios gives 

ds^ed^. (W) 

Hence 

dU^ ed^+TdA+VdQ (15) 

For such a film, the thermodynamic potential at constant electrical 


potential (instead of pressure) and tcmpHsiaturo is 

d>=cr— 



(16) 
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On differentiating and subsUtuting from (15). ■we have 
do = r<Li — QdV, when 0 is r.ouBtant. 
Sinc5c dO U a perfect difEeiential, 



V}c now aaanme that when the charge dQ is carried from one face 
of the film to the other, it is the net result of the motion oi a mass 
<f«3 grsmnies of poaitiTO ions carrying altogether -f-dQ e au. ic one 
direcliou, and of a mass dm, grammea of negative ions carrying 
altogether — dQ aa.u. in the other. I.et the electrochemical eqm- 
valents of these iona be «, and r<^cctivcly. Then, by Faraday’s 
l&wa of electrolyaia, 

rfnij — «,rfQ and rfQ=s^, 

<1 

— and dQ -^^. 


Substituting these values of dQ m turn in (17), we have 

(ZT 




= „ i 
« _ i 


( 18 ) 


( 10 ) 


The espression ( is intecpieted as the increase in the ni.vsB 
\d-4/rcw»t. 

of positive iona per unit increase in area of the film at constant 7 , 
that is, as the mass of catioos which enters every new square centi- 
metre of area produced by etretching the film; in other words, it ia 
the excess concentration of caiioosin the film. Similarly ^ 

is the excess concentration of miiwia in th« film. The total excess 
“ electrical ” concentration is the sum of these. 



ail equation which also apphea to tho electrical double layer at 
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i-iooized and 


interface. Tlie total uxess concentrslaon due to non 
ionized solute in a surface or inter^icial film is 


RiB\de/^a,^ 




Quantitative experimental tests of this equation have not yet been 
made. 


6. Fressoi^Aiea Relations of Surface iBlms of Solnfions. 

(a) SzyszhoiBski’s rchtion. — For certain aoinfcions of those fatty acids 
vhich contain from three to sis carbon atoms Szyszkowsld found an 
empirical relation, which may be stated thus: 

''=« 1081.(1 + 1) (22) 

where P Is the surface pressure, a and arc constants far each acid 
but aio dificrent for dificrcot acids, and c is concentration of 
liquid in grammes per o.c. 

(b) PA = kS . — We assume that Gibbs’s adsorption equation applies 
to these solutions, which are oot ionized. That is, 

c dT 
^ H^de' 


by equation (12), where T is the surface tension. As in section 1, 
p. 181, df —dP, where P is Ae surface pressure. Hence 


x=» 4- 


c ap 


(23) 


Difierentiating Szyszkowsld’s relation gives 


dP constant S 

■§3“ (P + c) ~F+e’ 


say. 


Substituting in (23), we have 

8 c 

^~R^9(p+cy 


(24) 


In dilute soluticms ^ c and c/QS + c) = c/^. very nearly. Hence 
x=cSlR^e^ and ar/c is constant when 6, the absolute temperature, 
is constant- Substituting in (23), we find that dP/dc = a coostant 
when e is coustant = K, say. Hem» on integration we have 
P^Ke, 
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plus a constant which is equal to zero. Now x is tie number of grammes 
per sq. cm. in the surface. Ijct one gramme contain n molecules. Then 
nxis the number of molecules per sq. cm. Let^il be the area pet molecule. 
Then, since ni molecules occupy 1 sq. cm., sc= Also 

edP c^P 



Equating the two va/ues of z, we get 

Jl 

Ri0 ** An' 
and 

(20) 

n 

where J =•- — s-= Doltrmann’s constant, 1*372 X 10'”. 
n 

This shows that films of aolutinns of the shorter fatty acids are 
'‘gaseous" in the sense of p. 181< As the length of the molecular 
chain moTfitisMj the behaviour of the films diverges mote and more 
from that of the gaseous Ulms In some cases, in laot, they first become 
" cxjiandeJ " and then “ cuuOenscd 


Hbtekskck 

W. S Adaai, PAysiea and CAtmittry Sutfiica fCIaieaiioa ffrejr (1530}). 
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Kinetic Theory of Matter 


1. Introicction. 

One of the main aims of fliftaetical physics in the nineteenth 
century tras .the reduction of the various branches of physics to me- 
chanics and the ultimate explanation cf physical phenomena in terms 
of Nevton’s laws of motion. The kinetio theory of matter, and in 
particular the kinetic theory gases, affords one of the host and most 
successful examples of this method of attack. The application of the 
kinetic theory to liquids is discussed belorr (see p, 213). In the case 
of solids, the resulte can often be better obtained by quantum and 
thermodynamical considerations.* On the other hand, the classical 
kinetic theory of gases has suffered comparatively little modification 
and is therefore discussed here at much greater length. 

Since all gases obey, at least approximately, very simple gas laws 
such as those of Boyle and Carles, it is reasonable to suppose that 
they ell possess e common and simple structure. Basically, the Iriuetic 
theory rests on a still more fundamental hypothesis, the atomic theory. 
The latter dates back to the ancient Qreein and the Roman Lucretius, 
who maintained that matter is composed of a^egatos of hard, 
indivisible, indestructible, similar parts, termed atoms. The physical 
implications of the atomic tiieory were emphasized in the seventeenth 
century by Gassendi, who suggested that mere motion of the atoms 
might explain diverse phyacal phenomena wiriiout additional hype- 
tlieses. A further advance was made by Bernoulli, who deduced 
Boyle’s law on the assumption that the pressure of a gas arises from 
impact of the molecules cai riie waH of the containing vessel. Little 
development occurred in the following century, but the atomic hj-pa- 
thesis received strong support firom chemical theory, particularly from 
Dalton’s laws of the combiiung powos of the elements. It was not, 
however, until Joule’s classical work on the strict numerical converti- 
bility of inechanicai work and heat was carried out in 1S4S that the 
kinetic theory could expand and assume its present comprehensive form. 

•See, fotosample, J. K. Roberta, jffeo* flBrfr/ienBafyTWJmiM, Clap. XXII (Biackie 
i Son, Ltd,, fourth edition, 1951). 
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Tho first great advances, do® to CSausius in 1657 and sncccr'dmg 
^{irs, were based on the following assumptions, whicli still form the 
basis of nay elementary treatment ol the kmetic theory. 

(1) The molecules of a given monatomic gaseous elemcLt are 
regarded as identical solid spheres which move in straight lines until 
they collide with one another or with the wall of the coataining veesel. 

(2) The time occupied in roUision is n^ligible and the colhsioa is 
perfectly elaatfe. 

(3) The molecules are negligible in tize compared with the volume 
of the container. 

(4) Thera ate no mutual forces of attraction or repulsion between 
the mciccuIeB. 

Claushis also introduced the important conception of the mean 
free, path of a gas motecuJe, which is defined as the average distance 
traversed by a molecule between successive colHsions The qiiantitlas 
required for a knowledge of the properties and condition of a gas, 
therefore, arc (1) the velocity of the molecules, (2) the valun of tiis 
mean free path at S T P. (standard tcinpecuture and priiSBUie), (3) the 
number of mnicuules present in unit volume of the gas at S.TiP., 
[4] the diameter of a gas molecule, regarded as a hard elastic sphere 

The deduction of the gas laws by CUuaiua and the evaluation of 
root menu square velocity of a gas molecule by Joule, some years earlier, 
were made on the assumption that the velocity o{ all the molecules in 
the gas is the same at a given temperature. Slaxwell showed later 
that the velocities w%te distributed among the molecules according to 
a probability law Those aspects of the ^ctic theory, together with 
a ^monstration of the validity of Avogadro’s hypothesis, have already 
been dcnltwith in some detailintiussericsi* anditLas been shown that 

W 

where p is the gas pressure, p the density, and C® the mean square 
velocity of the gas molecules. 


2. Transport Theorems and the Mesu Free Path of s Gas Molecule. 

Although Clausius did not succeed in evaluating A, the. mean free 
path of a gas molecule, v, the number of molecules per unit volume, 
or a, the diameter of a gas molecule, he obtained tho useful relation f 


comiecting the three quantities, so that if two of them arc Imo^, 
the third is easily derived. The result was deduced on the basis oi a 
number of over-simplifying assumptions, but it must be emphasized 


TA/ritMKfynsniea, foartheditioD, Cliap I 
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at this stage that the ftmdamenta! rule to be observed in the treatment 
of problems by the kiiiettc theewy is to make the number of siinplifyiiig 
assumptions a masim\im. Any lednctioa in the number of assumptions 
almost invariably involves cnozmcmB complication in the mathematical 
treatment. In view of present ideas on the electrical structure and 
wave-like character of atoms and molecules, such detailed treatment 
is not warranted; the hiUiaid-baB atom is only a crude approsimation 
to reality. The xelatioa obtained by the mote accurate treatment 
usually differs from that obtained by simpler methoLls only iu the 
introduction of some numerical factor, which, however, may be 
essential when quantitativt companson is made with experiment. 

Assuming that all tie molecules arc in motion with velocities dis- 
tributed according to a probability law, Maxwell obtained the relation 


1 I 




( 3 ) 


Taking into account also the persistence of velocity on collision, Jeans 
derives the formula 


- 1 J-319 


( 4 ) 


ITinally, if incramolecular forces arc also considered, the fonsrda of 
Sutherland • may be obtained: 

^ 1-402 

™ 

where A is a constant varymg with the nature of the gas and T the 
absolute temperature. 


(i) Traiis-pori theorems: geiieral case. 

Consider a volume of gas. one part of which has some property 
(such as temperature) whose value differs from the value of that 
property in another region of the gK. Owing to the kinetic velocities, 
molecules will be continually passing from one region to the other, 
and a transport of the particular property will therefore be continually 
taking place. In order to determine the amount of the property trans- 
ported across unit area in the gas, tho number of molecules passing in 
any particular direction in unit time is re^uired._ The simplest method 
of averaging this number, known as Joule’s claesiScatioa, is to consider 
a cube situated in the gas. If the area of a face of tho cube is dS and 
f is the number of molecules present in unit volume, then, since there 
are no preferred directions, at any instant one-sixth of the total number 
of molecules in the volume wiU be travelling towards any one of tho 
six sides of the cube. 


• Sotherland, PSa. Itaff, Vd. 3^ p. EOT (1863). 



[ClKP. 


19ft KINETIC 'I’HKORY OF MATTER 

If c is the mean velocity of the molecules, the number passing in 
one direction across the area dS in unit time will bo ” 



Now on the average, the last ct^boon a molecule makes before crossing 
the area dS (normal to the z-axia) will have occurred at the mean 
free path A from dS. lienee 
if <? represents any property 
which 13 being transported 
across the area (fig 1) and 0 
is its patficolar value at the 
plane dS, the molecules which 
pass in one direction will hare, 
©D the average, 3 mine of (? 
given by 

those whieh pass is the reverse 
direction will have a value of 
<? given by Ths 

property is aesoined to have 
a nnifoim gradient over the ehort distance A. The net amount of the 
property transported in unit time is therefore 

= ivciK?A^'?. (7) 

' ax 



(ii) Co^matl of viscosiiy. 

iUaxwcIl applied cijuatioo (7) to cvaliiafcR the coefficient of viscosity 
of a gas lu terras of the kinetic theory, aurl was able to deduce a vahiR 
for A, the mean free path. Consider a gas flowing over a surface nt rest 
Denote the drift vdonity ol any layer parallel to the surfnee at a distance 
a by U (fig. 2) Then owing to the presence of viscosity rhe drift velocity 

ayer 

The 

molecules from below, however, will trunspoit a drift rnomerittnii less 
than mu, while those from above wtU transport a drift rnoiDentuin 
greater than this v.ihic. A ehange ia momentum is therefore con- 
tinually taking plaoo across the area, and by Newton’s second liw 01 
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motion this gives rise to the viscons force acting along the layer. 
Here the property G being transported is the momentum viu. Hence, 


applying equation (7), we have 

AS= J?, ..... (8) 

where F represents the viscous force acting across the area 33. No 
Newton’s law of viseosi^ m.ay be written 

« 


where F is the viseous force across an area dS perpendicular to which 
there is a vaiooity gradient du/dz, and ij is the coefficient of viscosity. 
Heneo from oquationfi ( 8 ) and (9) 

ijss|viP«A, (10) 

or, sines mv ss p, the density of the gas, 




(II) 


A much more detailed treatment by Chapman'*' gives the relation 
•ti » pcA; tho treatment by the elementary theory is therefore a 


vary satisfactory approxnnation. 

EsperinieuUl Uetermiuatkiu of n 
Bud p aud the evaluation uf c in (urm$ 
of 0 , the root mean s(}uaie velvcity 
(sec Dx. 4, p. which in tnm la 
given by cijimtion (1), thorofere aOoide 
B measure of the mam free path X. In 
this way Jlarwell showed that for hydro- 
gen at N.T.P. X = b85 X 10^ cm. 



I 


Examination of equation (11) I 
shows that 17 should be inde- f 

pendent of the density of the gas, 
since as p increases with pressure Fig. j 

A decreases, as is shown by 

equation (2). This impOTtant and unexpected result obtained by 
Maxwell allorded great support for the kiaetic theory of gases. 
Maxwell demonstrated the independence experimentally with the 
oscUlating disc (see Chapter XH, § 11, p. 284) and showed that over 
a wide range the rate of dampng is independent of the pressure. 
The relation fails at hi^ and low pressures; the reasons for the 
failure are discussed later (p. 201)- The relation has been retested 
more recently by Giichiist, usii^ liie concentric cylinder method: tho 
• Chflpmun, /Voc. JhV. See., A, Tol. 83. p. i (1916). 
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effect liod fictualJy been noted as early as 1660 by Boyle, who observed 
that the rate of daiTiping of a pend^uin was indepeuJeat of the gas 
pressure. 

Further examination of eqnatioa (II) yidda the equally remarkable 
prediutiott thnS, in contrast to liquids, where the Tiscoaity decreases 
rapidly with rise of temperature, the viscosity of gases incrra-sca as 
the square root of tie absoJote temperatare. Bipenmentafly tj is 
found to be proportional to jf'*, where a vari(« from 0 6 to I according 
to the nature of the gas The e&plaoatcoa lies ia closer consideratinn 
of the structure of the molecules and is discussed in § 4 (in), p. 211. 
(iii) Co^oeti! of heat tondwlion of o gas. 

_ We apply the arguments of the preceding Eection; here the property 
being transported is the beat energy of the gas. Hence 

<?=s»bI7,2’, (IS) 

where C« and 7 arc the speciRc heat at coDstant volume and the tem- 
perature of the gas lespecUvely. Substitution in the basic equation (7) 
thr.Tcforc gives 

A(?>^it^dSmC,^==A0, . (18) 


where LQ is the amount of beat transferred across area AS in unit 
time. Now the equation defiiung the coefBcicnt of heat conduoLion is 

.... (») 

where « ifl the coefficient of heat condoction and d7/J^ is the feai- 
perutore gradient. Hence fmiu equations (13) and (14) we hav® 

*f = |mi>cA(7„ • • 

or <f«ipcAO,. (16) 


Tlie experimental tsIubs for a are determine*! either hy the parsjel plAte 
method, aeinthe axperimeuts oT Uerroe and Lahy, and Eerous end Siithraland, 
or by thn crncentno wire and cylinder methed, »a ia the oetotmmationa of 
Gregory and Archer, and Kanmiliuk and Martin t vulues given by the two 
methods are now sufficienUy clone to Jhihcttto that the cspenmental value ot » 
clilfers Cwai that predicted by e^aatioo {1®} hy a foctor ^ 2- ^ 


not taking ploco in equihbnuni ’ 
of moIdcuJcs pasBicg screes the 
by viJS, whereas the raise of e, . 

molecules m a layer at a girmi diatanco fresn dS^ is dit 
bom high- and low-teojp era * n e c n^wnB- 


, for molecules eotijmg 


• He 

tKa 


a aud Sutbertand, Proa. Sog Soe , A. Vol 145, i 
ilvuk and tUitm, Pro-. ILn iSae,. A. Vol 144, p 


[> 699 (19S4) 
laedSitl. 
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by rhscrration of tb« rate of evaporatioa of tie liquid when the latter is eon- 
tabrj in a narrow verticai tnbe. The tube and liquid ere maintained at a 
constant temperature, a eucrent gf gas u> eant actoaa the open top of the tube, 
and the rate of fall of the lg»el of the liquid ia the tuba b ohserred. The 
method ja limited to liquids and is practicahle wet a small tcmperattiro range 
only. 

Tho cspcnmental reaultt for H, — 0„ H, — i{,. N, — 0,, Hj — CQj. and 
Ho — A show that the Tanation of !>,, with the compositioii of the nuxtuio is 
very much less than that predicted by eqoation (19a); various corrections to 
tho Simplo fnnnula, arLsing e.g. from eon.aidetatkm of the peraistence of mole- 


pliysicnl oharacterutios, eucb as tbennal eoaduotivity. Id the eipermieats of 
Harteck and SoLaidt.t para-hydrogen uod utvliiUiry bydrogeo were ouctataed 
la two resseb. eseli about a iselre long aud eeparateJ 1/y a lap Hie tap was 
opened for about teu louiutee, and the coaipoMtian of the nujrture was theu 
determined from tba valua of tba tbeioal cendiictmty, uaic^ an electneally> 
heitted retistance inserted is the sat and tba usuid Wheatstone bridge arrange- 
ment. oe in the Plrnnl gauge («ao { 7 (e), p 731) 

According to equattoa the ooeffioent of difltislon i^ould bo 
iuvtfrseiy proportional tu the pcct^ure, a result whksL is eourmoed bj 
esperimeat. Sluve p is iuversel/ propoctioca) to T and C is propor- 
tional to I’'*, the simple theory lomcates th^ Exporimect 

shows that D ac T', where s lies betwivin 1-75 and 2*0; q satisfhotory 
explanation has boon given by SutLeiiaiul on plnutuble grounds based 
on the kinetic theory. 

It will be observed that by equations (11) and (16) k = »)<?,; also, 
from equations (11) and (19), D — »)/p. llnre tigoTou-i averaging gives 
and Ds^frjlp, where e and / ure coinstants, each equal 
to about 1-4. Experiment shows that while the value tot f is m appeo-vi- 
mate agreement with theory, « is nearer 2-B. The valne. of the kiuetio 
theory in its simple fona, however, ’*■*” r**! — ■- 
which It establishes between divurei 

duntivity, viscosity, and diHusm, I' . - . 

predictions. 

3. Properties of Gases a( Low and JBlertaediate Pressures. 

The application of the kinetic theory to predict tlie properties of 
gaaea at low prcasuieB is of great importance, auica theresints ob aine 
form the basis for the design and operation of pumps and gauges for 
tJie production and measuremont of high vacua (An account of these 

• See Jeans, AjrnairuMl Tkeorjf cf OmpH® ZHt. p. 3Si (C.V P. 

t ZeiU./, rV Ciir«,. Vol 21. B. p. 447 (1943). 
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rs3 

is given in §§ 6 and 7, p. 221.) As the gas pressitTc is reduced, the 
mean free path increases, nntS at intennediate piessuies it becomes 
comparabie 'nith the linear dimensions d of the containing vessel and 
at low pressures it becomes madi greater than d. At lorr pressnrea, 
therefore, comparativelj few co llisinns occur between the gas molecules 
themselves, and collisions with the walls of the container become the 
governing factor. 

(i) Viscents forces alveTylaipyressures. 

Consider two parallel surfaces, of which one is at rest and the other 
moving in a parallel direction with reloeitj' All the molecules which 

strike the moving surface and then move in the direction of the fixed 
surface ultimately reach it without further collision, since X^d. 
It may he shown * that the number of molecules coming from all 
directions and hitting unit area of a sur&ce In unit time is given by 
II = i«. (20) 

Now nil the moleooles will commonlcate diSerent amounts of side- 
ways momentum to the fixed surface, according to the precise nature 
of the intercetioa between the gas molecule and the molooulca of the 
solid. For theoretical purposes, however, it is permissible to define 
a fraction /, termed the accommodation eoe^cient, such that the 
fraction is considered to commnnicate ita entire sideways momentum, 
the remaining fraction {1 — /) being contidered to be specularly re- 
flected and to rebound with no transfer of sideways momentum. The 
sideways momentum transferred per second to unit area of the surface 


at rest is therefore 

(21) 

Now from Ex. 5, Chap, IX, p. 81G, 

'”-> 

where il is the molecular weight of the gas. Hence 




Equatiou (23) shows that at very low pressures the viscous force is 
proportional to AT*, and the pressure p. These predictions con- 
trast strongly with the laws for moderate pressures, where the viscous 
force has been shown to be independent of p and to vary approxi- 
mately as rh The valoe of the accommodation coefficient depends on 
the nature of the gas and tiie soHd, but is usually about 0-8. 


Robins, oiuf Ti^modffnanfe*, &Hirth editiaa, 
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[ii) Pixrxiw/oTfes at intennediate pr^saterex 

We :igain consider two parallel BOrfeceB, one of wMct Is at rest 
And the other moling with velocity Uj Referring to fig. 3, we find 
that at intermediate pressures the gas may be divided as regards its 
liebnviour into two regions Prom the £zed eurfAce outwards up to 
a distance equal to the mean free ^th the laws obeyed will be those 
for a gas at very low pressures, since l/om anywhere in this region 
the maleCTiles roach the plate without collisioa. The effect produced 
on the plate by molecules with drift velocity in tins region is said to 
give rise to " external ” frictioa. At distances greater than the mean 
free path from the fixed surface, the laws obeyed bts thosu deduced 
for gases at ordinary ptossuree, since the molecules io this regiou will 
collide frequently with one an- 
other and will not, b general, 
reach the fised plate immediately 
after a coQjsioo The viscous 
forces produced u the main buift 
of the g.vs are said to give nse to 
“tntemni” friction. “Ritcnial” 
friction b again operative for 
disbinces up to tlie mean free 
jKttb from the moving plate. 

If the Velocity of the layer at 
a distance A from the surface at 
rest IS denoted by Uj, " erternsr’ 
frictioD is operative for velocities 
from 0 to iq and «g to (u®— «i). If the distance between the plates 
is d, the velocity gradient across the interior of ttie ga.i la therefore 



To evaluate tij. the icteinal and external viscoBity coefficients may 
be equated for the layer at a distance A from the surface at rest. Kow 

= ivjncA^, ...... (25) 

and if it is nsaumed that the molecules inapin^g on the efface at 
rcRt have on the average the property of those st n distance A from jt, 

F„ = 4»c>iij, P6) 

where/is the accornmndstion coefficient for Che tnolecriles colbdinn wth 
the fixed surface. It should be observed that in equation (26) Jode s 
Ctassification ^vo is used instead of the value The Utter is donvea 


t 

UfH, 

d-sA! 

i 


a! 

JUst 
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ou llie basis of all possible free paths and hence cannot be used 
an elementary discussion in whitA tiie mcJccules ate all assumed 
possess tbe property of those at a distance equal to the mean free 
path. Hence from equations {26) and (26) 




/ dx 


or the velocity gradient near the plate is 
Uj_ 2 du 

\~fdx 


(27; 


and is approsiraately twice tiiat in the interior of the gas. The molecules 
are therefore considered to have, at intermedistB pressures, a velooiiy 
of slip over the tod surface equal to 


«! + 0 _ A du 
2 f Jx' 


(28) 


Now from equations (24) and (27), 

dx d+2A(2-/)// ar+Tr * ■ * ' 


where $ = A(2 —f)lf, and is tanned the coefficient of sl\j>. The efieot 
of lowering the pressure, therefore, has been to increase the distance 
d at either boundary by an amount approximately equal to the mean 
free path. The coefficient of viscosity is therefore reduced in the ratio 




(30) 


where t;, is the constant value of jj at moderate pressures. The viscous 
force per unit area therefore becomes 


At moderate pressures, where d 3> A, eqriatiors (31) reduces to the 
form already given in equation (11). Converaely, at very low pressures, 
where d<®; A, equation (31) reduces to the form 


_HsL 


(32) 


which agrees with equation (21), except for a numerical factor and 
the ■way iii which f is involved. 


.a 3 
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(iii) liffusim r>J gnses thTmtgh on aperture at lets pressure). 

II » pratition mil. 1 m«u Pl»tUiio ■epMate. two tfsiom in whiol, 
tl,o nnnibor. ot .nolooulc. ol U.n Enn Ki unit vo omo /i 
tespoctivoly, Uioio will bo a not How ol n moloonlos pot ocoond born 
oiiQ side to the other, wUeio 


n = >/l(v, — t-,)d. 


( 33 ) 


A bcins tho oren of tho operUiro, an,\ tho 'yt " 

und utiilorm tomperoturo cocicspondingto a mean velocity c. iJy 




licnoo 




Mp 


(34) 


wohavo 0= in» = :^,;(Pi-lb>(^ry' 

„b.„ « la th. n.... ol e- notviog Uwougb tb. .pt«.r. pot -ooo^. 

i„„ .to., «. bo. uf" 

lions liaviiig j'olc* iMowllvtly. Tla work hta^befn ex- 


(iv) Fhw of gas through a tvhe ol 
If tho iiic-aii 

transferred to t • 

- j,a X 2f«*Im«o/ . 


(3bJ 


Whon a «lo«.ly flow '» ‘w" ™‘’“ 

lotoo duo to tl.o ptciiro diltecooo acwn. 
labo. Honoo „=(p, - pj - 

and tho mean velocity of drift is pvon hy 

2fl(Pi — Ps) . . ■ 


•Wn, i' 




. . (30) 
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Tlie mass of gas Q flowing through iJic tube per second is therefore 

V * 

The Sow of gas through a tube at low pressures therefore diflore cou- 
siderably from that at high piessuieB, being dependent upon o® and 
the pressure difierence (Pi — Pj) instead of a* and the difference in the 
squares of the pressures (Pi* — Pg®) (see Chapter XII, § 11, p. 282). 

From more detailed oonsicktations,* for a uniform tube of any cir- 
omnference 0 and area of cross-section J., the mass of gas streaming 
through per second is given by 



wh^ ioT a tube of citcolaT aosB-seotiem differs from that in equation 
(37) only by a email numerical factor. 

Squadoa (SS) has bees tested ozpeiuDontatly by Ksndsec, using tubes ranging 
IroiQ 10~‘ to I0~' cm. in radios and from 2 to 12 om. long. The results are in 
good agreement with the Aeory. 

At intermediate pressures conditions are more complicated, the 
genera] relation for the moss of gas Q flowing tlizough the tube per 
second being given by f 

where jj is the mean pressure and ^ the coefficieot of slip defined in 
equation (29), p. 20.'5. 


It can be shown that 


acemste aaslysis gine eqaation (37) in the form 


g = 


M lip 


Putting p = vi-jT Ttvmc*/8, we have 

ify mac^ dv 

lit S 

* See Itoborfa, Seal and TAsnnn^aKunies, fourth edition, p. 93. 
t Loob, Theory of Oism, p. 253 (UcGraiv-Hillp 1927). 
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IS the mass transfemti per unit AKa of croM-eection of tlia tube, 

e the diffusion coeffioiccLt i> is defined 


—Dot 




hom the ehore eqoatioas ire tutva 


IndiTidual iteps lo the toUi uiolecabir psih Inreraed ere rugurdcd as (etminatcd 
either milisioa intii the tube wall or iriUi other oioleeuler. If f is the ererage 
step slzo, Slid the uesn step sites for mil end ges ooUuions ere 1„ end {. reepeo* 
tirclj. tcgaidins thetotol collisioo frequency as the sum of the indinduet eoll.uor 
fiDquensiH ve 




Dcflni&g tot&l and partial diflusion coefficienU siDitarlp by D, and D,, and 
taking each of these as proporliooel to the appicpruito step subs anltipbsd by 

1 1.1 




Since = 2ai/3 and D, 


ire obtaia a ge 


p^i 


e£ 

r+ 25 ?i' 


lU 


te-hicli reduces to the lair-pressuos or high*Prrssi<re formula according as ^ ^ o 
or 1 «§; o, Tor a tube of fiait* tragtb PoDaid and Presant hare shown that 
(It low prcssurea tho diffusion Rocffieicnt H wdaeed by a factor (1 — 5aHL). 


(v) Conduction of heat (U loa pressttreo. 

It has been observed in |2, p. Iftt. tiat the fieatioent of hrat 
coaducf.ion on the simple tiaetic theory is not so satisfactory as that 
of viscosity, partly becau-te the qnnntity transported is a function of 
the gas-kinstic volnoitj aiid partly because Maxwell’s distribution law 
13 Btnctlj true only for a ga* in equihhnuin. W« consider the conduetim 
of heat between two plates al temperatures T^ and fsi since A >d. 
we note that the molecules wbicb leave either plate arrive at the 
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opposite plate without dktorbaace by coUisloa with other molecules. 
The act lieat transferred per unit area per second is therefore 

= ipaO.(2’g-i’i)/ m 

Equation (40) has been tested by Knudsen for a large number of 
gases, and the linear relation between conductivity and pressure 
extends up to 5 X 10“* mm. for hydrogen. The quantity of heat trans- 
ferred depends directly upon the pressure, in contrast to the con- 
dirctivity at ordinary pressures, which is independent of the pressure. 
Tlua property is m.Kle the iuuiis of the Pirani pressure gauge described 
on p. 231. 

It toU be observed that tiio temperature gradient vanishes; £? is 
therefore no longer dopendrat on the temperature gradient but depends 
solely on the temperature difierence between the two suifacss. 

This may be demonstrated by etreiehiDg a iungateo wire down the centro oi 
a tube In the middle of which a large bulb Is blown. 1718 uiro Is sealoil in at the 
ends of the tube and heated ehsctrioally to yellow beat. A small side tube leads 
t« a voounm pomp. At atiaoepheric pioesiito the quantity of boat lost by tbo 
wire ill oouduotlon across the gas to (bo glass conUkiDef depends directly ou Uio 
temporaturo gradient. The wire in tbe centre of (be bulb thatefora glows much 
moto brightly than that in the narrow tubes. As the pressure is rsduesd, how- 
ever. the oooduotivity depends progressively less on the tempsratuie gradient, 
and at low praasuius the wire glum prauUcatly unifuiinly along lie eutlre length. 


(vi) Omduaim of htol oi mlermediatc prt^wtz. 

Proceeding as on p. 202, we divide die gas into two regions, that 
up to a distance A from tbe plates obeying the low prcssuie law and 
the main bulk of the gas obeymg the ordinary preesurc law. Evaluating 
the expressions for the heat conducted in the two regions and equating 
the expressions at the boundary at a distance A from one of the plates, 
we find that the temperature gradient at Inteimediate pressures is 

dT_ T,-T 

dx-d+m~f)if ^ ’ 

Substitution of this formula in equation (14), p. 198, gives, for unit area. 


’’d+2A{2 -/)//• 


If d » A, that is, at moderate pressures, equation (42) redncies to 
the formula for conduction at modiuate pressures, as requited, whereas 
at low pressures, where d A, equation (42) reduces to equation (40). 
except for a numerical factor and the way in which / is involved. 
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(vii) Thmral effusion at lou) pressures. 

II a vessel containing a gas at low pressxiro is separated into two 
regions by a partition oontaining a amali hole and the two regions are 
maintamed at different teoipeiatures and tie condition /or 
equiUbrium is no longer that the pcessure shall be the same on both 
sides of the partition. Equilibiium is established when the number of 
malc.cHlcs p.assing in either direction across luiit area per second is the 
same, that is, when 


by equation (2Q). 


Hence the rnlio of the pressures is given by 


Pa 


v,Ci* 


5 Vr,- 


. . . . (43) 


The extra speed of the molecules on the high-temperature side therefore 
b.iJafKW tircir Arwer oKmher, so that «» iiraoy arrive at tie apertttre 
per second as from the cooler side. Tbe eamo relation holds if the 
apeituie is teplaced fay a tube, because in tbe steady state pc is constant 
for all sections of the tube. 


(viii) Thermal transpiratxon <u ttUermedinJe and hiffher pressures. 

At higher pressures equilibrium at an apsrrure m a plate occurs 
only when the pressure on the two sides is the same. Hence 

wlmh simply alioivs that the denMtiee are invcracly proportional to 
the absolute temperatures. Ifi however, a tube eepaiates the two 
regions, conditions are more complicated. Consider any cro-ss-f-eetiDD 
perpendicular to the axis of tbe tube, the latter being the i-axis, where 
the mean gas-kinetic velowty of the molcoules is 5. On the average, 
the molecules cn-ssitig the layer per eecond will be those at n distance 
originally equal to the mean free path. The net nuTubrir of molecules 
crossing unit area per second will, if we use .Totile e classification, be 

_ i-Ac/l 3v , 1 . ... (44) 

v.iSc( — 3 edx/' 

p = |»nvc*. 


. . (45) 
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/I dv 2^\ , 

<“> 

Since Ti=^mXi apptoiiinatefy, if we substitute for - ^ from 

equation (46) in equation (44), we find that the maas o! gas Q ilowuig 
per second through tiie tube is 

Further, eiaoe e ec 2'*, 

^61-41) m 

Now if the picssiuu diSerecce between the ends of the tube is small, 
the application of Foiseuille’a equation for the flow of gas through a 
tube (p. 202} gives 

fifll 

^ ir,dxBT 

whore ilf is the molecular weight of the gas. Hwee, for the stsadj 
state, b 7 equatmg (47) and (4$), wc have 


1 3p 

vdz 2T dx 


h) 8 , 




dp/2rfT Mpa^_ 


d'f 2ii*2'/p+lfpsV4fi' 

At low pressures equation (49) reduces to 

^-1. 

dT ar 


Hence p b independent of the nature of the gaa and varies as P, as 
vas already been shown by equation (45), p. 5W8. At higher pressures 
pIdT a observed to be inver^y juopottional to tiie pressure and the 
tolcculat weight of the gas. 
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4. PiQpeities of Q&ses at Bigh Ptetsores; the Size of the Molecules. 

Tlie failure of tte gaa laws deduced for ordinary prcsauiea when 
applied to gasea at low pressures is due to the meati free path becoming 
comparable wth or greater than tile oho of the oontabcr Aft high 
jiresaurcs, the disagreement betweea simple theory and experimact. 
IS due to the failure of the second, third and fourth basic cssumptioca 
of Clausius, enumerated in | 1, p. 194. As the density oi the gas 
increases, it is no longer poanble to ignore the vohinif! occupied by 
the molecules fchemselres or the mutual force* of attraction or re- 
pulsioa that exist between them. The simple equation jiF « Sr for 
a perfect gas has to be replaced at higher preBsures by a more general 
equation of state; one such equation is that given by Vsn der Wiuila: 

.... (5il) 

This equation will now be deduced from the Idnetie theory and the 
sigoIScaoce of the cositante a and ft mjl be determined. 


( 5 ) Fini/s Hie of (he mdtevite the n^>fifanee rfb. 

If we lepieecnt the molecular diaiaetei and radius by a and r, it 
is ehcirm in the solution of £x. 9, p. 323, that the mean free path is 
reduced ia the ratio 

A, F-4(4nt»n/3) V-ft 
'’p 

Since the volume of the n jnolcculee (icinselvcs w c = 4Trr*K/3, wc have 
6 = 4c. 


(ii) Forces of a!lractu>t*tftd repulsion betuvsn the mdecules ond_^«7/e 
twie of collision. 

If tile forces of attraction and repulsion between the taoleculea 
c.vtimd over a finite distance from each molecule, the collision will 
occupy a finite interval of time. Hence the number of colltsiorts ag.wnst 
the wall of tin containing vessel in unit time inll be reduced accoiomg 
to the cquatioQ 


1 C* I 
^ 3 (F— 6) (I + nr)’ 


. . . . (02| 


where r is the time occupied in one coUision and n is the ntimbcr of 
cdliflioQS per second. Equation (52) may be written in the form 
1 C* 





P+y,^!Sr„l c< 
S(f':rjj. 


p * i/p, ~ " ^(p'rjj. . . , (52^j 

rter 

°' '■ '” “""■i *»■» o, 

»lore r i, .,„ ,. •»'■>,»-.. , , ? 

PO'T, and „ is A**”™ '“‘"an 

5“" « is din, •'” ■^'’“''■'''‘''■■“"“‘■•‘•SV,. 

JTC->r-._,,„ ' ° ''"“"“"•I fom, 

Equating indi ^^dfsiP+aryun, 

‘Sar '■+ 

Hiti«obsn„ad ’ ' '“""'a^^iaT/d-n 

“”“fa + 3)/(s-l), 
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Now for helium « = 0-C8, heace s 12, which mdicfitcA an cs- 
trcnicly rapid rata of f/vll in the force as the distance from the molecule 
is increased, euch aa we might (rspcct for a small, compact unit lite 
the helium moleenle. ?or caihon dioxide, however, which has a com- 
paratively loose and open structnie, « = 0'98 and hence s ~ 6*3, 
showing that the roroe extends otbt a comparatively large region. 

From some .aspecta the bdiavioni of the molectdes indicates that 
they may be regarded as having a hard core of radiuj proportional to 
a qnnntity denoted by o*, sinoeat r« the molecules will interpenctrafe 
at each collision until the cores come into contact. Sutherland suggests 
that the value of a at any other temperature T will he given by 

+ (5S) 


where /I is a constant. By equation (2), p. Ifll , theceloie, the mean free 
path changes in the ratio 


A, <rtr? (1 + ^/27S) 


whcTD Ag is tho mean free path at 0° C. Hence the ratio of the viscosity 
at any temperature T and the viscosity at 0* C will be 


1 ^ / T Y'* A + 27S 

Vc “ <«A)« “ \2737 4 f ■ 


(SO) 


Fcrmula (SO) bu beso tested lor doogen by Beetelnvyer end is u setiifaitoiy 
sgreement with expeiuaeat for tetoperelure* between au“ C. end SOT)' fl It is. 
hoviever, by uo mesus rigoroosly obeyed by ell gasts, and fails completely at 
low temperatiitea 


D. Qeteiiniaation of Loschmidt’s Nombec and the Molecular Diamefci. 


(i) JjO.iehtKtdi’s deduction 

Since the moan free path i» known from Sfaxwcll’s work on the 
viscosity o£ the gas, a detcnmiwtion of cither v ot o and the use of 
equation (2), p 194, enables us to evaluate both quantities Tile value 
of 1' was first deduced in 1865 by Loaohnndt by wmsidericg that in the 
Uquid stats all the molecules ar« as tightty packed as hard spheres 
can possibly be The volume ocenjued by v such molecules is va*f\/2. 
For tho packing will be telisliedinl Hence if the densities of gas and 
liquefied gas are S and A retqiectively, wo have 


A 


• (61) 


From equations (3J and (61), therefore, 

/AV 

2w»A»W 


• (62) 
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m tlic number of particlca nt a height (A — dk) mu8t be sufficient to 
balance the weight of the partides Hence 

dp^tmgdk, (63) 

where m is the digs of each particle' (all the pattielcs being assumed 
laentJcal) and g is the acceleration due to gravity’, Further, 

p » vlT. (64) 

where h is BoUamann’B coRRtanfc (p. 183) and T is the absolute tern- 
peiatuic. Hence 

dp^leTiv, (65) 

and from e^uationa (C3) and (65) we have 

<««) 

(titegrating between heights Aj and where the nninbeT! of particles 
per unit voluzoe are V} and r(*epccbivoI^, wo obtain 



where A1 ta Avn^adio'a sumbet. 6-06 x tO^ molecules per gramme- 
molecule, and R is the gas constant relemd to one gramifie-rsolscde. 

Tbe clMuoftl senei of esperhnents on equation («7) was oarrled oat by Pemn 
between lOOO AO<t 1912. b^tnnUiotu of gaiaboge or mutk were subiecied to 
confuioous centrlfaglng for n month nt the rate nf ShOO Ters./min . the epberioal 
particlee being is this way separated into layers oantaiiiing putUlei of the ta/ae 
size. A drop of the emulsion was then pbred on a nurroncope slide K> ss to ions 
a column about 1/10 mm. high, irhicb wo» then observed with a pom-rful obire- 
tire from aboTo. With nsusl oboervatioaa it was necessary to limit tlie field by 
the use of a plats with a fine hobv otfaerm'e at any iniitaat more particles filled 
the field tiian could be couotod at a single glance Great cue had to be taken 
to filter ont the heat Tays (by using water cellaj ftoia the heaia nf light, whioh 
was incident la a hotitontal direcunn. Any inequity of tempsauture iii different 
parts oJ the emuhuon produced nmreeUon culxeate in the liquid, which WCIO 
much greater than the Urowniso moremntt. Tbceo piecautiojia are even more 
necessary in the deteWBiaatioB of hf by the dyasmical metinl discussed later. 

On Che averuge about five particles ercro rinbla at any instant and a large 
number of readings were required to obminate statiitfcaJ errors, It was found 
possible, however, to rodnoe the bbour a factor of 200 by uaingji powerfid 


vtry thin layer was oLserved foe one position of the nucrOBGopo* After Bulhcienl 
readirgu bad been taken the microecope was racked up a distance d measured 

•tn if, ol course, the redaaed tasoe where allowsacH has been made for the 





movement 
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m umli volume at ^ is In a ^vcn time t a number of particIPB dv 
will experience a fortuitous vanation of their co-ordinates hy an 
amount lying between a and a-f da. Then 

((f8) 

where it is required to find U»e nature of the furction /(c). Quite 
generaUy/(a) must satisfy the two reladoos 




/(—a)^-/(a} (69) 

f*/(a)da^l. (70) 



BiQCe them are do preferred directions and tha particlG must be present 
somewhere 

Applying equation (68) to the slices ff and C. subtractii^, and 
integrating, we obtain the number of particles cwssicg unit area of 
the plane at A if the integration is carried out (i) ovur all values of c 
from 0 to CO, since only particks passii^ towards A can be consider^, 
(ii) ovnr values of ® leas than a, smea for a greater value of sthep.ixticie 
will not reach the. plana at A on dispUcement. Henoe, if the number 
of particles crossing unit area ol 4 in fame f is rnproBented by nl, we 
have 

7 iS= 2 ^J^/(a)da^ xdx .... (71) 
or, changing the limits, 

ftyia)da. 


- ( 72 ) 
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If a’ represeats tke mean square displacement of the particles, sinoe 
J /(ajda — 1, we have 


• ( 73 ) 


Equation (73) may be put into a more convenient form. Since 
j>= vkT 


and the force on unit volume is eqnal to the gradient of the pressure, 
the force on each partacle in unit volunie is 

(74) 

vdx V dx 

Now by Stokes’s law 

P=^m)rv, (76) 


and the number of paiticles crossing unit area in unit time is 

(76) 


Hence from equations (73), (74), (75), and (76) we have 


.‘lirip-I'f 


(77) 


.According to equation (77), wiikli is Eiustein's equation, therefore, 
the mean square displacement increases iu proportion to the time which 
has elapsed since the last observatioo. By a simitar analysis, the mean 
square angular disjjlacemotl which the particles suffer as a result of rota- 
tional motions arising feom the Browuion movement may bo shown to be 




(78) 


Equatioua (77) and (79) have been tasted by Pamn by obaSTving the motion 
ctf particles ■with a microscope fitted with a transparent .sqnarad grating in the 
eyepiece. The rotational moHon is followed by means of obsorvatioas on an air 
inclusion in a particle: meabaparticDlaidy o^ulsubstMicsfor this experiment. 
Besides showing that a* is piopartknial to t, Perrin observed that the lengths 
of the paths are distributed according to alUbxweUiaa distribution law. Later 
experiments by Seddig confirmed those of Pacrin and extended the range ove: 
a mass variation of I : 15,000. 

The validity of Einstein's equation for particles auspundud in gases was first 
bvestigated by Ehrenhaft and latej' by da Btoglia. The most celebrated experi- 
ments are those of MiUik-sn, in which an oQ-dr^ is ^owed to fall through a gas 
between the plates of a pandld plate cajndenaer. With no electric field present, 
if the drop is small enough, it may readily be shown by observation with a micio- 
Bcopetbatn^cc (. To avoid determining r, the drop is allowed to fall under gravity 
whence, applying Stokes’s law, we have 

dirqrBsssjTW^p — a)j, 


• (79) 
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where p atid a at© the densities of Use oil and air rMjieEtively. The oocIBcient oJ 
Tiac.osity of air to* to be detetouised by a HoinTate esnenineot (see Chentcr SIT, 

§11, p.2gl). If--- ' . . . ‘ . 

thedrop reaches tl 
position and the ‘ 

The method has ILe foUoning adrantagea <nrcr that mth loiiiid cmulMnnS' 
(i) a single particle may ho observed lor bouts; 


f'ii 

(w) 

(iv) 


Aiusing ui« pieiutuo le tu«y on s 


ft may e.lsa ho ofcaerred, as u sh«tra by fting,* Chat tba feosiUvenAts of 
galvanmnetcrs reaches its tiznit when the suspeosion is so fine that the suspended 
system has no definite aero, owing to tbe Drownuxi wovtwaeut unpirtod by tbs 
surrounding gas molecules. • eufBcieotfy tiua Sbrv Gvrltob obtained a 

Srcrwujao movsaunt o! o^ei a melro for the spot from a susprnded murur lUiuni' 
Dated with a lamp at a disUDoe of a meUa Irnm the Kale ContiDumg GtzUch’s 
worki Jiapplcrbad deduced tbe vnloeof Avogadro's number from e pbotc^aphlci 
resord of the Biowuan oOTement of tte spot of light. Since the symm has ono 
degree of freedetn, by Uie theoren of (be equipertitioa of energy we hero 

... , ( 80 ) 

where ^ U tbe neaa aqaore defieotlon nod c tbe restoi^ couple ii> the fibre for 
unit oagloof twut. Tbersiueobteinod for fO'^aad is currevC (otnehfa 

I per eent. Cara had to bo taken to redneo the effect of mcobo&ical vihratiosa 
aod conTsetloQ cinreots; the reality of the effect was euikingly ghoern by the 


only ID-* ffm 

(c) BrtlZautn's di^iiston crpcrintcnfs 

If and Kg represent the nnmbers of partiolea per iiiiit volume m 
an emuisioa, situated a distance apart equal to the rout mean square 
displacement d, in time t the net intercliane's of portioles between the 
two regions is approiimately 

« — — *h) 

By the definition of the coefficient of diflFuaion /i 



•Ann d. /’hjeil.Vcl U (7h p 735(1932). 


Hence 


( 33 ) 
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or, from equations (77) and (83), 




(84) 


To toBfc theBG rclGtioas, Bri]lovin naed a fluspenaion of gamboge in glycerine, 
in which was immersed a glass plate wind) icied bb a perfect absorber for all 
grains coming into contact wHh it H v rqirescntB die aTcraga number of grains 
per unit volume of the emulsion, fljo num^ of particles absorbed per unit area 
of the plate in time i will bo 

(85) 

since the probability fiat the partides will be dis^ced Jouianif the plate is 
equal to From equations (&3) and (8$), rftoiefofc, wc bave 

n* = iDvH (8fl) 


i.o. tie square of the number ti giains coHeoted should be proportional to the 
time. Dzaminarion of photographs of tlio glass plato, taken at regular intervals 
of time, showed agreement with (86) and gave the value 6’9 X for N. 

The breadth of the tracks of ionizing particies in a cloud chamber epparatuB 
illuBtrates the general validity of equation (83), as ap{died to tbs diffusion of ions 
in a gas, recombioation being segiseted. Using a oountsr>oontrollod oloud chamber, 
Biaolcett has ehowa that the breadth of tlio tracks is proportional to the square 
root of the time wbioli elapses between rfie liberatbn of the ions and their fixation 
by tvater drops. Similarly, eince the diffusion coelReient is iaversoly proportional 
to the pressure at the usual pressures need in cloud chambers, ecoordlng to equa- 
tion (83) the track breadth ie inversely proportional to the square root of the 
pressure. 

The separation of Isotopes of the elements affords another practical appliea- 
tfon of difluelon theory. For a gas composed of two groups of molecules of masses 
ilfi and ilf^ but at the same uniform lempemture and pressure throughout, 
the average kinetic energy of the wro groups ie the eamc. Hence If 0,‘ and Og’ 
are the corresponding square velucitlM. then The mean 

Tuloeltles are therefore proporUoual to tiie lecliirocal of the eqiiore root of the 
coiTcspunding masses an4 since Uie uicau (tm paths ate approximately the 
same if we neglect the small diffmunce ia mobcuku' diameter, the diffusion co- 
efficient is by equation (19) proportional to C and banco to Consoquetitly, 

if gas is passed along a porous tube, the lifter constituent will diffuse mors 
rapidly iLau the heavier and the immediate Beparation fiirtor is given by (J>f,/ilf])''’. 
Effective separation in lighter elements like hydrogen and deuterium, and of 
the two neon isotopes 20 and 22, has been carried out in this way. With neon 
Hertz used 48 porous tubes in series Mid 24 pumps, nnd the diffusate was re- 
peatedly re-cycled. In a few bonrs a 69 pa cent eapaiation of over 60 c.c. of the 
lighter isotope was obtained. With the two isotopea of uranium 235 and 238 the 
separation factor is very ncoriy nirity, but separation has been effected using 
the gas uranium hesafiuoride, ocres of difinshm wall and thousands of pumps. 

Thermal diffusion processes may be used both in gases and liquids but, because 
of the high tomporsturo required, corroskaj is often a groat practical difficulty. 
Originally introduced by Chisiua Mid Dicktd, the apparatus consisted of a tube 
some 3G m. long with a central wire maintained at 000° 0. The two chiotino 
isotopes 35 and 27 gave a [I9percentfleparationfor8cm. in 24 hours. The separa- 
tion is not governed hy simple diffn^on theory but deiionds to such an extent 
on intermnlponlar forcea that vatiatiMts in tempernturo or coiicentration may 
decide whether the lighter or heavier isotope will eventually collect near the 
cooler surface. 
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ccntllfugo IS glTen by eqiialinn («7> ut «‘.*p((Wt — Ji,)p«/2iJ5’]. where 
(ftj — Aj), and g has been raplaned by tf/Sr, Uia average accetetaLioa betwaen the 
centre and the pcnphtry. The aei>»ation £soecir defends therelbra on Ibe diiJer- 


chlorine 37 isotope wna nnriahed by fi pc» ernt f.ikewne numphreya, nsiag the 
Beams-typa raeaum sic-drirac ta]^oca(ri/bgA obtained an merviue of 11 per 
coot u branuno 79 compaced mtb bronute 31. using breminA vapsur. 


(d) Fluctualione influxes. 

If the actual uumljeT of puitivlw pres«at ic a given volume i8 n 
and the avaiaga auoibec taken over a long tune U n, tlie average relative 
ductuation is defined by 


From tbe probalnlity caloiiliis, fimolneltotvsln * ebowed tbat 


and heuce, suice the fiuotuatiou in a volume containing 10,000 paitiolea 
is about 1 per cent, the effect should be observable in fluids near the 
critical point. The effect manifesta itaelf cspcnmeatally as cnitcal 
opakscence. _ ... - 

The opalescence, ivhich, as ttp, see, is constant with time, is expUmed 
on Ibe malecular view by the fiwtuitous gathering of a large uniaber 
of niolecules in vanous places in the fluid, as a result of thermal ngi- 

tation. The groups of molecules MC large euough to scatter light appreci- 
ably, and since they arc continually breaking op and form i u g ztesh 
groups, a shimmering opalescence U prodnncii. 

Clombinine RayleiBh's furmoU for the utattenng of Lght by “J*!’ obstades 
mth Smdu^owBki’s mventigsHons on entical o^<»eMW», Keosnm t has derived 
the equation 
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where i ia the fraction of tbfi inteosity of the light scatltred per c.c. in rt direotioD 
perpendieiiiar to tiin incident beam, p, is the refractiye indes of the fluid for 
light of waTfsIength X in free epacct *i, is the specific ’Jolume of the liquid, 
and 8p/Su„ its isothermal compresminlify. Especim^U by Koesom and Kamer- 
lingli Onnes on ethylene at IM8“ aba. gave a Wue for ^ equal to 7-6 x 10“ 
mols./gramme-moleoule. 


(e) Site of woleewles/rom Van iar Waeds’ cqualion. 

The size of the molecules of a gas may be determined directly in 
two ways from Van iW Waala’ equation, provided the value of iV 
is known. Thus, if the critical volume V, is measured directly, since 
F, = 3{i, by Van der Waals’ equation,* and b ~ o is obtained 

The method is not accurate, for V, is difficult to measure esperimentaby ; 
fuifciier, the relation F, = 4& is ^own to be in better agreement with 
the esperimentai results. 

According to Van dur Wsids, however, 

.... (90) 


under any conditions. Heuce, if — represents the coefficient 
Po \dT/« 

of pressure iooi'ease of tiie gas at constant volume, 




- (^Z\ 

0 w). 


from which the value of a is obtained. Further, if 

represents the coefficient of volume increase at constant pressure, from 
equation (90) we have approximately 

1 /an 


.Var),“ S’. vr. 


(^ 04 } 


(32) 


The value of a having been obtMned from equation (91). the value of 
6 is finally given by equation (92). 


6. Production of Hfeh Vacua. 

The maintenance of a high vacuum depends on the freedom of the 
system from leaks; the wffiole apparatus must thereftjro bo free from 
joins and, in general, consist of glass throughout, or of metal and glass 
directly sealed together where necessary. The speed with which the 
vacuum is obtained, apart from the nature of tho pump, also depends 
on tbe breadth and length of the connecting tubes. Examination of 
equation (37), p. 205, shows tiiat at low pressures the rate of flow of gas 
is inversely proportional to the Iraigtii Mid directly proportional to the 

• SaK Roberts, Iftiil and Thtmodynamia, fourtb editioo, p. UO. 
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cube of tbe radius of the tube. Piually, the degree of vacuum obtain- 
able and its measured value will dqiend on the vapour pressures of the 
materials in the purop ml) and pressure gauge (e g mercurr) 
reapectrvoly. 

piiKips used for the production of low pressures may be broadly 
divided into two groups, according na tbeir action is purely raecbanical 
or depends on the molecular and kinetic prnpcTties of the gas. It is 
now posaihlo to obtain mechanical pumps, such os the Geryk “ R.L.” 
type, which by almost complete elimination of oil vapour will produce 
n vacuum of 10“® mm o£ mercury;* again, a mercury pump of tin* 
SprcBgel Of Toplertype, ahhough t^oua to use, will produce o vncuunj 
of the same order if a liquid-atr trap is inserted between the mercury 
and the vetsal which i* being exhausted, to prevent access of mercury 



vapour to the evacuated system In genera], however, mechanical 
pumps produce vacua only of the order of B X 10-® mm., but their 
use 18 essential to provide a fore- vacuum or “ bookiug ” for the moJe- 
cular pumps. 


(o) Qencc-Hyvac -pump. 

As an (■xample ot a eowretuent merlianical pump, the ^neo-Hyv»o pump 
IfigB. 6(a) to (i)) will now be dencnbnd. Tbe rotor d Is inum>t«l ecceritriKsl ly in 
the ojlinder, and (our ausoeerave poaitiona aie »Uown. to the aido o? the outer 
cylinder • - • - ^ . . . - - -- 


the valve 
the pumj 
fig. fi(a), „ 
eecond poBitiuu, tlie 


B <4 hnng compressed 


l'>irthpr onmoressiou 
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(i) Gacde molecular pump. 

It has bean shown in § 3, p. 200, that whon ths mean Iiee path 3 ol 
the moleculee is greater than the linear dimensions of the apparatus 
the moiecaies acquire the properties of the walls of the apparatus and 
do not dissipate those properties rapidly by subsequent intramolecular 
colhsiOM. If, therefore, the gas molecules in a fore-vacuum are allowed 
to come into contact with a rapidly moving surface, they will to some 
extent acquire the drift vcloci^ of that surface. If the distance between 
two parallel boundary planes is d. ono of the planes being fixed and the 
other moving, it may be shown that at kiw pressures the ratio of the 
gas pressures at two points a distmice I apart measured m the direction 
of motion is 

&_ 

Pi 

whore c is a constant. For a given 
velocity it is the ratio of the initial and 
final pressures which is constant; the 
foto-vacuum should therefore be os high 
88 possible. 

The priaoiplo of the apparatus is sbonv in 
og> ?> where the ovsouat^ system and the 
Hrhanst ate connected to V and 2 tespcctirely. 

The cylinder A rotarci in the outer cylinder T, 
evacuatjon resulting from molcculca being P'*- 7 

^leo^ along the groove V2 after impart 

with the revolving oylindcr J. At a speed of 12,000 revs./min. ths vaouuin 
attftlnatjU Is less than 10"‘ nun. with ft fore-vacuum of 1-2 mm. 



(c) Mercury vapour pumps. 

As is well known, the passage of a steam or mercury vapour jet up 
the tube AB (fig. 8) gives rise to a vacuum in the system on the tight. 
The pnmphjg prdpess depends on the relative rates of diffusion of the 
vapour of the jet and the gas through tiie porous plug. A largo increase 
iu efficiency is obtained by the inteoduction of the vapour trap cooled 
by water or liquid air. The prmca;^^ was first applied by Gaede, who 
called the apparatu.s a diffusion pump. The porous plug was replaced 
by an adjuBtabie slit, since it was found that tie apparatus has maxi- 
mum efficiency when the width of the slit is approximately equal to 
the mean free path of the gas molecules. Fiirtlier, the maximum 
efiect ig obtained when the pressure of the meroury vapour is just 
greater than that of the fore-vacuum. Vacua of less than 10'® mm. 
“ay be obtained, but while theoreticalfy- there is no limit to the vacuum 
attainable, in practice two disadvantages arise: («) the exhaust speed 
>8 slow, (6) careful rfuilation of the tempetatore of the mercury vapour 

is required. ° 
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By a modification of the Gaede pump, by which it became 

n vondmsalim jntnip, Langmuii elimioatcd both these disadvantageg. 
The rofiin advance consists in coolmg the mercury vapour thoroughly 
fit the jet, so that condensatioii occuia, ba^ diffusion of the mercury 
vapour thereby being completely eBminated. The apparatus has the 
advantage of requiring no critical coodidoos and the size of the orifice 
may vary over a wide range. 

A conTenient fonu u gbowri in lig. 9, toeruiuy is heated in the Fyiez glass 
bulb A, the vapour risiog in the curved tube B. Condmsaticin of tho vapour 
IS prevented by the asbesUis la^uxg U until the vapour issues from the orifice P. 
I'iie tube L is euclused in enotha tube C, wfaicb is surrounded by a water jacket 
J fed by the tubes X. Tie gas is disclarged through X. Us aercury vspour 
condeiises aliaost instantaneously, very bttto rising abora a point such as F. 



Tbc eystem to be evacuated is coniiected by the tube Ji to the liquid air trap 0 
and thenco by the cross-tube P to the tube C Us mercury ooJIects in liqiad 
fona at 1) and la returned to tbo bulb A by the fine lube Jf. Tba pump la very 
effieieat, reducing a pressure of 1 nun. to 10'* uuu. m >10 sec. with a spoed oi 
working of nearly 4 btics/acc. 

Mnuy vfirictics and sizes of commercial pump arc now available 
which operate on the nliove pnucaplus, but in most casns the mercury 
has been replaced as the working substance tiy speiaal oifa such as 
those of the Apiezon group. Robust vessels of copper aad brass contain 
the oil which is vaporized by eJcctnoal heating' High efflcicnoy is 
ensured since the vaponi jncwnin ttitae oiJa is (irtrewiely low at 
erdinary tcmperatiweg The poreibilities of metallic cnrrtwion m varioas 
parts of the vacuum system are ii^li#)lc compared with 
mercury ia used. The high molecular weight of oil compared with that 


expensive backing pumps to give a greater imlial backing vacuum. 
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(i^) Other fToce^ses. 

To push the Taciitiin helow 10“® mm^ methods other than pumping 
must be used, The commonest of these is a sorption process, in which 
the system is connected to a tnbe saimmded by liquid air and con- 
taining coconut charcoal which has been recently heated. The gas is 
absorbed by the charcoal and a 
pressure of 10~' nun. may be 
obtained in this way. The rate 
of absorption is monomoleoular. 
Gases such ss nitrogen, carbon 
diosdde, ammonia and hydrogen 
may be readily removed. Hy- 
drogen may also be eliminated 
by ita a ffini ty for palladium or 
pbtinom black. 

Traces of o^gan and soma 
other gases may be removed by 
the ehemiaal procesi of " flash- 
ing ”, (hat Is, vaporizing a 
metal such as magnesium or 
calcium in n vessel connected to 
thesystem; a compound of neg- 
ligible vapour pressure is formed. 
A^in, (henna! processes may be 
employed; thus nitrogen is 
slowly removed in the presence 
of an incandescent hmgsten 
fllament. Finally, electrica! pro- 
cesses arc available either in tie 
fona of the glow discharge or of iropacte of electrons obtained 
thermioaically. The action is generally considered to consist in 
ionisiition of the gas stcans or molecules, after which the ions 
adhere to the walls of the container, particularly if the latter is suitably 
cooled. 

(e) Pumping speeds. 

Since the number of gaa molecnles escaping through an aperture 
of unit area into a perfect vaenum in unit time b Jtc, substituting tie 
appropriate quantities for air at 27“ C. we obtain a figure of II ■? litres 
per sec. The speed factor of an actoal pomp is defined as the ratio of the 
volume of gas passing through the throat of the pump per second to 
the above ideal figure. Mercniy diffusion pomps such as those de- 
scribed in (c) have speed factors up to 0-3; for the more recent oil 




336 KINETfC THEORY OF MATTER [Chap 

Tlio effective purcpisg speed 8 at the end of the racattm line p-iU 
be less than Sg because of the resktance IF of the hue, the relation 
between these quantities b^g 1/5 = l/S^ -f W. From equation (37) 
IF is proportional to 1/a®; the proportionality constant depends on the 
square root of the molecular -wei^t, and it is approximately unity if 
the values arc inserted for air, I and a are expressed in irallimctrcB 
nnd IF is then in seconds pet litre. 

The rate at which the pressure P is reduced in a given apparatus is, 
by application of Boyle’s law, equal to dPjdt «= -~S{P — where 

F is the volama of the Appamto and is the final limiting pressure 
attainable by the pump because of leaks and gas emission. The time 
taken for a vacuum eystem to recover ita required pre-ssnte P. if a 
surge of gas has temporarily raised the pressure to Bi, where both 
pressures arc considerably greater than P,, is given by 



by integration of the piecediog equation. 

7. Ueasuxement of I>ow Fressttres. 

Of the manometers described below, those onder (o) and {b) are 
not directly dependent on molecular and ktnetic piopettiM of the gas, 
but are merely refined ezteosions of methods fox measwing ordinary 
gas pressures 7he remauung pKssure gauges ate all based on kuom 
theoretical laws connecting the measur^ property of the gae with its 
pTcssaro, 

(a) Mervury rnaMtneivn. 

A direct extension of the ordinary mercury manamotcr to the 
ineasui'ciueut of low pressurm may be obtained by the use of the 
optical lever. 

Fig. 1 0 shows an spparsUis duo to Oarveri tlw mercury cut-off at A is 
OFcn, and a top (not ahoTrn) at the top of tte gM tube cut* off tic eysteni 


The standard instrument agsuual which almost all manometers 
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in practice calibrated is the Mcleoi gatiye, which depends for its 
action on the validity of Boyle’s law alb low gas pressiiras. 

Fig. 11 illustmtea Gaede’s moSficatioQ of the Jlclisod gauge; gaa from the 
system whose pressure is rcqmredenteia tile gauge through B and fills tbegaugo 
doum to the les-el of the mcrcoiyr teserroir. The reservoir Q is then raised, cutting 
off the gas present in the bulb H and compressiag it into the oapiUary esteusion 
which lies along the scale KKj. The mereoty rises faster in the left-hand atm, 
and may be made to Bland at any arbitrary hdgbt in the tube A, above that in 
the closed tube. Then if tiie gas pressuie in the system is p, the volume of bulb 
and capillary P, the final premie (p -J- ff) and 
the final volume V^, we iavo 


p?=(p + B)F, 


tm-* 



An alternative method of nsing the gange is to raise the reservoir between 
fired positions (jB and it, in tlse figure). Wheu the reservoir is at iij, the bulb 
and capilhiry are open to the systen^ when the reservoir is raised to R, the 
merotwy always rises to the lerd in A corresponding to the top of the closed 
capillary and forming the scro of Iho scale iCAT,. ffiiB tube A and the closed 
eapOlary are of the same diameter, to avoid differences in pressure arising from 
the capill.ary depression of inmcniy in a narrow tube.) Then applying Boyle's 
law before and after oompresaon, if p aod H are measured in mm. and is the 
volume of 1 mm. length of the c^nllaiy tube, we have 


or, since 


pr={p + fl)iri'o. 

w 


WiB acale A’ff, is graduated directly according to this p.araboliD law; a largo rang® 
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ot preasuroa U thus obtabwl on a rclatiTdy short scale. Preaaura tram JOUmm 
to 1 mm. can be read tlirecUy cm tbo manaraeter if and from I to lO-* mm. on 
the scale KK^. 

The McLeod gauge wjcnsures pressures down to 10"* mm., but o! 
course tLe preasuiesiDcdudRllioscofmercu^ vapour and other vapours, 
unless the latter ora removed hy auitablc ooedensisg traps. 

(6) ATfcAanteal monometers. 

Tie common Bourdon brass spiral has been applied to the 
measttcement of low pressures by Ladenburg amd others ia tin form of 
a spinii of tiiin glass tubing. Tic movemeot of tia end of tie spiral is 
registered by an attaeied mitrot wiicb ^lows the uso of an optical 
lever. A null method ia often used, erternai pressure being applied 
to bring tho mirror back to its rcto posifirm: this external pecssiite 
ia iconrdcd by a ilcLeod gouge pi.aci^ at a distance The pressure 
of oorcosivo gases which attack mercury my bo found m this way. 

Altetoativcly, a type of 
anecoid barometer may be 
used in the foria of a 
brass box containiD| a 
thin dividing mcinhranc of 
copper. One aide of the 
meuibraiiu is conneuied to 
a very high vacuum and 
the other side to the system 
whose pressure is required 
The membrane ptcRSC-s 
against a glass plate, the 
system is illumiDatcd, aud 
lie inlecleieuce fnnges 
are observed with a mi- 
croscope. Tie appar.'itno 
ia calibrated ngainat the 
McLeod gauge V’* >» 

(c) Fiscosify inanomrters. 

Reference to equation (33L p.201, shows that at low pressures tliu 
viscous force existing botween two surfaces in relative motion is 

directly proportional to the pressure of the ga-s and tn the square r^t fit 

its molecular u'eight. Manometers based on this relation are of two 
types, which depend on {a> the rate of damping of a vibrating systein 
suspended in the gas. or (b) the steady t<^ue coromuiiioated to a 
suspended surface placed oppoate a surface tii motion. 



InCoolidg9'8?itf!rtj.^ke jwwcrmtJw (fig laftwofinequailx fibiv^Arearrsay^ 

in eemi-Uifilar suipension and end m a eoamoa tip. the vibratory motion 
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Kliioh is observed by a microseope with a seaie ia tho eyepiece. If we denote 
the iog.eritIimio deeremciit, which is a measnie of the total damping, by X, the 
general relation will be 

X— a + i^S, (96) 

where a representa the darapiag doe to Motion of lie Rapport and b Is constant 
at constant temperafcore. Theqaanyfyaisdeteraiuiedfiom the residual damping 
when the system is completely esb&osted. The apparatus is lalibrated against 
the McLeod gauge; the linear lotion iavnlid over the range I0~® mm. to 10'® mm. 



Fig. 13 


In Dmlimcn'i molecular ffangc, the viscoos drag eserted when a disc 0 (fig. 13) 
is rotated rapidly at uniform speed dose to a similar piote B suspended by a 
quartz fibre D is observed by moans cd o mirior E- The whole system is con- 
tained in the glacs vessel A, and to ensure absence of ieafcs from the air tlie disc 
C is rotated by the effect of a rotathig magnetic field in the Gramme ring GC 
on the magnet NS, Swed to the VOTSeal F. If r, is the radius of the upper 
disc, and we consider a oirctilar strip of radiiT and r + dr, the total torque eserted 
by the lower disc, by equation 23, is 

J’’rE<irp(^^hrrdr 



where is a constant, 8 tho deflection prodneed, v the restoring couple for unit 
angle of twist, and a tho angular vdod^ of rotation id the lower disc. 



(Chap. 


230 KmETIC THEORY OF MATTER 

A mnTP rcarect formula given by Dtutuoac • la 



where ilia the diameter of the nAstm^deoC, 5 and tarn tjie moment of iiwrtja 
and tbe psnod of oatural oacillatiofi of the dwc if. and fc ia 1 conatant involving 
the aceoromodatlon coelCuienU PiesstiCM down to 10~’ mt» may be aseasured 
with this appOMtus. tho usual range eitondmg from By equitioo (SS), 

the instrument, may be usud to measure pnssnre absolutely, but i is not usaslJy 
known aceurstely, so tho llciriod gangs is gensrajly- tuad for oalibnititm. 

(d) RadicMCter gauges. 

Tlie comnwa Crvokee ratftowffr may bo used to wRaswe tow gas 
presaurca, but lUt operation ia complicated and still doubtfully und«- 



stood. The etcplauation that the radiometric forces arise simply from 
tbe greater velocity of xeboun'l of molecules from the surface at higher 
ternperatuie is unteDobfe, as this procoss would lead to a decrease m 
the density of the gas close to liio aurfocB. und a cousequeat teducticn 
in the nunibei of molecular impacts per second Ik would appear that 
fresh gas is contmually supplied to the oentre of tic hot surface by 
ihennal creep la which, as Maiwell first showed, tbnrc 13 u steady creep 
of giis across the plate from the colder edges to the hotter central 
region The final behaviour of tho radiometer depends pcatly on the 
shape nf the suspended vsnea. Its use k therefore restricted to quali- 
tative investigation. On the other hand, Knudsen's absofule manometer 
rivals the McLeod gauge for the abaolute determin atiou of low pressures 
It has tlie fnrthep advantage of meeanriDg the pressures of vapours, 
but it is much less coQvemeut to use. 


FAj» a»,VaL«,p.&13<l9t5) 
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Tbo iustotiment ccinaists of two fij®d mica strips heated eloctricailj and placed 
on either side of a third strip suspended by a foirion n-ire. The radiomater forces 
exert a torque on the suapcjidL-d strip, measuremont being carried out with 
mirror, Jamp and scale. 

The torque is proportional to the gas pressure, and the theory of 
the instrument has already been discussed fully in this series.* The 
final relation obtained is 


where is the scale deflection, dg the distance of the scale from the 
mirror, and a, t, 8 and D are the area of one side, period of oscillation, 
moment of inertia, and mean 


diameter of the suspended strip 
respectively. f The range is from 
10"* mm. downwards, and the 
scale is linesi except near the 
higher limit of pressure. 

(c) Pirani-Hall gauge. 

Since from equation (40), p. 
207, the quuntity of heat AQ 
conducted through a gas at low 
pressure is proportional to the 
pressure, a convenient gauge 
may be based on the change in 
electrical resistance of a heated 
tungsten wire immersed b thegas. 

The geaicral aTraiigeoisat ie sho'^ni 
in Cg. 14, which shcFWa n modifioatiou 
due to H«U and is sBlf-cxplonatory. 
Tbo gauge may ba iiaeci in thnsa ways: 
(1) tbc Toitago may be maintained 
constant and tbo variation of Uie 
cuiTont i with tbo pressure p may be 
observed, (2) the resistance may be mrintslncd constant and tlie variation of 
energy input with p observed, or (3) tbo eumait may ba maintabied constant 
and the variation of r with p ofastt^ (Piraai-HaU method). Linear relations 
are obtained with diflerent gases over a tsu^ of lO"^ mm. to 10”® nun, ; the 
apparatus is usaelly calibrated against the llclaiod gauge. 



(/> lonizatimi gauges. 

These gauges are based on the dependence of ionization on gas 
pressure. The existence of a Imcnr relation depends on the arrange- 


• Roberts, Ilcitt and Thermidjftiimiea, fourth etlilio 
t G. W. Todd, PMU Has., VoL 88, p. 3B1 (1010). 
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Qiftnfc of the ftpparatiis. a satisFactoiy fona beinj’ that of Dusbman 
and Fouad shown in fig. 16. 

Tbe plate, triiieb is in the form of a gnd and CBCiipies tlin positJon normallj' 
held by the latter m a triodis Las » poteotial of about -(-250 polls relatipB to the 
filament. Tbe ooUector oJ ibe positive loos, whieh eoDstats of an outer eylinder 
of molyhdenum, has a potential of about —20 volts relative to the cathoda. 
The positive Ion eurrent is rpgiateml by » sefisitire galTanonieter and is found 
to bo lineoily related to the goa pmiantie over a wide range. Espetiments with 
argon, tiia presenre of which was deJennined dtonltaneoualy with a lIol«od 
gauge, ehowed that the grenttr tho elccuon cnitent, the higher the prewure 
at which the linear relation remains valid. Tbs iimge is from 10~‘ mm. to the 

In one modification of the ionization gauce, a magnetic field is 
applied 80 that the eteclrODS move in long LeBcal paths; thev thus 
produce a maximum ioni/uition by mpcatccl eoUisicn with gas Tunfecules, 
tvith a consequent inctease iu aenaiUvity of the iustruueut. 

(y) SJ^usim gauges. 

The use of effusion gauges is normally restricted to the measure* 
ment of vApour pressures of metab, an adequnbi account of which 
will be fotuid in Roberts’ Heat and ThermadifnamKs, iouith edition, 
p. 216 et uq, 

(A) Companson of ioto-pressure mnnorwters. 

The. choice of a gauge for the Tneasiirement of high vacua depends 
on whether it is to he oseil to measure a steady presrure as accurately 
as possible, or whetbet it is required to indicotn the presence of leaks 
in the vncuuui .tyrti'm, Premee work will require many precautions 
whatever gauge is used and the final selection mil depend very roiioh 
on the incLvidual experimental conditions For Ipak-testmg purposes 
the Meixod gangfi is ample, rcbablc, und cheap, but it is bullsT and 
not suitable for iustautaneous readings. Its mnin dj.sndv.iDfcage, how- 
ever, is that any fatiuie to keep the liquid air trop ui full operation may 
lead tn BEnoii.s corta-mmation by mercucy vapour of metal parts of the 
system in general, and of the Apteeoa oil pump in particular The 
Pirani gauge has all the advantages of the Jlcl^od gauge In additioa, 
readings can be talien at any distance from the apparatus, and they 
are instantaneous. It is, however, very aenmtivo to external and internnl 
disturbances, such as lucchanionl shock and temper.itun! fTuotuacion, 
the v^idely wandering zero wbidh resnlta makes detoctiou of leaks wicii 
this instmmeat very difficnit. 

The. ionisation gauge is very sensiwTe, msUntaneous, and flexible 
Its disadvantage he* in die bmltecl bfe of the filament, the high 
peraturc of which will decompose organic and other vapours. Kehable 
results require regular degassing of the gouge which may prove 
ledifnis. While the. Kmidsen gauge may require great care when used 
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as an absolute inEtrument because of nncecbainties connected witli the 
accomraodation coefficient^ many vorkm consider it to be the best 
instrument for leak detection. For most thermal gauges tbe energy 
transfer due to molecular conduction and to radiation are comparable, 
but tbe TnotiientuTn carried by the molecules greatly exceeds that of 
tbe photons. It is this fact that gives the Kniidsen gauge au advantage 
over the PiiMii gauge in freedom frxim externa! disturbances. Further 
advantages compared with other f orma of tuanometer are the absence 
of a filament running at very high tcmpccatuies, and the absence of 
mercury vapour. However, the scale actually on the gauge must usually 
be read , and this may be a ffisadvantage since the gauge must be mounted 
close to the vacuum system. 
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CHAPTER X 


Osmotic Pressure 

1. OsmoUc Prcssuie of SolatioDj. 

Various experiments lead to the view that la some way a aubstanee 
in solution exerts a mecharacal pressure on the walls of the containing 
vessel. To demonstrate this it is convenieut to use a so-called semi- 
permeable membrane This is a natural or artificial membrane, possess- 
ing the property of allowing the mnleeules of a solvent to pass through 
freely, but completely obstructing th« molecules of a solute. For 
example, a gelatinous layer of cupric ferrocyanidft, 
deposited in a porous pot, acts in this way with 
respect to a solution of caoo sugar m water. It 
prevents passage of the sugar, hut freely transmits 
the water Aporouspotcylmder, withasemi-permeablo 
membrane of cupric lenocyanide depusited In its wallsi 
is mied with a eolution of cane sugar in water. A long 
glass tube is then fixed through tbe top of the cylinder, 
the joint is made watertight, and the cylinder is made 
to stand in a beaker of pure water. As time goes 
on, it is found that the liquid iseido the gloss tube 
rises to a considcmblc height and comes to rest 
Pig 1 repesents the situation after equibbnum boa been reached 
The cylinder has been adjusted so that the scmi-pcimeahle base 
just touches the pure water. Water has entered the cylinder and 
tube until the difltirecee of the two levels has become B cm. A 
hydrostatic pressure of gpB dynre per aq. cm , plus the pressure 
at X, now acts on the inner snrface of the semi -permeable mcm- 
brariQ in the base of the tylinder, where p is the density of the 
solurion in its final state. A pressure gtrH, plus the pressure at X or Z, 
acts on the solvent at P, where «r is the vapour density. The same 
pressure acts upwards on the loww side of the membrane. It may be 
said that s pressure — o'), applied to the inner surface of the 
membrane or to the solarion, prevents more water from^ eptermg. 
This quantity is colled the osmette pressure of the solution in its fina 
state: 



JV* H'ltor 
fig I 


P = gBlp~<r). 


(11 
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Semi-permeable membranes and the phenomenon of osmotic pressure 
play a ^eat part in connexion with the properties of ceils in plants 
and animals. Solutions nilii equal osmotic pressures, though not 
necessarily vrith the same solute or solvent, are said to be isolonic. 
In giAung medical injcctiona, Bvrelling of the red blood corpuscles is 
avoided by using solutions isotonic wiJi tiie contents of the corpuscles. 

The osmotic pressure of a sohitaon is often regarded as being 
produced in the same way as the pressoie of a gas, that is, it is supposed 
that the molecules or ions of a solnte are endowed with motion, that 
they bombard the walls of the contaming vessel, and that the osmotic 
pressure is the normal momentum imparted to the walls per sq. cm. 
per sec. In dilute Eoiutione it is supposed that the molecules or ions 
of the solute move about, unimpeded by the presence of the molecules 
of the solvent, and without cxertbg forces on one another; in fact, 
the solute behaves as a perfect gas would behave if it occupied the 
same total volume as the solution. Other views of osmotic pressuio 
have been put forward from lime to time, but these will not be con- 
sidered here. 

Experiment shows that the value of the osmotic pressure of a very 
dilute solution of a solute which does not dissociate when placed in 
the solvent is, in fact, that which it would have if the solute were 
a perfect gas occupying the same total volume as the solution. This 
result is known as van'l Hoff’s law, the cbasical law of osmotic prossute, 
In symbols, it may be written 


its 


(3) 


where P is the osmotic pressure of the solution, V its volume, $ the 
absolute temperature, 3i the moss of solute, IF the molecular weight 
of the solute, and R a constant. If P is in dynes per sq. cm., F in c.o., 
/If in gm., and IF the. molecular weight, R — 8-315 X 10'. Ifca dimen- 
sions axe those of worh/teinpa'ature or ML-T-^S-^. Equation (2) 
may also be written in the form 

P^knO, ( 3 ) 


where k is Boltfunann’s constant, equal to 1-372 x 10 and n is 
the concentration of solute molecules in molecules per o.c. In the 
case of solutes where each molecule completely dissociates into v ions, 
van't Hoff’s law becomes 


Jffl " IF’ 


('ll 


which reduces to 


( 5 ) 
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Wliatever the nature of eolntiom may be. tbermodynoniics enables 
UB to deduce various laws twimected with tbeir osuioLic pressure, 
vapour pressure, &c. Some ol these laws wiU be dkciissed before we 
consider modern views of the nature of solutions. 


2. The Osmotic Pressure of a Dilute Solution is Proportional to the 
Absolute Temperature. 

Consider a quantity of a dilute solution enclosed in a cylindncal 
vessel ABCD (lig. 2). Let the latter be provided with a frictionless 
piston, the head of which ia 6cmi-petm«ble m the sense 
Let the volume of solutiou lie T cc.. sta o-smotic pressure P dynes 
per aq. cm,, and its absolute temperature f Let f 

above the piston head. Doling any motion of the piston the solute 



kept m the lower part of JWD. cycle uA 

the piston head. Let the ^ ^ n \ Lot the initial 

which is represented on a PP , , / ,pjjen the piston ns at 
state P, V, 0 be represented by temperature 

AB. Let the piston move ®P ^ttmg dV c.c, oi solvent 
BO as to sweep out a volume JP.J^t i>s ^ 

The point ill represents the ^^porature drops adiabatic^y 

move up a little farther, so that the te ^ ^ ^ ^3) Let 

to » - dd, that is. t^e the “l-^^^^rteSparaturc 6 - .u^til 
the piston be 

.he point Lis again reach^ 

thei-modyuamic sense- Its 

■ f/) — — dd)}IO — dojU 

afficimey, by .property *01™™ i 

. B.. Bobrrl.. ' 
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From another point of view, its efficiency is equal to the area of the 
cycle divided by the heat tiUcen in by the substance along LM. The 
area of iilifiVO = the area of LMXy^LYdV. The quantity L7 
may be written in the form pP/35)rd0, Iot it is the change in osmotic 
pressure at constant volume cone^tonding to a change of temperature 
d9. Hence the area is 'ihc solution is so dilute that 

along LM there is no heat of “ further ” dilution to allow for, and 
the only heat absorbed aloi^ LM by the solution is that required to 
make up for the work PdV done by the sohitiou and so keep the 
temperature constant. The second esqircsaioa for the efficiency becomes 
UZPjdO)ydOdV^jPiV. Equating the two expressions and cleaimg 
fractions, we have = P/o. By iotegmtion, 

logP= lug&4- acuDStaut, 
and 

P = ae, (6) 

where a is a constant as fat as teuipetatuie is concerned, but may 
depend on the volume. This result, of course, is part of van’t Hod's 
law. 


3, Difference between the Vapour Pressure of a Pure Solvent and that of 
a Dilute Solution. 

Consider the simple arrangmuent shown in fig. I and desoifbed 
on p. 234. Let the vapour pressnres at points 2 and T, just above tho 
surfaces of solution and solvent, be p' and p respectively. Let the 
densldes of the vapour and solution be a and p. Neglect changes in 
vapour density with height. To get from X to F, it is possible to 
proceed in two ways, (1) vie file solution and solvent, along the route 
XWY, (2) via the vapour only, ^ong the route XZY. The pressure 
change in going from X to F must be the same along both paths. 
Along XWY, p « p' 4- ffpdd — Pj since the ptossure is j)' .at X, rises 
by gpB in going from X to the bottom of tbe column of solution, and 
then fails by P as the semi-permoablo membrane is crossed. Along 
XZY, p = p' + since the drop in level in the vapour is the only 
cause of change in pressure. Hence gpB — P~ p — p' ~ goU, 


P ~ gE{p — <j), and gB — Pl{p — a). Thus 

y — = (7) 

Since v <£ p, the approainiafaon 

p 'P'-'J M 
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4. Difference bctweea the BoHine Point of a Pare Solrent and that of a 
Dilute Solnljon. 

A liquid boils when its aaturatiuD •rapour pressure is equal to the 
pressure nf the atmosphere above ife mirbicc. Fig. 4 shosra the curves 
couneofirig the eaturation vapour pcesatiru und the absolute tempera- 
ture of b pure liquid and of a dilute solutiou with the same liquid as 
solvent, Eet A tepreseafc the boiBag point of the pure eolveni at 
temperature 0. At tiiia ternporatwre the vapour pressure ol the solution 
K lower thao that of the 
aolvent, represented hy the 
point 5, To make tLo 
,y eoCutioa boil, its vapour 

pressure must be brought 
0 J«dinjrtiini ^ ^ up to otmospheric presstire. 

This is done if the toiopora- 
_g ttire is raised by an amount 

dd, say, so that tie vapour 
>. j« — • pressure p of the solution is 

lepiesented by the point C, 
where AL = Ojd f Let 
BL =! p*. The curve BC 
^ L (m connects p’ nod d. To a 

I fa* change in temperature dO, 

Fif 4 there correspoBus a change 

of jaesaiiro dp'. Henco to n 
change in temperature 6^, there correnponds a change of pressure 
{dp' jd0)^O, TFiioh must bo equal to p — p'. Thus 


Assume that the slopes of the two curves near A and B arc equ.ai, 
that is, that dpjdd ~ dp'fdB, an assumption borne out by expeiiment. 
By Q relation known as the first latent heat equation, or Clapeyron’s 
equation,* 

{P _ ^ - - (10) 

dO - «i) 

during a change of state, where X is the latent heat in cij''? per gramme, 
and V 2 ^-te the specific volumes of the vapour eoa liquid solvent 

respectively at temperature 0 Hence 

( 11 ) 

Ll0{v, — Vil 
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By equation {8), 


p-/ = 


P * 


where <3 is the vapour density of solvent vapour {— l/Uj), p fcJie density 
of the diiute solution, and iP its osmotic pressure. As the solution is 
dilute, aesuiDo that p is the deieity of the pure solvent. Then p—\ jvy. 
In equation (11) substitute for p— p’ ftom equation (8), ne^ect Hj in 
comparison with Uj, ^co the specihe volume oi a liquid is so much 
leas than that of its vapour, and i^lace by l/o. Then 


ot 


.Me 

Laje 




n 

Lp 


( 12 ) 


In numerical substitnUous, P is iu dyacs per sq, cm., L in erys per 
gramme, and p in grauuneis per o.c. Ad is ininierically positive, so that 
the solution hoa a higher boiling point than the solvent. Since Ps vhnB, 
by equation (6), 




-Lp ■ 


(13) 


6. Difference between the Freezing Point of a Pnre Solvent and that 
of a Dilute Solution. 

The freezing point of a pure solvent is fcliah temperature at which 
the liquid phase of the substance is hi equilibrium with the solid 
phase and their vapour pressures are equal If no substance other 
than the vapour occupies tiie space above the liquid and solid phases, 
all three phases, solid, liquid and trapout, can be in equilibrium, and 
the freezing point is also the triple point. If the vEBsel is open to 
the atmosphere, the freezing point is not quite the same as the firiple 
point. For example, the ordinary melting point of ice is 0“ C., but the 
triple point is -h0'0074‘’ 0. 

When a solution freezes, onfy the pure solvent crystallizes out. The 
freezing point is lower than that of the pure solvent, and is the tem- 
perature at which the solid phaae of tiie solvent is in equilibriiun with 
the liquid solution, (hot is, at which the vapour pressure of the soiution 
is the same ns that of the solid solvent. Consider fig. 6, in which AB 
represents tbo p9 cun'e of the vapour of the hquid solvent, DB re- 
presents that of the vapour of the soM solvent, and DC the p’6 curve 
of the vapour of the solution. B represents the freezing point and triple 
point of the pure solvent, D the freezu^ point of the solution. 

Draw Vertical straight lines AOH and BOK through D and B 
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leapectivcly, and Lorizatifal ntjMght fines J>E, AF. hstOK= 0,011 — 
^ — OiB. Experiment ehows Hut AB and BO tave tLe same slope. 
Uenc* AD = SG — p — j/. Hanes AD^ Pajp, approximately, by 
equation (8), p. S37, where o is the vapour density, p the density of the 
dilute Eoliition (which is nearly equal to the density of the solvent), 
and P is the oamotio preaswe of the solution at B. AhoAD~BG= 
BE — CE. DE represents tho lowering of the freezing point ^0 
produced fay the piceencc of the solute. BE = BE tanBPE — 
A0(Bp/dO), where t)p/5B routes to the vapour pressure of the solid sol- 
' vent. OE =^DE tanOD5= jDfftatiiB.dP, since /filnudiJC arc parallel, 
=Ad(3p^36) where ipj^B relates to the vapour pressure ol the liquid 



solvent. Hence AD » BS ~ OS » 

Clapeyron's equation (10) applied to the trnnsition eolid-vupoui gives 
dp/SB^aM = — »^). whore Xj, is the latent heat ol transition 

from solid to vapour, and Vj and v, the speofic volmncs of vapour und 
solid respectively. Now Vg1S^*>t, and == l/o, wheio o is the vapour 
density. Bence (2p/3^),oBd Sunilarly {BplOB)u<,M — 

—i. — r i-*— * tmm JJ-juid to vapour. Hence 

re is the latent 
— Xu -f- Xjj near the 
• e have 


An accurate (but indirect) 
based on this formula. 


method lor measuring oamotio pressure » 


6 Measurement of Osmolio Pressiirc. 

Oamotio presBiire may be mesaurod directly e.g. by tie method of 
Berkeley and Bartley.* 

• yh,l. TraiM. R»st. Sac„ ^ P *81 (1908) 
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A horizontal porcelaiD tube A (fig. 61 has a semi-pcrnicablc tnccnbrono of 
CiiFelCN), deposited near tbe outer isiU. gnn-jratal case B enclosing A is 
filled noth the solution under lest tbe ode-tnbe C. The brass end-tubes D 
and E lead respeotirely to a Tctiical open padoated gloss capillary tube and to 
a tap. Tbe eoltrent (water) is placed in the poreeiaic, brass and glass tubes. 



Fl«.# 


Solvent tends to pass thratigb tbe membmie. but is prevented by a bydrosUiCio 
pressure applied througb C. When die applied bydrostetlo pressure Is just equal 
to tbe stun of the required osmotio prcssme and the staal! bydrostetio pressure 
on the solvent in tbe nsemscos in F reuiaius alatiooury. Tbe membrane 
was strong enough to allow osmotic piessuiee of ISO avraospbcces to be mcAsured. 

A second arrangement for measuring osmotic pressure, suitable for 
concentrated aolntions, is tliat of Frazer and Myric^ with improrementa 
by Mozss and Frazer, GrollmaD and Frazer, and Lots and Frazer (see 
fig. 7). In Older to stand pressures of the order of 260 atmospheres, a 
cyUndxioal earthenware cell M, of special quality, with a semi'permeable 
membrane of 0n4Fe(O7)g inside its wall, is inserted in a bronze cylinder 
J. Pure solvent, e.g. water, is contained in the central space L, while 
the solution whose osmotic pressure is required Is placed in the outer 
compartment B between M and J. A bent ^ass tube T serves to admit 
more solvent from outside and, being open to the atmosphere, the 
pressure at the meniscus level in the open arm has a known value. 
Leaks between cell and lylinder are avoided by using a washer 0 made 
of a subslance known commercially hi UB. A. as “ Rainhow Packing ". 
In the older work the osmotic pre-ware itself was measured by con- 
necting the top of the bronze <ylinder J to a metoury-in-glass mano- 
meter. On account of several soorces of error and the disadvantage of 
breaking at iiigls pressure, the mercury manometer of older measure- 
ments is now replaced by a reastance manometer, i.e. in the upward 
prolongation of J a metal wire, suitably mounted, is included as part 
of an estemai electric circuit. As the hydtftsfcutic pressure P on the 
wire increases, the electric resistance increases according to a linear 
law 

R=a + bP or P = cH-i. 

R is therefore measured and P calculated. This enables the work to 
be carried out for much higher pressures, i.e. with strong solutions. 
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(1) tliat clianging tie iiydrostatic pressnre on the surface of a liquid 
changes its vapour pressure, and (2) that a column of de-aerated liquid 
can support the application of a ion^tudinal tension without break- 
ing. It is a method suitable for analler osmotic pressures, say, of not 
more than one or two atmospheres. 



In one and the same enclosure quan- 
iitien of (o) pure solvent and (6) solu- 
tion are esposed in separate con- 
tainers. The vapour of the solvent 
fills the vessel above both the exposed 
surfaces. Since the vapour pressure 
of the solvent exceeds that of the 
solution, solvent at first distils over 
into the solution. Tbc vapour pres- 
sure of the solvent is then reduced 
by making use of the two properties 
just mentioned, In that a normal 
teosioD is applied to the surfaoo of 
the solvent, mrected from the sur- 
face to tile Ulterior. This tension 
is simply the downward weight of 
s dc-aerated column of solvent, 
hanging beneath the exposed sur- 
face. The length of the hanging 
column ie adjusted until solvent 
ceases to dietil over into the solution. 
It is then assumed that the vapour 
pressures of solvent and solution are 
equal. The osmotic pressure of the 
aohitioo is then taken as equal to 
gph, where p is the density and h the 
length of the en.spended column. 

In Older to carry out the experi- 
ment the Bolvcnfc is introduced into a 
porous disc made either of a mixture 
of clay (pot) aud Pyrex glass powder 
(Townfflid) or a sintered glass filter 
plate (Ulmann). The pores are of 


Fig. s such a siae as to cause the solvent 


to rise from below to the upper 
surface, but are sufficiently small to msure that the maximum capillary 
rise, if the pores were long enou^, would be greater than the osmotic 
pressure to be measured. Underneath the porous disc, in contact with 
it and effectively hangup frem it is a column of dc-aerated solvent, and 
below that a column of mercury, niis compound column is the one 
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which reduces the hydrostatic iitessare on the surface of the solvent 
by un amount equal to the osmotie pressure to be mnnsurod. Instead 
of iindjug the equilibrium p<wt by one tedious operation, it is detcr- 
znined by meuauriug the mass distilling over from solvent to solution 
per miauta under various downward tensions. 

A graph is plotted with masses distilling over per minute as ordinates 
and tensions per sq. cm. as ahscissB. Tbia graph is a straight line. The 
uhscissa intercept for zero mase distilling over gives the tension per 
sq. inn. for that case, and this Ja the requited osmotic pressure. Thermo- 
static temperature control is of very great importance, because a chauge 
in femperatuie of O-O0G53^ C. produces the same effect as an KTIOOO 
Rolution. Air-free liquids are imperative. The concentration of the 
solution ia dolccmined at the end of an eiqjeriinent from the refractive 
index, whicli is itself deterjuined by an optica] interfcTorocter. The 
method has been successfully apphed to orgauio solutions (Ulznann). 
The time talccs by a measurerneot is said to he much shorter than by 
the olay-oell method. 


(6) T/ta (fiermocmijiU mtCtuxL 


In order to Toeaeure or compare tivc oamotic preasuTee of aqueous 
solutions available only in very sniall quaulitiee down to about oae 
milligramme, the method of Iltll may be 
used, as wodidcd by Baldes. 

A thermocouple of tfie shape shown 
in fig. 9 is constructed with very tbm 
wires of mangamn end eonstantao. 

ABA represents □niistontan, A(5 (two 
pieces) represents maogsnin, and Ct* 

( two pieces] represents copper connecting 
wire. If the osmotic prcstnirca of two 
sohitiocs are being compared, a small 
drop of the first is pipetted on one 
}unctioij A, and a familar drop of the 
second on lha other junction. The p- 
pelting is done in a humidified atmo- 
sphere, and the tJioimocoupIe m liiea 

immediately placed in a vessel whose mner wulJs are hnwl with 
moistened filter paper. Satiirstcd water vapour Ircni this d/rer paper 
fills the veascl Condtaisution on both drops goes on. 

Let Pi, and be the vapour pteRauria of the two solutions end 
the saturation vapour presBUm of the water, respectively. The rale of 
oondansation on the first junction is equal to — pj) giammes per 
second, where A is a con.sfcfint. lOie latent heat of the condensed vapour 
waima the junction through A'(jn, — pt) degree-s C. The lempers.tiiie 
of the junction then becomes constant, for the heat supplied Dj' con- 
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densation is then equal to the teat lost coucluotion, radiation, and 
conrection. Similarly the tempcratuic of the other junction rises to 
h'(Po — Pz) degrees C. aliove its snnoandiags. A steady state is reached 
in which the temperature difference of the two junctions is equal to 
k'ipi ~ yjj) degrees C., assuming that JJj > 5>2- An e.m.f. of value E 
volte is produced, and if <, the tempesmtore ^fference, is very small, 
wc have approximately 

B = al. 


Here t ~ i'(pi — p.), 

hence B »» — - p.) 

or B^KiPi-Ps). 

where Pj, P„, ore the osmotic pressures and K is a constant of the instru- 
ment. T^sdectromotiveforce £is measured. The constant 5 is found 
by calibiating with standard liquids of known vapour pressure. 

Besides needing only small qaantities, this method has the advantage 
of taking only a short time (of the order of several minutes) for the 
attnmmeut of the steady state, whereas the clay-coE method takes days. 

The accuracy of the present method is indicated by the fact tliat it 
measures values of Fy — Pj os low as 0-002 of the value of Pj. 

7. Baoult's Law, 

Baonlt's law asserts that when a solute is added to a solvent to 
form a dilute solution, the fractioual drop in. vapour pressuio (p — p')/p 
is equal to Ny/Nn where Ny and iV., respectively, are the total numbers 
of solute and solvent molei^es present (solute undissodated). 

To prove this, replace p — p' by Pa/p = knOa/p by equations (8) 
and (3), where k Is BoHrmann’s constant, n the number of solute 
molecules per e.c., a the vapour density, p the density of the solution 
(and of the solvent, approximately). Further, p, the saturation vapour 
pressure of the solvent, is given by the equation of state of a perfect 
gas, since the saturated state may be regarded as the last state to 
which the equation of state applies as the substance approaches con- 
densation. Hence p/a = Bd/W, where IT is the molecular weight of 
the solvent, and p — R9o/W. We thos have (p — p')/p = knW/Rp. 
Write n = E\IV, where T is the v-ohune of solution or solvent. How 
pjW is the number of gramme-molecules of solvent per c.c., if p is 
regarded as the density of the sohxnt, Fplff the total number of 
gramme-molecules of solvent present, jmd R/k the number of molecules 
in a gtamme-mokcule. Hence TpR/Wk^^ A\, the number of actual 
molecules of solvent present. Then we have approximately 


p — p* _ Ni 

V ~ 


(15) 


and Aj/A'2 = Kj/nj. the ratio tie concentratjoas in molecules per c.c. 
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S. Tno Classes of Elcctrolrtes. 

As lar as nqiitous solutions are concerned, tlicre are t'vo classca 
o£ electrolytea. Tte claas of wajjfc dedrolytes includes tiose substaucta 
wiiicli when diasolped in water give solutir^s in which the process of 
dissociation into ions ia far from eomplete. This statemant holds even 
when the solutions axe very dilute. In this class ate many organic 


moderately strong solutioaa To this class belong most nontiaJ salts 
and those acids and alkabes which have long been collod “strong”, 
for example, HCl, HNOj, HjS 04 , NaOn, KOII Tho properties of 
Bolutiona of weak electrolytes ace well represented by tie classical 
theory ovrtlinod on pp. 2115-241 , but this theory fails to explain the 
properties of solutions of strong electrolytes. Contributions to the 
theory ol such eolutione Lave been made by Sutherland, Bjerrum, 
Hertz, Milner, Ghosh and othem, and cnpeouilly by Dchyn and Buelcel 
(1933 and onwards} As the theory of the last two authors is now 
generally accepted, an outlbe of ^e elementary part of rt will be 
given here. 

9. Bladem Views of Osmoilo Pressure. 

The classical theory of the osmotic pressure of dilute solotions 
regards it as an eSect of the same type as the pressure of gases, that 
is, the value of the osmotic pressure is calculated as the normal momen- 
tum imparted to the boundaTy surfaces pec sq. cm. per seo, by tho 
impact of the inolec\ileB ot 10 ns of tbe Koliitc. It la assumnd that 110 
forces exist between the molecules or ioos. Debye and Hilckel’s theory 


These forces are given by Coolorah’s I.w of inverso aquaxes, and the 
solvent enters into tho oolcalation because it fills the spaces between 
the ions find tho. value of its dieleotiic constant aSeots the value of 
the forces Any given ion is mote likely to be approaohed by ions of 
the opposite kind than by ions of the same kind. This alfects the 
kinetio energy of the ions and lednccB the osmotic pressure In 
solutions of weak clcotrol/tea the charged ions also exert forces on one 
another, but us they are relatively few in number compared with the 
total niiinber of undissoeiated molecnlcs present, the efiect of the- 
forces is relatively smidl, and weak electrolytes behave according to 
the classical theory. 
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10. Debye and HSckel’s Theory of Strang Electrolytes.’ 

It is convenient to desoiibe first tlie c^erlmenta! results obtained 
with solutions of strong electrolytes. Suppose tiiat the actual osmotic 
pressure of a solution ia P, and that , the osmotio picssuie whicii the 
solution vould have if it rrere completely dissociated into ions is P^. 
Write P/Pa —Pi P ^ called tte osmofie co^cient of the solution, 
and is determined fay experiments on lie depression of the freezing 
point, &c. According to the classical theory of solutions, 

l — .... (16) 


where n is the concentration of the electrolyte in molecules per c.o., 
V the Dumfaer of ious into which each molecule dissociates, and K the 
constant of equilifatiuia supposed to 
exist between molecules and ions, as 
given by the law of mass action (see 
Ex. 1, p.8i6). 

In the case of binary elM!lrol)i-es 
like NaCh »•« 2 and 1 - n/2if. 

A graph connecting 1 — ^ and n for 
sach substances ought to be a straight 
line, beginning at the origin and mak> 
iug a finite angle 6 with the axis of n, 
where taaS = I/SiT. In other cases, 
when V > 2, the graph connecting 
(1 — P) as ordinate and n as abscissa 
ought to be a curve starting at the 
origin with the axis of n as its tan- 
gent. The actual experimeuta] results 
are in sharp contrast with these. 

Inspection of fig. 10 shows that in all ^ n c a 

cases the graph connecting (1 — JS) 

and the concentration « is a carve lea%'ing tie origin in such a way 
that the axis of (1 — ^ is a tangent to it. Tlius the classical theory 
of osmotic pressure fails as r^a^ strong electrolytes. It appears on 
closer esamination that the states of such solurions are not governed 
by the classical law of mass action. F%. 10 also shows that for a given 
concentration the value of (I — depends on the valency of the ions 
of the electrolyte concerned, that is, on the electric charges upon the 
ions. The classical theory fails in that it does not take into account 
the forces due to these cketric charges. In the present exposition of 
Debye and Hiickel’s theory it is inirially assumed that (1) the solutions 
under discussion have fairiy low or low concentrations, (2) the electro- 
lyte is completely dissociated into ions. 



Dobye and Huskel, FhgtilialutAe Zeils.,YvL St, pp. 1S5, 305 (1923}, 
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The classical vahie nf the osmotic pressure o! a solatlou is 
Pa= viihS, by equation (5). Let the actual osmotic presbuxe be P, 
It is required to egress P in terms of iV Consider a volume Fj, of a 
solution, enclosed in a cylindrical vessel provided with a piston of winch 
the head is Betni-pormeable, that is, permeable to mwecules of the 
solvent but impermeable to molecules of the solute. Let there he pure 
solvent behind the ^ton head. Consider the work which must he 
done by on Rxfcernal a^»ftnt, who may be called the operator, to obtain 
V c.c. of solution, starling with pure solvent, working at eonstant 
temperature and by purely reversible processes. Two couvenieut 
ways oi effecting this change offer themselves, sod, by a property 
of the quantity known os the available energy of a system, or other- 
wise, it may be shown that the work done by the operator is the same 
in each c&se. 

First oi nil, tho solution may be compressed inffnitely slowly fitun 
the state of zeto eonceatration (infinite dilution) and volume Fp to 
the final volume F. The total work done by the operator in this process 
is — y* PAY ergs my. Note that in the usual uotation of 

thermodynonucs, dWi/dV *■ ~P. Secondly, the operator may start 
witii a solution of zero conceatratioo, regarding it as containing ions 
infinitely far apart, and take away the eba^s from the ions uifiuitely 
slowly. Tiien the solution nuy be compressed from a state of zero 
concentration and volume V* ** volume 7, tho ehorges on 

the ions being absent. The cb&rgen may then be restored to the ions 
iafinitely slowly. In this way Ike solution reaches the same final state 
as before. During the compressioa, the work done by Ihc operalor 
ia ~fp.A7=^ TFg, say, whcTp. P, rcprcecute lha osmotic pressure 
cnlnulated by classical reaeomng, since electric charges nrc absent 
Hence 3fr,/37=« — P,. Let the work done by the operator uireaioviiig 
and restoriTig the clcetrio chargis 6o IF,. Then since the tot.il work 
done by tha operator is the same in the two processes, 

IP, TFg -h 17^ (17) 

DifCBrentiate with respect to P, keeping the temperature constant 
This gives 

3TP, 3IPj , SIP. 


nence 


(18) 
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Thus the question of finding P in tenns of is reduced to the 
problem of finding dWj,ldV. The qnwtiky I?', consists of two parts, 
(a) the work done by the operator in removing the charges from 
the ions when the ions are infimtely far apart, (6) the work ^ done 
by the operator in restoring the charges after the final concentration 
has been reached. If we regard the ions as spheres, each of radius 
b cm., charge e e.s.u., infinitely far apart, and immersed in a solvent 
of dielectric constant 2) e.an., the energy of each ion, regarded as a 
charged condenser of capacity IX> e,a.n., is e*/2D& ergs. It is this 
energy which is allowed to return to infinity whim the ions are dis- 
charged. Thus the work done by the operator per ion is ~e^l2Db ergs. 
If in F c.c. of solution there are N ions of each kind, the total work 
is 

Wj = - e^- (19®) 


In calculatbg U3, the work of restoring the charges to the ions at finite 
concentration, we must take account of the work done in bringing up 
a charge to each ion against the mean potential due to otlier ions, as 
well as against ita own potential. Thus toj consists of two ports, 
which we ahull call Wg and respectively. The work done against 
an ion’s own potential, by a siniihxr calculation to that just oarried 
out, is equal to -fe®/2i)'6 eigs per ion, where D' represents the 
eil'ectivo dlelectne constant of the medium around an ion. 

For the N ions of each kind in V c.c. of soluUon, the total work 


“m 


m 


In strong solutions D" D, on account of the proximity of other ions, 
although in dilute solutions D and D' may be aasumed to be equal. 

The work Wj done against the mean poteuUai due to other ions is 
much greater than either of the gnantataes of work just calculated, and 
requires detailed consideration. Assume that the aqueous solution 
under discussion contains a single binary monovalent electrolyte such 
as NaCl or KCl, whose ions carry ch^ges +e and — e respectively, 
where e is 4-774 X 10*^® 03.u- We now calculate the mean electro- 
static potential which the nei^bouring ions pwxhice at a point which 
is about to be occupied by the CMitre of a (pven ion. Let there be n 
ions of each Idiid per c.c. The namber of negative ions surroimding a 
given positive ion, when averaged over a certain timo, exceeds the 
number of positive ions, because of the attraction of unlike charges. 
The excess is afiected by temperature changes. Let be the as yet 
uncalcniatcd resultant poteaitial at a point at a definite distance from 
the centre of a selected positive ion and outside it, due to that selected 
ion and to the rest of the ions. To bring a charge -f e there, work 
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etga must be done by tlie operator, and — ergs are reqiured to bring 
a charge — e there. Wa now apply ttie HaxweH*Boltsaiaaa theoraia * to 
calculate the average concentratioii (in time) o{ tons of e.acli sort in an 
element of volume dV near the point in question According to that 
theorem, the number of posildvc ions in this element where 

i is Boltzmann’fl conefcact, and e is the base of Napierian logarithms 
/I is a constant which is equal to n, since the expression must hold 
when 0 03, a tempecatnre at which we may nssume that the ions 

are uniformly distributed, with a coueentrntion n of wicb l.-ind pnr c-c., 
and « AdV sn ndV. Similarly, the number of negative ions 

in the element dV is Sinoc the ionic chargea ace ri-e ami 

— e respectively, the net amount of positive charge in the element dF 
is — **-*‘*>}dr, that is, 

«f{r~**'** — ****'**^e.* u. per cc. = p, aay. , , (20) 

As this is a problem in eicctxosutics, Gauss’s theorem holds Apply 
it to the element dT, which may be regarded as a rectangular paral- 
lelepiped. Thia gives Poisson’s equation. 



which may be written in the shorter form 



In this equation subafituta the value ol fi from equation (20). Then 
= .... (23) 

Assume that the electrical energy is small compared with the mean 
kinetio energy iff due to thermal a^talion. The exponentials can then 
be expanded in aenes ol terms m so that, negleutmg terms in 

<f> of degree higher tlmn the first, we get 

z-= approximately (24) 

This may be written in the lotm **<P, where a* — 

Debya and Iluckel call 3 /x, which haa the dimensions of a length, the 
ciaracterisli'c length of the solution. 

When Poisson’s equation is expressed m polar co-ordiiiatas, and 

- Oj/TwiBtKal Tk,.t>r,j of Oa»a, Sti eA. enoation (930) (Ombridge Uoj^ernty 

Pte‘a, 1031) 
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~D^ 


(25) 

• ■ • • (27) 


Since ^ = 


’ 0 wi)Qii r 


d = r^u: , 

r +-7 
. ^'s reduces to 


Tilts is the potential a* « • . 
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internal point diia to the ion’s own cha^e When a» is small compared 
With unity, that is, when, x is small and the concentration is small, 
tie Value of B, namely, — *c/Z)(l aas), reduces to 


The further discussion is limited to this case. 

It is now necessary to find the work required to bring np a charge 
+6, in ciojnents each of value de, from infinity to a point where there 
is a potnutial duo to other charges of value B = — tr/I). (This jirocces 
ia a purely mathematical device, since actually thr> charge can esist 
only as & multiple of the cicetronio charge-l Tha element oi work 
done in bringing a charge -f de to the poiut ie 

. . . (55) 

Bubatituto tho value of x ^ven by equation (2-1) in (35) This gives 



and by iategration the total work done in bringing up -fa is 
— (8»rn/BW)'«*/3r ergs, that w. -e*x/3Z) ergs per ion. innes 
a (8fmc*/Z))l:9)t by equation (24) If in the solution of volume V oji. 
there are W lona of each kind, the total work done in bringing up 
their charges against tho potentials oX the eurroucdlng ions is 


2iV«*n ,D«, 

Wj =*== ^ ergs ... - (30) 

This is a negative quanH^. It is tir greater numerically than 
Wj or iu^, where te^ — H^lDb and w* » as given by 
equations (19o) and (195), Tcspeotivuly, for dilute solutions, einoe D 
and D' are nearly equal. Hence tie quantity TF* nf equation (17) 
= 4- iCj — ttj 4- iCj d- Wj — IP3 approximately That is, 


Q substituting « *s {%rtm?fDIS)* and n iF/F, we have 

IK ^ -syc» (8wfya»/m^j* _ _ , (38) 


« tfiVi ' 
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if Tve keep N constant during tiie diflerentiation, or 
3JFe__^cflr 

dV ~ WT 

Equation (18) becomes 


For an aqueous solution of a binary salt of tbe type considered, 
the classical value of the osmotic pressure is P,= vnkS ~ Hence 


''““"O-sSs) <"> 




(41) 

(43) 

(43) 


This relation agrees well with ezperimeat for solutions of low concen- 
tration (see fig. 11). 


II. Solutions of Strong Elecirolytes of any Type. 

Consider an aqueous eolation of a single strong electrolyte, each of 
whoso molecules splits up into vg, . . . , Vf ions of types 1, 2, .... f 
respectively, with valenties %, . . . , respectively. Lot n be the 

concentration of molecules per c.c. Then the concentrations of the 
ions are nv,, nv^, respectively. In tius case, when Boltzmann’s 
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theorem b applied as ob p. 250, the number of iooa of class t in an 
element of volume dV is loiind lo be nv^s‘*'^’iY, and their contri- 
bution to the total chaise per c-c. is If, as before, we 

assume that the indez b sroaU and oapund the saponcatiol to two 
terms, thb charge becomes spprosimstelf, and 

the total charge per c o. due to all classes al ions is 

P= 21nz,K.e^l ~ approrimately. , . (44) 

Kow an undbaociated moleculo is elcotricaliy uncharged. Hence 
0, for it b the euiu of the chargee ou the ions arising out of a 
single molecule. Hence, expanding the expression for p, we find that 
p = — nt*jt£.v,z^]k6 is given by the second term only, that b, 


k9 


. . (46) 


P^ason'e equation 4iTp/Z> becomes 




25E5 


( 46 ) 


or 

where 


= **#, 


(47) 


4»Tn«*Sv.2,* 


. . (4B) 


The further steps in the theory are the same as for Eolations of 
binary salts. As before, the solution of equation (47), expressed in 
polar co-ordiuates, b 


4,^ 


Aor” 


m 


outside the ion. If an ion is supposed to be a aphete of radhis a, cm., 
with a charge s/! at the centre, the sphere being composed of a luedium 
of dinleotric constant B, then the iatenjal potential at nay point may 
be supposed to bn 

*■-%+» 1=“* 

B is that part of the internal potential contributed by exterDii] ions, 
and s^c/Dr ia that part of the intenud potential contributed by the 
ion itself. At the siirfacn of the sphere there trui.st be contbnity of 
field and potential, that b, whai ^ «(, 4 — ~ d4 
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After siibstituting the values of ^ and derived from cqnarions (49) 
and (50), in these bountlsuy equations, we find that 


For dilute solutions, 


l)(l + Xtt^ 
J5(l + sta,Y 


a», -Cl and B = 


(51) 

(52) 

(53) 


As in the case of solutions of binary salts, the work required to 
bring a charge up to a point against tba poteorial of surrounding ions 
is the most hiijiortant part of IT, (see p. 252), and the other quantities 
of work done in discharging the ions at teto concentration and in 
charging the ions against ^eir own potential ate neglected in comparison 
with tins. To bTuigu]>acha]ge2,e iuelemeute, each of value z^de, from 
infinity to a point where the potential is B, the work required iaj Bzfd$, 
thatis, byequation (63), — / zc^.if.jD. Tlie quantity 2; can be written 

•'O 

in the form x = Ce, where 0 does not contain e, by equation (46). 
After substituting and integrating, we find that the work required 
is ~C2,*e®/3JP ergs =* —z^^jZD. There are v, ions of this kind per 
molecule, so that the work reqtiired to bring up ail their charges is 
— V(j<®e^/35 ergs. Hence TTir, the total work for all the ions of all 
kinds In N molecules, is given by 


_ 2?A(2v^,s) 


(54) 


As before, by equation (18), P== P* — whore V is the 
total volume of solution. V enters into the expression for IF^ in the 
factor 2! {imteHI,vfir)/Dk9y by equation (48). In fact, n = N/¥ 

and IF£= Fn^ — — FN^V^, where F is a factor which does not 

contaii) n or F. Saxce dWj,/SP ^ FNiftVi = -WJ2V. If ui this 
we substitute the full expression for *, equation (18) can be written 
in the form 


Write Pa — {nZi’,]k8, for nSi»,- is the number of ions per c.c. Then 
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Now the asraottc coefBcient and Vn Henoe 

1 - ^ ^ ^ f . 

\ Dkdf GDkd'^v/ 

Write Sv, = V and n = y X 6-06 X 10»/1000 »= yiV^/lODD, where y 
18 the ooncentrnlion in grammfr-jnoleculea per litre, and 2V^ is lie 
nnmbet of actujil tnolecnlea in a gramme-moleculo. Then — fi) 
may be written in the form given by Debye and Euokel, namely, 

1 - B =. «> ( ^ 

^ llOOODXdj ( V / GDk9‘ 


(56) 


Comtwenfj. — (tj Ttiia c 



1 


"'If 

OJiq / 

1 

i 

if/ 


WaV/r-'l 

/// 





JBt 

(rv)'i 


piession »how* Uial (1 — p), with small eonccntratioia, 
depen<b on the nutolMw luid Talcocy ef the loos, as 
repr«seat«d by — v/« the nature of tho solvent. 

Its r«pteseoted by I/, aui on the temperstoie 6. 

(5) (t — p) is piuportiOQa! to (yv)!. 

13) The espietsion {Xv.r^/vji is ealltxi the 
/retor and aey be deaoted l>y v. 

(4) For d'Ji’te squeoo* svbUofif el onhoary 
lemperetoresk 9S23 acd fl — 0S63i(rv}l. 

IS) For EC), 1; hr K,50„ v = 2i/S; tot 
Lo(NO,lj. e- 3Va. end for MffSO,, u ® 4^4- 8 

(6) Pig. 12 ehows^phs wiaiPsUug (1 — g) and 
(vvp- Curve* Henv^ from erpenmeiit and from 

(be oboTo theory agree w«U at low conccntratioos, 
but ao incressiug djeetcewe appears as the ooncea- 
tratioo is Increased. The expenmental values uf p 
were oblaioed by d«t«tiui(uag the depteSiiion of the 
freeiiag poiut tu eacb case. 

(7) ii^uation (18). wbicb la derived from thrrmo- 
dyuauijcs, is true DO matter what detailed Uieocy of 
osmotic pressure Dwy bo adapted. 


12. More Exact Theory. 

If m the e/jnatioa —z/fi/ZHl + as,) on p. SB&, ao, is not veiy small 
compnxer! with unity, that is, if tbe sdntsiiB a not aammed to be very dilute, 
the theoretical rosulta and the graph agree well with Ihces derived bom expen. 
ment up to much higher COnseatmtlDiIs. Space will not perout a fall account 
ol the theory * It will eufflee to yaote the ratult far aqueous solatinDS. luimcly, 

1- 0 = O2«3r(Yv)lf(«i), («I) 

whore a is the mean value of all the quaotiUca a,; /(*o) •* a [unction ol am, namefy 

/m .!_52 + 8 S?-w+ « 

The other symbols have the aatno meaolns aa m eectioa 11. 

To apply equation (67). Debye and Huckel lake a-s the mean ionic radius a 
that value of a which makis the theoretical valoo of I — p for tho highest von- 

• See Dohyo and Hdotel, PhyaiiaIttcSf ZttU , PbLSl, pp. IS5, 305 (li>33). 
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centratioos coincide with file espmmentsl ralne. It is then found that there 
is rery good agreemcDt at lower concenbaUons (&g. 131 The value of the mean 
radius a for KCi Bolutioos is 3-76 x 10“* cm. 

Even with the more gcama] Uiooty just 
given, various liisercpaneies betweea eqiad- 
menl and theory still peisiat. Wh«i tie mean 
ionic radii of the alkali chlorides, cticnlated 
from the above theoiy, or© exsmined, it 
appears that IJCI has the greatest dimneter. 

NaCi the next, and so on to CbO, vliitii has 
the least. From the X-ray fevaininalin n of 
crystals, however, it appears that taCJ has the 
smallest diameter, in contradiction to the 
uhove. At very high eoneentrations, moreover, 
the value of 1 — p for LiCi decreases as yv hi 
increased. Finally 1 — p changes tign, eo that 
P heeomes greater than uni^, and the osmotic 
pressure P exceeds ths ciasaeai value To 
ezpitin these and other pitints it is necesaaty 
to take into account the deformobility of the 
Ions in strong iielda and tiio presence of dipoles 
b the molecules of the solvent 
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CHAPTER XI 


Diffusion 

1. DiAosion in Lti^aids. 

Tbe diffusion or wandering of the molecules or ions of a solute in 


the behaviour of one particnlat ion but to tbe general effect, it is 
ineversilile. A portion of n pore solveDt, having once become im- 
pregcated trith « solute, never again rids itself of the solute, unless 
aided hy Rome external agent. Alriiough in the case of strong electro- 
lytes the molecules are completely dlssoaated Mid the ions move nhcint 
separately, yet from the macroscopic point of view it i* usual to consider 
the diffusion of the solute as if ita molecules remaiiifid undissociated. 
Fw example, chemical analysis of a portion of n liquid taken from a 
particular region gives the concentrition of the Roliite there. 

The quantitative treatment of the pheroroenon is based upon Fiok’a 
law of diffusion, which is analc^ous to Fourier’s law of conduction of 
heat and to Ohm’s law of conduction of eiertricity, all govenung 
processes which in a certm sense ate irreversible, Pick's law may 
he stated thus: 

9 = . . P) 


where Q is the mass of a solute in graraaies carried ocrose an area A 
sq, cm. of a surface normal to tic direction of diffusion in one second, 
n IS the concentratiem of solute la grammes per o c. at a point x cm. 
distant from some arbitrsty ongin, and --infix is the gradient or rate 
of decrease of concentration per cm. in the Erection of diffusion. T) 
IS a quantity called the cc^cieni of di^itsiiwi or the tfi^usm^y of the 
solute in a solution of coBccutroticm K. It is found that the value of D 
depends on that of n, so that the difliisivity of a given solute in a 
given solvent is not constant, bnt a function of n. As an example of a 
recent accurate determination of D, an account of Furth and Zuba s 
method will be given, 

• Fcr b tnpl diseussiott oT difioswi ot ^ses, »eo Cli»p K. p 
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2. Measutement of the Biffnsiviiiy of & Solute in a Liquid. Earth and 
Zuber’s Method. 

Tlmry. The differeaUial equalions. 

Let a solute diffuse along a cylindrical column of liquid bounded 
laterally by impervious w.alls. Oonsidor the mass of solute accumulating 
per second within a thin transvcise slice of the column, whose faces 
have co-ordinates x and x -f- dx. Rop this purpose we take into account 
(a) the solute diffusing into the sliec a<a»6s the first face, and (h) the 
solute diffusing out of tlie slice across the second face. As the lateral 
walls arc impenetrable these two processes are the only processes affect- 
ing the mass accumnlating within. By Fick’s law, the mass of solute 
ontoring the slice across the first face, per second, is, by equation (1) 

w 

By the same law the mass of solute diffuslDg out of the slice across 
the second face, whose co-ordinate is a -|- <fo, is the same function of 
s + diB as Qj is of x. Hence, by Taylor’s theorem, it is equal to 
Qi->rdx plus negligible tenns, since the alioe is thin. On sub- 

tracting what dieses out from what diffuses in, we find the resultant 
mass acuumalatiug wltJuu the slice per second to be 



when D is independent of n, tlie concentration. If, however, D is 
dependent on n, the equation (3) must be replaced by 






It turns out, by esqwriment, fiiat D is only independent of « in very 
dilute solutions. 

From the point of view of incueaso of mass with time, sinco tho 
mass of solute withiu the slice is the oouecnfcration multiplied by tho 
volume, i.e, is equal to nAdx grammes, the rate of increase of this 
mass per second is A .dx . dn/df, where t is the time in seconds. On 
equating the two values of the same thing, we get 


(5) 


as the differentia! cquotioa representing tho diffusion phenomenon in 
the case of constant D. The studeat will note the analogy of diffusion 
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problema mtli those of thcnnal conducdoo. and, in paitioular, that 
equation (5) ia analogous to the eqoaUon 


ZT 

S' pS 


• (6) 


repri'scnting the conduction rd heat along a lagged bar. Hera T is 
the teicperature, K is the thennal conductivjtjr, p the densitj-, and 
* the specifio heat of the rautexiat of the bar. The analogy also 
suggests 'why KJps is called the Ibcrmal HifTiJsmty, When D depends 
on the concentration, (5) is rephiced by 


8a 

9l 


;(“D' 


. (7) 


Case J. D indepenJetit ih« conceniratim n. 

Furth and Zulu’s method of measuring the diffurivity D makes 
uijo of n Bobtiw of equation (5) appropriate to the following expenmen- 
tid ciiounutnnr.rs. 

The lower half of a rectangular glass vessel is occupied initially by 
a solurion ofiuufona coace&tratioiin» and the upper half a quantity 
of the pure solvent, the two being separated hy a thin hoiuonta] piano 
eliding setees. The central borizoutal plane cri the vesanl -which is the 
plii-no of the elides isx aaO, aud x is to be iDcaaoied upwards. At time 
I em 0 the slider is gently removed and diffusion commences. What 
U the value of the ooucentratirm n at any height ® above the central 
plane at any subsequent mennent »? We shall restrict the diBcuBsion 
to places with values of x which ate. small oorapared ivilh 21, the total 
bright of liquid in the vessel. This is done by putting I equal to infini^ 
at a certain point ui the an^ysis. The capenmental measurements ore 
based on this theory. 

Our next step is to find a solution of equation (D) satisfying these 
experirrentnl coDthlions. First let — = s and try the ^ution 


On substituting this in the differential equation (5) ive get 

-/(*). . (9) 

vVntc J\s)=‘V and f”(s) = dvlds. (HI) 

Then, we get dvln— — «d«/22? - • - (H) 

After integrating, this hcctani* 

Iogv = — s®/4D4- constaut, . . (12) 

V *=/'(») ^ <13) 
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Eence n ==f{s) =f‘f‘{s)ds = . . , (14) 

Nest -write i^J4D^:^l4:IH = y^, ( 15 ) 

i.c. y = xf2{Di)^ = s/2D^, dy^dsl2D'>^. . . (16) 

Hence n^%10''^cfe-'^dy = nfe~^'(l<j . . . (17) 

is a solution, -where H ia a constant, whose value is yet to be found. 
Hence also 

+ (18) 


where Hq is a constant, Is also a solution of equation (6). Our solution 
must satisfy, first, the initjal condition that r^en t = 0, n = 0 every- 
where over the range 0 < a? < -J- /, where 21 is the total depth of 
liquid. As already mentioned, we shall only work with values of x 
whioli are very small compared with I, and so we shall replace the range 


0<a!<-4-lby0<®< + «- Now 

jf' (19) 

Hence, on applying the initial condition, we get 

0 « 4 (20) 


Nest apply the condition that after an infinite time { » «, the con- 
centration is uniform throughout the liquid and equal to half the 
original concentration in the lower half. In this ease the upper limit 
of the integral and therefore the iutcgcal itaelf are zero. Hence 


K^-^e + 0- (21) 

Hence Hg = and B = — Hg/sr''*. .... (22) 

Hence our solution, ^plying to ^ points in the upper half of the 
liquid, is 

n = Jjig — «o/* (23) 

= K{l-2jf .... (24) 
where y=a/2(/)0"“ . . . (25) 

Hence 1 — 2 u/«o = 2 ^" e“*'ify/ir*^=/i(y), say. . . (26) 
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Tables ofvalTics of the Gaussian iniegnti (error function^ 

are generally available nud hcncc Tnlnca of‘lj =/i[y) can 

easily be calculated far vuriona values of y. *'*’ 

These reaulta can be reganled from tJw: converse point of vie'w, i e. 
given values of /i(y), the v^uo of jr cauLe found. This is exactly •what 
is done. E.xperitueuta about to be described give aiuncrical values of 
n and tij so that the quantity 1 — ^nja^ « /i(.V) 's known. Then, using 
the converse point of ■view just mentioned, y i« found. Now 
y* = a“/4£)e, 

hence D = a?/4<y*, . . , (27) 

and numerical values of D are calculated. 

Case ir. D drponierii on tko coMontration n. 

In this case equation (7) holds: 



Again write t => ai/l''* and try the solution 

where /(s) means some as yet unknown foDclion of e On substituting 
in (7) we get 3 

-/'(I) 


which becomes — /'(s) /’(*))> 

(28) 

and, on writing dnjds = /'(*) *>t we get 



(29) 

On rearranging, this gives 

„ . lift iip dtodx 

Write « = 

(30) 

Ileneewefina ■1’” -J kX 

(31) 

* ia determined by experiment as a fonction of to. 

This equation is the one mnre generally applied, sit 
a function of the conconfcration «. 

ice D is a'^ually 
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ErperimenlnJ details. 

A differenf; technique is applied according to whether the sohition 
is coloured or uncolourcd. In each case the containing vessel is sniali 
in size, 1-5 X 0-5 X 0-1 cm., and didnmon takes place quickly. The 
choice of tliP.'c smaU dimcDsions procures for Furtii and Zuber’s method 
the great advantage of shortness of time needed to make a measurement. 
The time needed is of the order of a few minutes or, at most, an hour, and 
is very short compared with the period of the order of a week in earlier 
methods, 

fa) Cott/tird liquids. 

In this ease tiro simiJar rertajignlsr cbsubeis with transpiirent gls.« walla 
are placed side by side (see fig. 1). Ore of them, called the difiusioa chamber. 



has iuittaQy its lewci half occupied by a solution of known coaoeatrafion rig 
■md the upper lialf is occopied by pore solvent, with a hurizoutivl sUder S aapar- 
atlsg ths two hslves. ^le other, called tbc comparison chamber, sUris and 
remains fhB of a sclattoa of a definite concenCcation n. At time t = 0 the slider 
8 is reiDOTed &om the iirst chauiber aud diCusioR proceeds according to the 
theory pTcriousiy discussed. 

Use chambers ate fixed to tbo stage of an ordinary microscope of low mag* 
nification, with its tube in a bcnizotital position, and iUuminaied by a suitable 
sonree of light. A narrow borizontal slit can bo moved up and down by me.%Qi 
of a micrometei serevi- in tbc focal 3»la»i* irf the eyepiece. Xho position of the alii 
is adjusted from time to time, to that to the observer the two parts in front 
of the diiliision and comparisem chambers appear equally bright, from which 
it foDows that the conccotrab'OT of tie solute in the corresponding jona of the 
diffusion column has the value n. Hie height x of this sons above ths slider 
level z -s 0 is measured in this way. At a later tunc the height E.S which the 
co.iceatiation is n in the two diambccs baa a new value. Sate of values of z 
and t for this particular coocratratiaa are measnred. Each set in used to plot 
a graph in which the ordinate is x and the abscissa is Each graph tuins out 
to he a straight line passing through the origin (see fig. 4). Hence x/l*^ = a is a 
constant for a given concenttation a. Fima a number of Boch graphs, sets of 
corresponding values nf s and n are obtained, or, if we write n/ng = w, we get sets 
of coiTBsponding values of * and ur. Either graphically or algebraically we coo 
express as a function of tr and alsoTO can get 'Then in the genera! esse, 

when jO is not constant when a v&ries, JJ cmi be obtained from equation {31i- 




T\Tien the solution is very dihite. and If D is wwstant wben n ysi-.es D i, «) 
cnlotcd &om eqiiHion (27Ji i.e. ^ 's cm- 

(i) CohjurlfJis lifvids. 

'Die luelbDd assumes thot Ac reftaetfro indesofa solution fnt monoctromatio 
right IS a unique function of the toacaitratuin. A thin tcnt.snauUr diausiou 

cnaiuljer IB eemented to n sido *w» of a 

rectangular glass prism (km. fig. %). a , Pr> ^ ^ 

parallel honzontil beam of raonoeKio- mi ' i 

uuitio tight falls on the hypotenuse race |i ” , i~[ 

of the prism anri after two rebaetiou {■ “ |I 

enteiB the diffusion cluunVr. 'trhich a | 1a| ? ilr^ 

at first filled with a liquid of tuufurui |l nil 3 til 

conerntration ti,. On looUng *t the li \ 
ground-glMs end wall of the diihi-Oou (' \ 

fhamher through a low-power oucro- |1 





abont a YcrUrAl aim through t.b» 
point E of tlwi grcund-glsss end, thn 
hrm of aoparattnn Appears to raovc 
the eight, evcaluaijy ooinoiduig with t 
hand Tsrtiotl wall as tho whole irosg 
end becomes dark. (Note that the uu 
givna a rovened image ) The prism 
idamped la pueition 'i'iie dxlhjeiuu < 
while in the Uxed pusitioa is nest r 
(dhlboa of * defiiiite concentration i 
lo the lower hath the slider inserted, 
upper half dUecl with pure snlrent- . 
i =s 0 thu akder is remoTed arid iipwai 
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slider Icee! is Ihe x of oiir theory, at irfaich tie concentration is n,, that of the 
first part of the esperimejit. As f changes Qie point S raores. A sot of measured 
^ues of X (ind I tells us how a 



point constant eonoontration n 
mores, It is found that ar/( is a 
constant. The diffuaivity is again 
cnlcnlatcd from 



when D is dependent on eoaecntra- 
D 

when Z) is independent of concMi- 
trafwn. The esperiment (b) is re- 
peated. beginning with a new catv- 
centmtloa, and D is calculated as 
before. 

Forth colls an iustrutnent de- 
signed to BTiy out the oboro two 
methods, a rn’erod(^fu»hmeJer, It 
resctol’li^ A spectrometer in haring 
a tototiog toblo to carry tile difiu- 
eioii chamber and prism, and a 
collimator to produce poraUcl light, 
but the telescope of the ^ctiometer 
is replaced by 0 microscope giving 
a mngQlfieatioa of about 2U dio- 
meteis. The Eyepiece of this micro- 
scope contains a horitontal “ line " 
wliich can be adjnsted vertically 
and iU displnccmenl measured by a 
micromotor screw. This serrea to 
measuiesinmetliodfi). In method 
(a) the horiiontal “ line ” Is replaced 
by A feirly sorrow hocizont^ slit. 
The soarco of light is a mercury arc 
pcorided with a dlter trnnsmitCmg 
only the green line X = 5451 A. 
Fig. 4 idioWB graphs representing n 
set of resnlu for a coloured solution 
ofadje called congorubin in uatcr. 
The first, graph shows x plotted 
against f*”, and the second V x 10* 
|i)ttod against concentration. In 
this case O rnries when the con- 
centrotion Toriea- 
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S. Osmotic Pressure auC DtRasiim. 

Case I. .SeJMft'oja t««A undusociated soluCe otdg. 

The osmotia lupamirc and tie diffuavit/ of a Solute ia solution ore 
connected in tlio following way. ‘When th« coaceutratiou of solute at 
ouepoint jf ia greater than that at another powtC, the osmotic pressure 
is auo greater, by van’t Holf’e law. Th* osmotic pressure may be 
regarded as a force giTing the diasuIvEsl raotecules an acceleration from 
one point to another point where the concentration is leas. Consider 
the forces due to osmotic pressure, in the dirceb’on of incrcasiBg *, 
on an elementary cylinder of Solution of unit orose-Bentioii (fig. .'j). At 
A the force ia P dynes, -where P 
is the osraotic preasiite, At fl it 
IS -{P-f ((fP/(is)<£i;} rfjmca, and 
the ret result is {—dFldz)Ax 
dynes. If n is the cenreutretiun 
of molecules la this cylinder, the 
total uuiuber ia ndx, for the 
Tolume ia dx c<c> Hence it 
appears that nix molecules ex* 
peneoce as acoelerating and dif* 
iUairig force to the right, of value (—dP/<£t)dr dynes, that the force 
per molMulo is 

-Igdyno. . (3S) 



Suppose that the motioii of the moleciika w impeded by retaiding 
forces, such as the viscosity of the nolvent, so that they flcquirc a 
constant terminal velocity, nod tlml Fj is tie retarding force on each 
mnlcciilc when it ia moving with a constMit vdowty of 1 cm. per sec 
13 also the driving fvrije necessary to produce n terminal velocaty 
of 1 cm. per sec. Hence a force of (— I/w)(rfP/dx) dynes produces a 
terminal velocity of (— l/PjwMJP/*’) Buraber of 

molecules crossing unit area nenr A per second 13 the nninber eaclosed 
by a cylinder of length equal to the rdoeity and of cross-section 
1 aq. om. It la therefor© 

— .i ^ molccnlea pet sec, (33) 

F] dx 


Now by van’t Hoffs law P *i0. where 4 is Bcltsiminn'B co^tsnt, 
and this law holds for such aohitaons. Hence the number of molecu es 
CTflRsferrcfi rctosb unit area per aecond is [—k8JFj){dn!^), an eir 
mass is (.-nildlF^Kdnldx) gm.. where m is the mass of a molecule 
This mass is also given by Flip's law of diffuajon. In the statement nt 
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that law on p. 258, the m^s per cxs. is rejnwented by n. Here we 
shall denote it by »ij to avoid confuaon, for wc have used n for the 
number of molecules per c.c. Fick’s law becomes Q ^ —DAdnJdx. 
Also = Jim and Q —BAmdnjix. The mass transferred per unit 
area per second is ~Dmd»{dx. On eqnating the two values of this 
mass just obtained we find that 


(34) 


Case II. Solution with one clcetrol^, dissootaled inlo two monovalent 


Let the velocities of the caldoa (+) and anion (~) in a nnit electric 
field, that is, the mobilities of the ions, Iw U and V cm. per bbo. respeo 
tivaly. Each ion is driven along by the osmotic pressure like a molecule 
in case I above. As in that case, the force per cation is (—1 ln)[dPldx) 
dynes, where n is now the ooncentration per c^. of each kind of ion, 
and P is the total osmotic pressure of the solutiem. Again the velocity 
of a cation due to the osmotic pressure is (— l/if’j?t)((iP/{te), that is, 


UdP 


n dx’ 


( 3 ! 3 ) 


and that of an anion is 


_ FrfP 

« tia:' 


. . ( 86 ) 


As a rule F, so that if the osmotic pressure were alone responsible 
for the driving forces on the ions, the two kinds of ions would become 
separated. Another force, however, is called into play, 
For example, if an aqueous solution of HOI were placed 
at the bottom of a coliuna of water, the hydrogen ions, 
tie cations, would have a mobility U exceeding the 
mobility F of the chlorine anions. The liquid in such 
a vessel as is shown in fig. 6 would become positively 
charged near the and negatively charged near the 
bottom, owing to the more rapid movement of the hy- 
drogen ions towards the top. An electric field would 
thus be set up, which would reduce tlie velocity of the 
faster ions and intwease that of the slower ions. A final 
state would be reached when the two kinds of ions travelled at equal 
rates, without separation. 

Assuming this to occur, we calculate the coefficient of difFiision. 

Let the eleei.rio field at any point in the solution, in the Ox dircotioo, 
be X e.s.u., = —dE/dx e.s.u., wh^e 5 is the potential at that point. 
A monovalent ion at such a point experiences a force ±edEjdx dynes, 
8ocor(hng to the sign of its cha^e. Since the velocity of a cation 
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miller unit fnree ja V cm. per sec., a force ^ed)^!iz produces n terminal 
velocity ol — VedEldx cm. per see. Siroflariy, the tenuiDal velucity 
of an anion is -^VtdEldx cm. per ace. The total velocity of a cation 
due to both osmotic piessate and dectric field is ~V[ljn . dPjdx + 
eiBISx) cm. per sec., and of an aolou — . dPjdr. — edEjdx) cm. 
per sec. We may assume from both experimental and tbeoretical con- 
sidcratiooa that the aiuabcr of iema of each tied crossing unit area 
per second is the same. dUfdt^ say. This ijuautity is also equal to the 
velocity of tho ioria concerned n^tipiicd by their concentration, for 
it is the number of ions ininrle a cylinder of unit cross-section and 
length equal to the velodty. Hence 



Eliminate dE/dx. This gives 


dN _ 2Vr dP 
n " (Zr+T) ix' 


. (S8) 


According to van’t Hoff’s bw, if all the n mobculea per c.c. were 
Ionised, each giving one ion of each kind, there would he altogether 
2 m ions per e.c, and the osmotic pressure wtMild bn ■= 2wiS. But 
as has been mentioned above on n. 247, the uoluol osmotic pressure 
is P ^ §Pa, wlieie ^ ia a factor im tlun unity for dilute solutions. 
Then 



and from equation (38) 


dt 


^kBVVdn 

{0 -h Vi dx' 


(«) 


Let the mass of each cation and anion be mj and Wj gm respectively. 
Then the total inas.s crowing nmt area per second in one direction la 

(V + F) <Sf 
ifitffPVmdn 

■ ■ (V-hinr 


— gm. per eee.. 


(41) 


ivhere in I'i tho mass of one mi^ecnle of the eolute. As in case I, Pick s 
bw gives the mass crossiDg unit area per second as —Bdnjdc — 
—Dm.dn!dx. since = nm. By liompanng the two cquJ masses we 
find that 

142 ) 


„ 4pkeur 

^-{O + vy 
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4 . Interdifiusion of Solids. 

Ttough many solids iavc a definite ctyetalline structure, fcliat is, 
a definite space lattice, it is. found that two solids placed in contact 
diffuse into one another. Fnrtha:, a solid metal A diffuses into a 
different solid metal B much mtax readily than it does into a second 
portion of A itself. Fiuk’s law, Q = ~DA dnjdx, applies to solids, 
and the value of the diffusivity K has been obtomed in oertain eases. 

Boberta-Austen investigated the diffusion of solid gold and other metals into 
lead. The lead was in the Iotw of a cylinder 7 eoi. lotig and I'4 cm. in diameter. 
In ono case a IMn plate of gt^d was fiscd 00 one end of it in such a manner 
that immediately after the fusion the gold did not puuutrute mure than a uiilli- 
metre into the lead. Then the cylinder waa kopt for about a month in a conslsnt- 
temperature aneloaure, at a temperatiue below the eutectic point of lead-gold 
alloys, that is, below their loirek melting-pouit. After this the cylinder n-as 
cut up into alicBS of equal thickness, and the q»iantity of gold in each was deter- 
luincd by chemical analysis. The balance used weighed to 3 X 10*° g:m. From 
the TRnescs of gold in the elicos, K was cslouloted by a method which is too long 
to roprodiw hero. In oxporiiDouts by Seitb and otben, tlic an^ratus was siruilnr 
to that of Roherts-Austeu, but the concentration of the di^sis^ Botol in the 
slicos was nioaouccd by tbc method of quantitative spectral analysis. 

Qioh and Heresy early used s novel method (now familiar as tho modem 
radioastive-tcncei technique) in tbeir determination of the coothoiont oi' diffusion 
of solid lead in solid lead, that is. the solf diiFusivily of lead. To a rod of 
oidlnary pure lead, 1-6 om. long, was fused a rod, 0-S cm. tong, of Joaohimstbal 
lead, which is a mixture of thrM isotopes, namely, ordioaty lead, uranium load, 
and radium D. Of these, radium D alooe is r^ioactive. Tlio slenteon shnllH 
of all throe isotopes, and therribre the “ sioes " of the atoms, were assiiinerl M 
he the earns. In effeet, the cooditioos as rc^tds dtffunion ivera the same as If 
ordinary lead were diSusing into ordinary lo^. The timo allowed for diffusion 
was about 400 days. Then the rod irftieb was otieinolly ordinary lead was out 
Into slices, and tlio a-ray setivity of eacli slice was meaeunsj by mewis of an 
B-ray olectrosaipo. These a-ray# came from tho polonium formed by ludioaotive 
disintegration of tiie radium P wldcb had diffused, and hence tbc mass of the 
latter in each slice could be calculated. It \m» assumed that the proportiuns 
of tho three isotopes diffusing wore the same as in Jbochimsthal lead; the total 
mEisa of diffused lead iu each slice wbs calculated, and hence tbc diffusivity. 

diffusion in gases oan often be approximately treated simply 
in terms of concentration gradient and kinetic theory, it is not sur- 
prising tliat iu the condensed state the interatomic forces play a domin- 
ant role. Diffusion hi a perfect solid occnis by the following mechanism. 
Owing to statistical fiuctnations in the vibrational kinetic energy 
associated with any particniar atom, certain atoms will occasionally 
receive energy greater tliMi the intastomic binding energy which keeps 
the atom at its normal lattice pcant. At the fitiriace of the solid this 
gives rise to evaporation, but in tbo interior it results in tlie atom being 
temporarily ejected into the space betweem two normal lattice points. 
This creation of an interstitial atom is accompanied by the creation of 
a vacant site from which the atran has been ejected. This vacant site 
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may now bft refilled by the uitcr^tial atom returning to its original 
positioo, but it may &!teriiaUvi$Iy be iiUetl by a eecond atom moving 
from adjacent lattice points into the first vacancy. In so doing, the 
second atom creates a vacancy at the position from which it has come. 
A wandering of the vacant sites is thereby set up which constitutes a 
dilTusion of vacancies, and a complementary diffusion of interstitial 
atoms may oocur as they are forced by thermal agitation from one 
interstitial position to another. Hie difFusion^rate will clearly be 
accelerated if crystalline imperfections occur such as exist in real 
cr^tals. Dislocation linea and planes where the atoms arc displaced 
reiatively to each other ate normaDy present in most teal solids, and 
those defects nuiy ho acoorapooied by Increasmgly grosser defects, such 
as actual vacant single bitiu, aggregate vucant sites and eventually 
fflicioscopic cracks. 

Nn simple approjumfito relation hetwcoo diffusion constant and 
temmiratoie such as Dec 2**, which appliesto gases, can be expected for 
Bobas, but diffasioa rate will clearly increase with temperature, the 
gcDctu! expression being of the form D » D«exp(~b7^1f) where b' is 
the so'caUed activation energy, that is, the energy barrier which has to 
be surmounted for an atom to move fbom one position to an udjaoent 


would be expected to depend on Uie magnitude of the ratio EjlT as 
fbund. In ionic crystaLs the diffusion process may bo iissisted by an 
, . I • v.li • ‘i‘ '•••• ' — 'l■-— •vhich 

- 1 . - I \ • I I . • . ana. 

tracer atoms will not take place at quite the Bamo mte ns for stable 
atoms, because the lack of exact cqiuvuloice of the tracer atom and its 
inert neighbours will lead to a greater tendency of the freshly created 
interstitial tracer atom to return to the. immediate vacant site ftuin 
which it has just come Thisbehaviour would lead to lower vnlnea of D 
when measured by the radioactive-tracer technique and this la confirmed 
experimentally. 
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Viscosity 

1. Newton’s Law of Viscons How. 

''ATien a liquid flows over a fixed surface such as AB (£g. 1 ), it is 
found experimentally that a layer i) at a distance z + db from A B 
flows with a velocity greater 
than that of a layer at G, a 
diatance x from AB. If the 
difierence in the velocities of 
the two layers is dv, the 
velocity gradient between G 
and D will be ivfdx. As a 
Msult of tMs relative motion 
of the layers, iniemal friction 
or visoosiUj arises. Newton’s 
law of viscouB flow for stream* 
line motion (ae apposed to 
turbulent flow) is 

( 1 ) 

where P is the tangential viscous force between two layers of area A 
a distance dx apart, moving with relatii'e velocity dv. The quantity 
13 is termed the dynam'eal co^ctati. of wseosiUf of the liquid. 



2. Fugitive Elasticife. 

There arc two theoretical modes of approach to problems invohdng 
viscoaty. The first is by analogy with the clastic properties of solids, 
and the second by consideratioB of flie implications of the kinetio 
theory of matter. The fanner mode of approach is moro applicable 
to the discussion of the viscosity of liquidB and the letter to the viscosity 
of gases. 

Slarwell considered that a liquid possesses a certain amount of 
rigidity but is continually tseaking down under the shearing stress. 

2n 
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The analogy is emphasized l>y the fennal similarity beti^een the two 
equations 


atrain (ahear) 0 

_ P 
dyjdx' 

■ (2) 

Viscosity ij — stress 

vekMiity gndimt 

F 

dvfdx' 

(3) 


A liquid is therefore i^aidcd as cKCtting and stistaming a certain 
amount of shearing stress for a ehurt Umc, after which it breaks down 
end tho shear is refonned. Iiet the rate at which the shear breaks 
down be proportional to its value 0, and lie given by \9. If jr b the 
displaoenjcnt, 0 a= dyldx, and the rate of f<MTOati<Ki of shear * d$tdl ss 

(4) 

when the steady state of fiow of liquid has been reached Hence fconi 
(3). (3) and [i), 

if = n/A , , . . . (5) 

The quanti^ 1/A is termed the time tetaxalxem of the medium and 
Bieasiues the time taken fur the shear to disappear when no fresh 
shear is applied. 

IPnraumg the analogy between elasticity and viscosity, it may be 
noted that in addition to the shear viscoaty a dHatationol vise<fsity 
may occur. This ariees when a volume of liquid is compressed or 
dilated -mthout change of shape. So far little investigation has been 
made of this subject, but the introduction of dtlatationnl vifioosity into 
acoustical calculations climinntes an apparent diacrepanuy which exists 
between theory and observatjon on the absorption of sound in liquids 
at high frequency. 

3. Methods of Seterniiniag >]. 

All the methods used for detenuining ij require the flow to he 
atrexiuline. The necessary and sufllctMt conditions for thia criterion 
to be fulfilled will be con^eted later (p 375J. 

3'ho main Tnothods available for determining the cocfljcicnt of rts- 
cosily of liquids fall into two groups, the first involving tha measure- 
ment of the rate of flow of a Uqtdd thiou^ a capilla^ tube, and the 
second involving ftbservation of tJie motion of a aolid body moving 
through the liquid. 

4. Plow Methods: Poiseaille’s Ponnolo. 

The following foiniula for the volume of Kquid flowing per second 
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tlirougi a cylindrical tube of dzxmlac CEoss-seotion is due to Poiseuille. 
Ite validity rests on tinee condiUonB: 

(1) there most be sbreamlme flow; 

(2) the pressure mxist be constant over any cross-scction, that is, 

no radial flow mast ocenr; 

(3) the liquid in contact with Ihe walls of the tube must bo at rest. 


We assume that these con- 
ditions are satisfied and that a 
steady flow of liquid is in pro- 
gress. Let the vclodty cd the 
liquid (fig. 2) at a distance r 
Croiii l.he axis be n; then tlm 
velocity gradient will bo dr/(fr 
and the t^gential stress ijdv/dr. 

If a pressure difference p exists 
botweea two points in the tube 
a distance I apart, the force 
causing motion of the volume 
of the cyhnder of liquid of radius r is 

Hence, equating this accelerating force to the retarding viscous 
force, we obtain the ooo<hdon for steady flow, namely 



pilT* = — 7f ^ 2jlrf 

^ ^ 

dT~~ ^ 2l}i' 


(6) 


The velocity gradient 5s therefore proportional to t, the distance from 
the asis of the tube, and vanishes on the axis. 

At the wall of the tube t =»a and v •=0; integrating from r = a 
to r = r, we have 

P 




(T) 


The profile of the advMMang liquid is therefore a parabola. 

The volume of liquid dQ fiua-Ing through the tube per second between 
the radii r and r dr is given by 

dQ = 25rrodr. 


Hence the total volume «rf liquid flowing through the tube per second b 


9 -rs 


sir} ' 


( 8 ) 
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^ scmirato scd coruvnfeat method lor determining »| by Foiseuilio’e method 


tubing about S tniu. ui (tiumeter and tb«M ore slipped over tbe narrower tube, 
Tie centres ot the T-tubee ace adjiutcd so as to be over the fine telee b the ceotml 
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being non-uniform imtil a abort lengUi of the tabe has been traversed. To correct 
for this a quantity na must be added to I, wheie » = I'64 approiimatcly. 

{2) Tho picssuro diSerent* between the two end* is used partly in com- 
municating kinetic energy to tie Kqoid and not wholly in overcoming viscous 
rcsiefaince. 

An approximate value of the correctarm for the taU«r may be obUiined in the 
following way. The kmetie energy givem to the liquid, of density p, per second is 

2rm?dr = np^^) J" rto*-H)»(ir 


If the total external pressure by,, then 

PiQ^pQ + ^ 


This correotion has been tested sxpcrimeoteUy by Hagenbaoh, by Couette 
and by Wilberlbrce, but It is only appruxiinatcly true, arid asooidiug to some 
uulhorllics (Edser), the corrediou is twice Uial giveu by (6). In the form given 
here it impUee a radial pressun) gnulieut at Uie cud cross-section of the tube. 
The correollon should be — niQ'p/a^, wbeie m is found osperimentaily to be 
approidmately unity; its value moat be obUirted by calibietioo, if acauiato 
results ara required, 

The complete corrected fonnnla is tbccefore 

«?■<»* „2, 

8l?(l + 1-6*1) 8s(^ -I- l-Wn) ' 


Poisesiille’s fonnula is valid only so long as the flow of liquid in 
the tubs is streamline. This condition is folfiUed at low velocities and 
for tubes of smaE radius. It is convinueot to tmember that for a tube 
60 om. long, of bore about 3 mnx., the pressure difference between the 
ends of the tube must not be greater than about 3 om. when water is 
used. The velocity (F,) at wHch tnibnlent flow sets in is termed the 
critical velocity. It can be shown by the method of dimensional analysts 
that Ve — kqjpa, where tj is the co^cient of viscosity of the liquid, p 
its density, and a the radius of the tube. The ratio vj/p is frequently de- 
noted by V and termed the kivemaiicviscosity. The quantity k is termed 
Reynolds’ number and generJly has a value about 1000. The relation 
between the volume of liqnid Q and the pressure p is shown in fig. 4. 

At low velocities, that is, when the motion is streamEne, Q is pro- 
portional to p, in agreement witli Foiseoille’s relation. As the rate of 
flow is increased beyond the critical volowty, however, tie quantity 
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flowing through increases le« rapidly and soon becomes itn^ependent of 
tJie viscQBit.y of the iiipud und dejieodent mainly on tlie density. Cnm- 


quite turbulent, tbe quantify flowing ta nearly pToportional to the 
square root of the pressure. The prc-ssnoe differeftce is bow used up in 
overcoming the turbulent motiun nnd coofitniinicfttLTig kinetic energy to 
t)ie liquid. The fact that Qie rale of turbulent flow la mdcjicndcrit of 
tho viw»s/fy ozpfai'as the wpof Aiw 0/ v^oub /avu from voiiiiiioas. 
Tlia eflVut nuiy be demonstrated in the laboratory by introduwng a 
Sinall quantity of coloured liquid along the aa« of a tuba. IVhile streanir 
line flow is in progress, the coloured 
liquid is drawn oat into a thm flla- 
mert parnfle! w the length of t.Lp 
tube. Aasouniui tuibuIeiiLlluw sets 
iu, the filameut becomes wavy and 
spreads out, the coloured liquid 
eventually filling the entire tube 
It may be shown, by a aimplo 
extension of the thwiry leading 
to PniaeKilIe'e furnmla, that the 
presence of an axial wire, of dia- 
meter only 1/1000 that of the tiiha, 
should rMuce the flow by about 
16 per cent. T^aandTudresexpen- 
mentally foiinil tliat the reduction 
was much lees than this, except 
when the r.idius of the core approached one-half the radius of the 
tube; then theory and expraiment were in good agreement. IVith a 
core present, the critical velontie-a arc mnoh lower, and local tur- 
bulence at the boundary of the core co-cvistiiig with streamllae flow 
in the bulk of the hquid in the tube is found to account adequately 
for tho discrepancy. 

7. Accurate DetermiaatioB of 17. 

To aroi*i tie of the cuieertaia ifaj^ntiach oarteGfiofi, the aSosdord vS^o- 
TnGtFT is marie in A form suggested by CoueUe: thn following arraugamenb is 
used at tbo iUieksaneM (flg 6h 

Tho hqurd flOfU from the n»ervair A thioiigh tho ti«> wpilUnes Hj 
which ore oonneoted in neriet. to tlw ontiet i^. where the rclums is roaasnjrea 


two caiullaries are gircn dircetfy by the be^bta Sj, hj and ftj of the liquid >n the 
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but irhich require calibration are a^azlablo 
commercially in a variety of 
forms. The type inTented by 
Oetirald is described here (fig. C). 

The liquid, ivhich is initially 
tnliMduced through A into the 
bulb B, is auoked into the bulb 
C through the capillary K until 
s mark % is teacbed. The 
yiDS i taken for the isetuseue 
to fail vertically cader gravity 
from to mj is then observed. 
Since vitli euci> an Brraogcment 
the cffccCiva pressure diforonoe 
is proportional to the deoaity p 
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where A aod B are caastantavUdiinuBt bQiiet/^rruned with two liquids of inDwa 
ffiscoaity. The inatrumentfl aro gcnmtly aa etmsttucted that lie eorrectJoa terra 
ma^ bo neglected; a single ealtbratiDn u then eufficieol. 

To determine the VBcostty of molten metals, an inslnitnent of tbo OsStrald 
type is gener^y used, U)o llovr lobe being eouatraated of quartz or sdrer. The 
passage ui the meidscus past tiro filed {xfinta is iv>ciorded dsetriosUy’. ITor coa- 


roiame change. 

S. other STethods for afearoflDfi s]. 

The second general meUiixl of measuring viscosity, m irLich q 
body mores in a Injuid, bos ntauy variatioiui, wbJcb uuy be uUKsified 
as follows. 

(1) Tbe eolation viscometer. 

{3) MasTwoH's oscillating disc. 

(3) Stokes’s metbod, by the damping of a pendulum vibrating in the 
liquid. 

(4) riamping of a solid sphere vibrating about a diameter and 
immersed u the liquid. 

(5) Damping of the vibrations of a hollow sphere diled with the 
liquid. 

(0} Stokes’s falliug-bedy viscometer. 

MetLude (I] and (0) will be considered here in detail. 

9. The Eotahon Viscometer. 

Conaidcr two concentric cylinders of radii <t, i, the space between 
them being died witii the bquid whose viscosity is required (fig. 7). 

Tf the outer cylinder is rotated 
wjjb unilona velocity, a torque is 
communicated to the inner cylinder, 
the magnitude of which may bn 
registered by suspending it from a 
torsion wire. We conaidnr the 
motion of any ooneontric nj'Imder 
of liquid of radius r, Jest its angular 
velocity of rotation ho tu. Then the 
vaJocitgr gradient at this point will 

4 ,U> 

Hie first term on the right-hand 
aids represents tho angular motion 
which the layer would have if no viscous ahp occurre^k the secoi^ 
term is responsible for the visooia sUees introduced, and if we appJy 
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Newton’s liiw, the visccras torque F over unit length of the surface of 
the cylinder will be 

( 15 ) 

When the steady state is reached, ^lis torque must be equal to that 
exerted on the inner cylinder. Hence, integrating equation (15) and 
using the conditions r — o, ai = 0, r = 6, u> = Q, where Ci is 
the angular velocity of the outer (^lindec, we have 

'’=■'’’“( 6 ^ (“1 

The torque over the base of the inner cylinder has been neglected in 
this treatment: in practice the oorrcctioD is eltmioated by measurements 
with two dlSerent lengths of cylinder immmed. HepresenlaDg tho 
torque on the base hy/(S), we have, for depths of immersion Ij and Zg, 

!,+/(«), 

Hence 

. . . (17) 

The torque may be measured in two ways: (i) by the twist produced 
in a suspension of known rigidity; (i^ by using a &ed external cylinder 
and measming the aogoiar velocity of rotation of the internal cylinder 
when a known couple is apjdicd. 

As typical of the first molbod. we sball consider Uatichili'e viscomeier (fig. 8). 

A wooden cylinder A is suspended by a torsiou wire B from a filed support G. 
The outer ooiuEjal cylinder D is rotated tto pulley Q, which is coupled to on elec- 
trio motor. The spaced tuaybeosedtoprovidoonelsetrically heated water-bath. 
The cylinders F and F' arc intndoced to actr as guard rings, and end corrections 
for the cylinder A are thus aroided. 

In SearJe's tnoliod, a diagram <d whioh is given in fig. 9, the inner cylinder a 
is pivoted about a vertical axis b and rotates under ttie couplo provided by tho 
weights in the soals-pans e. Tie con^ is transferred by cords passing over 
frictionless pulleys d to a drum e. *n>B outer cylinder f can be raised or ioweted 
by rotating the ring g. The speed rf rotation is determined with a afop-watch, 
by observing the transita of the pednt i over circular scale h. The apparatus 
is stopped or rele-ased by raising or lowering tho atop li. 

As in the case of Poisenille’s formula, the validity of application 
of the theoretical formuke to the experimeuts with the rotation vis- 
cometer depend on the condiiion of sfaeamline flow. The relation 
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between O and T is eKown in fig. 10. O is Email itc motion 

IB stTeamIme and P is proportional to Q; when turbulent motion first 
seta in the tektion beooraes irregular. At higher speeds T becomes 
approiimateljr proportional to Q*. Tberelaticmsare anw-ri/ 

Biinilar to those which exist betwcmi the of liquid flomng 

per flctfond through a right cir- 
^ ~ ciiUr cylinder and the pressure 

I iliffprcsice between the ends. 

j [ Taylor “ has investigated the 

I transition from streamline to 

I ' (.,'3^^ turbuleut motion for concentric 

I I <9 cylmdeiB. Above tbc critical 

j I II velocity, the liquid nonkins bull* 

/ A I vortices Bitusted at regular 

/ btervale parallel to the axis of 

I I t rotation and at a distance apart 

I I rnj approamatcly equal to (6 — a), 

/ 1 ! |l fij measured in the same direction 

I r L Reynolds’s method for in- 

I n' I TtI vestigsting ttirbulcrt niotlou Lue 

i I ^ >£*| been improved by Andrade and 

j I |LR Lewis, f who eubstituts colbidnl 

I I >pJiJ particles lor the usual colouring 

I mattor. The method has two 

I ^ IJ advantages (i) the velocity dis- 

I ? ■' tnbution may be found hy iilu- 

L rninating and photographing with 

0^ n Lnovm exposurs, sinoe each 

i-ig a parlacle traverses a distance pro- 

portional to its velocity. (ii) since 
mteidilTusion does not occur, the phenomena may be observorf for 
any length of tune. 


10. Stokes's Falliag'>l)ady Tiseometer. 

From hydrodynamical MOudderatioiiB of a pcrfcetly Iiomogeneoua 
I'oot-imjiniH fluid of infinite extent, Stokes derived the relation F= Sirijau 
for the viscous retarding fame F ’ - . — — . ...n 

a moving inth uniform velocity 
viscosity -q. For a sphere ialling ^ 

Smjov— a)y, (IS) 

H here p is the density of tha aphete and o that of the liquid Since the 

' TiyfoT, /Vi3.; i-hmM.A. To? p. SfP (/OfS/, 

1 AnihadeauJ Jatrra Set. Tiut. Vd. 1, p. 373 fI921). 
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terminal velocity v may be measnrcd &oni the time of transit between 
two fised marks on the sides of a vedacal glass tube, this furnishes a 
convenient method for hading 

If the total height (rf ttie liquid cont^ed in the tube is divided 
into three eqnal parts, the centre dmam being used for tlie velocity 
determination, Ladenbuig has shown Uiat in order to correct for the 
finite extent of the liquid, the equation should be 

- - 2 (p - c)ga« 1 

‘ 9 w {l+2-iaHl)(l + ^-U!h)' ' ‘ 


where R is the radius of the tube mid h the total height of the liquid. 
Fax&j has given a still more accurate correction; if ij, is the co- 



efficient of viscosity as calculated from the uncorrected Stokes’s law, 
then the true viscosity is given by ij = tj^I — 2'I04(R/i?) -f 2-09(o/iR)* 
— With spheres, therefore, the simple Stokes’s law gives a 

value of Tj correct to one per cent if S/a > 200. Any departure from 
sphericity requires far greater cmxection; for csampiB, cylinders falling 
in glycerine give an apparent viscosity tinoe the accepted value owing 
to the boundary effect, even for Rfa > 500. Coieiderat.bu of the devia- 
tions from Stokes’s law which occur durii^ the fall of small drops 
through gases is of great importance, since Millikan’s experiment for 
the determination of tlic charge on the electron is based on this 
principle. 


11. Viscosity of Gases. 

All the methods considered for the determination of the viscosity 
of liquids are applicable to gases if oertain modifications arc made in 
the experimental technique and in the associated formula;. 
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(!) ExtensKn of Poiaemltt's Method. 

As a liquid is assiimfd to be incompressible under the ctindifcioas of 
the^ e?:periaieut, tLe cquatioa ^ == — <jia«/8^;d;,/dr, which is a differ- 
ential form of equation fS), p. 373, may be integrated directly. For a 
gas, Lowever, the density wffl decrease along the tube, and we Lave iinw 
to express the^fact that the mass and not simply the volume traveieing 
aaj cross-section is constant. 

If p r^preaeuba the density and Q tbe volume pafisuig auy croea-aaetioa per 
eecond, « eonstaot or pQ k eonsUnt, amco the density is praportions! to 
the prt^asuie Then if j>j la the preasure at the iidet of the tube and ia the 
volaoie eateriog per second, 

( 20 ) 

where ^ la the pressure at the outlet, llreee 



The oenpkte thrmuh, when the Hagenhach rorrectim and also the slipping whlsb 
oecun nt the sides of (he tube are taken mto account, bsa been showa by ICrlc * 



(2) Rankxne's Method. 

There arc many experinicntnl metftods for tlelenuioiag the viscosity 
of a gas by rneatia of a peHet of mereuty which slides down a vertical 
tube nud forces the gns through a capiUaiy tube during the dnscenb. 
A oonvenient arrangement doe to Rankine ia shown in fig. 12. 

A capillary tuba A and a wider iohe D are joined or shown to form a eJos^ 
ayetem. A drop of mercury S sbdcu between two fisrd marts A sad B m the 
wide tube ami thus traverses a njlume Q. rddeh ts equal to the volume of 
which flows through the capiihuy tube. The goocra! equation coiinectins l, the 
time of fall of the drop, and re, Jts zoaaj^ is 

< — P (23) 

(m — tt) 

■ Erfc. Zr.le. /. trdfai J>J^ . VoL 10. p. *52 (1922) 
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where a and p are constanta, tiie former d^miding on the snrfaco tension and 
haing commonly Imown as tJie dieting coejfieieni. It may bo eliminated by per- 
forming experiments with pellets of two different masses. The cffcolive pressure 
differenco is given by p — Pg/Al, wbme A is tiie area of croaa-seotion of the fall- 
lube. Hence if we neglect the Hagenhaeh correction, formula (21) becomes 
approximately 


+ M 


Since P is constant, the appaiabis is ccmvenient for comparing the viacaiitiea of 
different gaaes. Alternatively, etc^n or liquid at a kao^vn temperature may be 



(3) Edwards’ Constant Vedume Method, 

In contrast to the two jnethoda preriously described, in which the 
viscosity ia measured at constant pressure, Edwards has devised a 
method, aa shown in fig. 13, for detennining q at constant volume. 

Gaa is contained in the large bulb B at a pressure p, 'ihicli ia regatered by 
the mercury in the anna of the manometeir ab. The tap T, is then closed and T, 
opened to atmosphere fora certain time <. ErmByff’jis closed and the new pressure 
p, is observed. Let the volume of the bulb be Q. Then if Oi is the volume of gas 
entering the capiDjiry tube K perBcctaid attinref when the pressure in the appa- 
ratus is p, for a slow rate of flow 

pQ^(p-rdpXQ+Q,^li. 
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wirno p changes in p + dp ia time dt. Hence 

PC| ^ — Q ^ awroaimfctely. 


Bui 
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(4) Mazu't^l’e Osaiilating-disc Vwamster. 

The rotiitioa visooiuetcr of Qslaehek (pp.279-S0) 1037 Lo applied 
directly to tHe detetminatioa of the viscosKy of gases 

As typical of the viscometers depeodeot on damping, M&xwell'e 
oscillating disc ivill now be described; tl» rate of damping la appiosi- 
matdy proportional to the viRoosi^ of the gas. 1 q iustrunifints of 
this type the expaasiou of the gas nitieh is inevitable in the dow 
method^ is avoided, and It waa with the OBo31afciEg di.'JC that MaxiraU’s 
prediction from the kinetie theory, that the viscosity Biould be in- 
depeodent of the pressure, was renfied The viscosity of gases at very 
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low temperatures Ims beeii dctennined with a recent form of the 
apparatus due to Vogel * (fig. 14). 

A thin glass dice dd was attached by a nickd wira to the minor s, the whole 
being suspended by a Sue platinimi wire torn the hook h. A rotation hKid e 
Boahled the zero to he set ewdly. The fixed ipSatea were clunped by the clamps 
FFto two filed pieces MSI. Hiegaa wa»n»ta)daced throegh B and the apparatus 
was set in operation magnetically by Tneana of the astatic pair of magnets ff. 
While the lower part of the appuatns conld he 
immersed in any desired tompciatnie hath, the 
platinum suspension was snfficientiy distant for its 
clastic properties to remain constant. 

The theory of the instrument is complicated 
and Involrcs many unceitain corrcctioiw. m that 
the method is suitable only fm- comparison and not 
for absolute measuromente. The corrections may 
be oToidod to eome extent by the use of a guard 
ring. The method luis useful applications k the 
detorminatioii of the 'riscosity of molten metals, 
since the inortii of the liquid is large and the maes 
moremente of the liquid are smalli hence the eizc of 
the TceBsl is unimpoiteDt and the use of a guard 
ring becomes vanecciisaty. The flo's notbods lead 
to ootisidurahle error unless pterautioas are taken 
to avoid oxidation, and the apparent viscosity is 
often greatly inmeosed by the formation of a skin 
of impurities on the surface of the dow tube. 

12. VaiJation of the Viscosity of Fluids with 
Ftessuce. 

(1) Liquids. 

Little work was done on tiie variation of 
the coefficient of viscoaty of liquids witti 
pressure before Bridgman (p. 93). 

In certain qualitative features the be- 
haviour of all liquids, except water, ia sinular, 
althougli there are large qnanfat,'ttivc dilfer- 
ences. The viscosity of liquids incxeases with 
pressure at a rapidly increasing rate. Refta;- 
enco to Cliaptei- V shows this to be unusual, most pressure efiects 
dimiaialiing as the pressure is increased. The behaviour of water 
is exceptional. Between 0° C. and 10“ C. Iffiere is a inintmiini vis- 
cosity at about 1000 kg./cm.*. At 30“ C. and 76° C. experiments 
showed that the minimum had disappeared, and a regidar increase 
of viscosity with pressure was observed. No really satisfactory 
theory of the variation of the viacority of liquids with pressure has 
yet been proposed. 

• H. Vogei, Ann. d. Pigiii, Set. 4, Vol. 43. p. 1235 {19141. 
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( 2 ) Gatei. 

It is bEo-wh in Chap. I!C (p. 197) that acc-oraing to the Idnetio 
theory of gases the coefficient of Tistx»st£y should be independeat of 
tie pressuie at ordinaty pressures. At low pressures, on the other 
hand, when the mean free path of a gas moleeiile becomes greater than 
the linear dimensions of the contaimt^ veesei, the kiuetie theory shows 
(p. 201) that 9} should bo }»opoitional to p. Both predictions are in 
good agreement with experiment. At very high pressures, Bridgman has 
shown that the coeSicient of mscosity of gases increases with increasing 
pressure. The problem has recently received independent investigation 
by Boyd, who has shown that the Hagenbach correction becomes 
inoreasiiigly important ut higher pressures. 

Highly punCed oitrogeu sod h/deogen and mixtures of tbs two were passed 
through B eCos] Soi** tubs at praesores up to oeorly 200 etmosphores. The mart- 
mum relative UKTsase in Uis vuMwity of mtro^sn was 2S per cent, of bydrugm 
10 per Pent, sad of tbs mixture 20 per cent. Farther worls by Ifishsle sndGibm. 


13. Tarifltion of Vucouty of Fluids with Tunperatnrs. 

(1) Liquids. 

The viscosity of liquids deuteascs npidly with rise of tempeiatute- 
For water, the viscosity at 80* C. is only one-third of its value at 10* C. 
Although the relationship has been the subject of many investigatloiis, 
no satisfactory simple fonuula has been suggested which expiesees the 
connexion with any great di^yee of acoucacy. The cinpirioal fonada 
of Slotto, 


’''“1 + 0 *+ 


(26) 


where a and /3 are constants, is only in approximate agreeroent with 
esperimeat, while a modification 



where A, B and C are mnstantis, is cumbciwine end does not apply 
to the unportarvt prnefiuif case of oils, wimh ace murttiros of ohemiftaJ 
ootnpouuds not easily separable. Owing to the lanJr of a salisfactory 
theory of liquids, no theoretical telatioii of any value was derived 
until the work of A ndrade.* 

On Andrade's theory, a hqnid in considorad to consist of molecules 
viLrating under the lufluenco uf local forces about equilibrium positions 
which, mstead of bemg fixed as in a sohd, arc slowly displaced with 


• Andr&dD, PkU VoL IT, p 698 (I934j 
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time. The liquid state is here regarded as being closer to the solid state 
than to the gaseous state. At extreme libration (compare Lindemann’s 
theory of fusion a molecule of one layer may momentarily comijine 
with one of an adjacent paralM layer, supposed to be moving past it 
with a drift velocity given by the bulk velocity gradient, the combina- 
tion being of extremely short duration but ending to ensure a ehaiing 
of momentum parallel to the drift. If tie frequency of vibration of a 
liquid at tho melting-pomt is taken as that of the solid form at the 
same Lemperatui'e, a coeJBcicul of viscosity can be calculated for simple 
substances in. the liquid state which agrees closely with the experimental 
value. CommunicatioD of momentum takes pkee only if the mutual 
potential energy, probably determined by the relative orientation of 
the approaching moleouiee, is favourable. Under the influonce of local 
intermolecular forces t^e molecules tend to be similarly orientated 
wthin very small groups, tie boundary and molecular population of 
each group changmg continually. The tendeckcy to orientation which is 
favourable for interchange of luomcutum b disturbed by the thermal 
agitation. On this basis tie formula 

tjv» = (28) 

is derived for the variation of viscosity with temperature, A and c 
b^g constants and v the specific volume. This formula agrees closely 
with experiment for all liquids ro far er-imined, except water and 
certain tertiary alcohols. It applies to ordinary associated liquids as 
well as to nou-associated liquids, although the meaning to be atmbuted 
to the constant c is somewhat different in riie two ca.ses. 

More recently, theories of the liquid state based on the ceb model 
aud the hole model have given expressions similar to equation (28), 
indicating a diffusion coefficient pcoporUonol to and a viscosity 
coefficient proportional to for the viscosity is by definition in- 
versely proportional to the rate of fluid flow at any selected pressure 
gradient, In the cell model a t 3 ?pical molecule in the liquid is regarded 
as being confined to a cell surrounded by a potenriai barrier of height E. 
Under thermal agitation, the Dumber of moleoulea which have energy 
greater than E is given by Boltzmann’s theorem as We have 

already mentioned in CSiaptor XI, § 4, that diffusion in solids shows 
such a temperature variatiou. 

In the hole model a liquid b regarded as a solid in which the whole 
lattice structure has broken down, so tiiat molecules have migrated 
from various lattice points to form clusters of interstitial atoms and 
left behind vacant sites which have abrogated into holes. Flow of 
liquid then corresponds to transfer of molecules from interstitial clusters 
to holes, and the rate of transfer will depend on the number of available 
holes. Since the creation of a vacant site or hole requires some activation 

• See Roberts, Beni and Tkenaodgnarnks, Sonrth edition, p. 55J. 
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energy E against the eurnninding intermolecnlar forces, a ttennaJiy 
controiied systern will give anamber of vjieaucjcs proportional to 
<2) Gases. 

The viscosity of all gases )i>CTeases trifch rise of tempeRitiira. For a 
disciissiou of the icsnita lefemkce should be made to Chapter IX, p. 197. 

14. Viscosity of Mittuxes and Solntious: VsriaUoo with Chemical 
ConstitutioD. 

A large number nf eyperiment'^ have been made on the viscosity 
of mixtures and of aohitions, but no general Lxws have resulted ia 
either case. With aotnn Buiutktiw the viicosity is le.sB than that of the 
pure solvent, while with oth«ti it w gnaifcer, r/aiching n tnaxiniirm for 
a certain concentration. With mixtures, this viscosity is genetiilly less 
than the adtbmetic mean nf i)>e viscosities of ths cciniponsuts of the 
mixture. Aeam, the depeodence oo cbeuucal constitution is anythmg 
but straightforward, esperiiueuls by Feudeisen on the ethers i^w a 
very general decraase m viscosity with increasing molecular weight, 
ftlthougli many exceptions occur. 


15 iron-lieK'toQiaa Fluids. 

TSlauy commonly occurring fluids, for example colloids and pastes, 
nra nnn-Newtontna m their vneous bebax’iour in that the rate of shear 
la not proportional to the ^eanng stress, or is ptopurtionul over only 
a very liinitrd range of pressure. The volume discharged through a 
cupillary tube is therefore not proportional to the pressure, and appli- 
cation of the formulin denved lutliertu will have meaning only when 
the conditions are spcetlicd. The sdenoe of fluid flow in genera] is 
termed rktology, and hTewtonian fluids constitute a vety lirnitexl si'ctioii. 

If a fluid shows au isothenua} reversible decrease of viBoosity with 
increase in the rate of shear it is termed thixotfopio. The ideal lubneant 
ia one which has a very high viscosity at nlmost zero shear when the 
machinery is at rest, so that once the hibrKsant has been drawn into 
the bearings iiguiiist gravity by surface tenswii forces, it will stay there; 
then irheu the maeliuicry golbora speed the lubricant exhibits its thixo- 
tropic property of decrease of viscosity with imireaeiag rate of shear, 
so producing minimiuii fnetioa and power loes. 

To study further the behavionr of thixofTOpio substances wc may 
consider equation (1) to be modifled to -f- d, whore rfn is 

the Ncwtoniftfi cooftioieTit of n.-iroaity and 0 is the cocffioieut of thixo- 

troiiy. Wc have Boen that ijo decreases rapidly with temiJeratare: on 

the other hand, <? IS almost independent of tempcratrire. This behayiour 

throws some light on the nature of thixotropy, which receives cxpkua 
tion in terms of a strectuie of the fluid. The particles present, colloidal 
or otbnnviso, may be l■on^ude^ed to fucm a linked acafiblding frf™ 
ivall of LLq coulaiuet to the other, ®id dufing flow these links are 
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continually being broken and lefbrmed. If the energy required to 
break a link is lai'ga compared with the thermal energy, the life of 
the link will be. largely indqiendent of thermal energy. Lubricating 
oils have long chain moleonles which at veiy low rates of shear can 
be disentangled by thermal energy, wliereupon the behaviour is New- 
tonian. At higher rates, however, the dwentanglemcnt is brought 
about by the shearing eferess and hence the appsirent viscosity decreases 
and the oil is thixotropic. 

Some pastes, wet sand for erample, exhibit inverse ihixoirofy, where 
the viscosity increases with incicf^ing rate of shear. Many of these 
eases can be explained in t<^s of a separation of the phases, as in 
the example chosen, where the irater is squeezed out between the sand 
particles which then show some of tlie properties of solid friction. 

Any viscosity appamtus which pennits easy change in the rate of 
shear can bo used to demonstrate thixotropy and to amass useful 
empirical data. Qualitatrvdy, the osdllstang-disc method was early 
used; a rate of damping which decreases witli iaoroasiDg amplitude 
and velocity indicates fchisoteopy. Quantitotivdy, the rotating-oyiinder 
method is excellent and HsitecLek’s viscometer (fig. 8 ) has been used 
for this purpose. As the linear velocity gradient at any isdiue r is given 
by r . iiojdr, from equations (15) and (16) we have 



Jr r* ( 6 * - a*) ^ ’ 

It is pcssible to detonmne the velocity- at any point directly by the 
insertion of a hot-wire anemometer, but this may disturb the stream- 
line flow. Alternatively, if the cyiinder separation is smaE, taking tlie 
average of the extremcvalnes, a mean rate of shear fl(a^ -j- i*)/(h- — o*) 
is obtained, and since >} as given by (16), the rariatioa of tj with the 
rate of shear may be examined either by varying the rate of rotation 
of the moving cylinder or by u^ng suspension wires of various kinds. 

Ifi. Special Plastometera. 

The recognition of thixotropy, the wide range of numerical values 
of the viscosity coefficient for different materials, and the practical 
importance of the subject m metalhu^ and the petroleum industry 
alone, liave led to the development of many different types of visco- 
meter and plastometer designed for spcciai purposes. Even so, the 
standard methods already described are still widely used and recently 
Stokes’s falling-sphere method has been further developed- For opaque 
liquids, the passage of the steel sphere past verknis points is determined 
from X-ray photographs, or alternatively fay’ tlie induction effect as the 
sphere passes through coils wound on the fall tube. 

The change in viscoaly on slaning thixotropic fluids is easily 
measured by noting the time of fell of the same sphere before and after 
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stiwiag. For a given sphere the stress is constant btit fresh material ia 
being sheared continuously. Rate of ehear can he varied by tiring 
spheres of different radii or different density Holliday lias modified 
the apparatus by replaciagthegtavrtalaonalfieldby liatdue tnaiidco- 
troraseneS. With an iron sphere of micro- 
seopio size placed at various distances from 
the pole-piece, different mtcu of shear ace 
developed, and thecorre^oiMlingvelodbes 
are measured in a hoiizonCal pLuie. lu 
this 'vray it has been shoivn that while sub* 
stances lUfe polymethyl methacrylate ace 
generally non-Newtonian in behaviour, at 
Huffioiciitly low rates of ehenr the be- 
haviour IS Newtemiau and hence a rep- 
resentative value of may be stated for 
*<>ch matenals 

^Finally, Stokes's method b suitable 
for very vjsoous fiukls, cn advantage 
possessed also by the cotatii^'-cyluKler 
method but less conspicuously by the 
capfUary-fiow method unless sp^ciid means 
arc adopted to apply forcibly a largo 

piCBBuie gradient For caceptionully p*» «« -ivumtios* kbiwiw 
VISCOUS fluids like pitch, Pochettmo's 

apparatus shown diagrammatically m fig. IS may be used Two coaxial 
cylinders A and B are mounted ndth ^eir cwnmon nxm vertical; the 
space between is filled with the vtjcous liquid nud the outer cylmdec 
is held rigidly Then neglectuig the mass of the fimd compared with 
that of the inner cylinder and suspended mass IF, if the latter deBceiida 
with a con.stant velocity w, ajqrlying equation ^1) we have 








where I i.a the length of the cylinder. Oa integration and substitution 

’“S'"®-;- ■ ™ 

For accurate use the thidcness of the «toulus should be small com- 
pared with jte length. 


RevsBUHCss 

G Built. A 3IcmDgTapf4 t>f rtaoomtirg (Orftird Univereitj’ Press, 1931) 
A. C. Msiruigton, V^KtmtHrg (Arnold ID4S)J 




OHAPTBE XIII 


Errors of Measurement ; Methods of 
Determining Planck’s Constant 

1. Introduction. 

In making measuiwncnte which are intended to be as ncouiate ns 
possible, the exparimenter attempts to eliminate all the sources of onar 
in his method. All sources of systematic, error are first removed. If the 
readings aie then taken with the highest possible preoision, the un- 
ocrtainty principle of Heisenberg asserts that uncertainties vrill still 
remain even if ohscever and the apparatus are “ perfect A full 
discussion of this prbeipie cannot he given here,* but it may be 
montdonod that unoertamties etiii remain in mcesuremonts of length, 
velonity, momentum, &c-, even if the apparatus U “ perfect Other 
accidental errors, bigger than those just mentioned, arise in ah 
measurements, because the personal judgment of the observer is 
employed, for example, to e^imate die coincidenoc of two linear 
gradustions, or of two events in ^me, or of analogous things, and the 
estimate made is always faulty to a greater or less degree. It is with 
these accidental errors that we are pactlcularly coaoctned in this 
chapter. To deduce tiic “ most ocemato ’* value of a quantity from 
a set of axporimentally measured values dificrent methods are 
available, according as the quantity Bought {«) is the quantity directly 
measured, (h) satisfies a linear refataon, or (c) satisfies some other 
relation. 

The theory of these methods is in many cases based on the Gaussian 
theory of errors. Although doubt haa recently been thrown on the 
application of the theory to physical c^culations, it is still accepted 
by moat authorities. 

2. The Gaussian or Normal Enoivflistrfbution Law. 

Suppose that a large numher n of expcriniental valjie.s of a single 
quantity, r.j, x^, Sg, . . . , x^, have bcmi found, all of which arc equally 
reliable and free from constant or systematic error. It may be shown 

• See o.g. Born, Alontie Phgaia (Blaetie. airtli edition, 1057) 
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on plausibJe grounds that &b most aecurate value z U fiat of tie 
averse 01 aiithnief.io racaa, defiseQ ly (*| + is + . . . -f z„)/n. Lei, 
the quantities = be cnjnuhted. Tic 

quantities «£j, dj, &c., we called retidvals, ifevuijiotit or diivrgencf?. 
Tie total mnnlter of the rnddntds is equal to n, Ae total number of 


ohservotiona. Conaiiler the number rf» of residuals whose cuiaenca! 
value, independent of sign, lies between two limits z and ifr. Tie 
Gaussian erroi-distribution Jaw asserta that iu uU lascs 

JttC~^‘’'de, (1) 

where A and k are constants 


Since the total number of mndnols equals t?,, ami lien possible 
range is from t = 0 to a =» w, 



Hcnisc A *■ A/Vw and 

dn s= «Ae"**'’ I'J) 

Tho noTjstant A is called the Ocijstian measure of precision ’ Jf A is 
large, the residuals are crowded more dosel^ towards the value aim, 
]f A is small, the residuals .ve spread over a large range Thus A has 
(Merent values foi diilerenl sols of results. 

Testa of the truth of the Gaussmu error-distribution law Include 
(a) one by Bcancl, nsing 470 observations by Bradley, of a certain 
aatrorwmicol angle 'There u very good agreeasent between the actual 
and Gaussian values of dn. in various ranges s to * + (i*. cncfipt when 
s Is very large. More large residuals are found eTperimcntolly than 
are preeJicted by theory (b) Dirge (1932) made 500 settings nf a titoiss- 
wire on the centre of u wide speutrum line. The distribution of the 
residuula wiia in good ngrcciwirt with Ibe Gaassian law, even for largD 
roBidiuil.s, (c) Asteonoraical ol>serv<ttfoB.a by Merrimaa, 300 in number, 
g.vve 0. strictly Gaussian distnbutaoQ of rcsiiluale 

According to CampbelLf on the other hand, the Gaussian theory 
has for many years been held in such superatitioiiB revecenw that no 
e&rt has b«n made to socumulate data by which a decision might 
ba made between Gaussfon roles (of which the above is one) and possible 
alternativfifl. lie agrees, however, that Gaussian rules ieatl in certain 
RiroiimslniiCHS to iiermhisible results, and that they have, long been 
cmployeti with iippanrut success 

A graph reprcenirtiug the notm^ or (Jaussian law of nricjr-<Jistrj- 
bntion i.s shown in fig. 1. 

•It roust not be conSosed wrth Planet's eonsfoBt of »Btlori, also >ienot^>t 
t JUfu»wero«ii( and CakubStox, pp ICS-ICS (Lon) 5 nlaI)^ I!)28) 
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3. Measurement of a Single Quantity, Probable Error. 

Suppose that a large number n of e^rpaimental dcterramations of 
a single quantity have been made. Iiet these be iCi, ij, . . . , x„. It la 
required to calculate the most accurate value of x given by the 
experiments. 

Method I . — One convenient and permissiblo procedure is to arrange 
the n values of aj, 55j, &c., in ascending order, and if n is odd, simply 
select the middle quantity as tie required “ most accurate ” value of 
z. This quantity is known as the tit^ian. If » is even, selcot the two 
middle values of x and find their mean. 

Method 77.— The usual method is to proceed as on p. 292 and find 
the average or arithmetic mean a; = (aq + %+•.. . + x„)/n. This 
la more laborious than Method 1. 



Rk. I 


Such a result is often stated thus: the most accurate value of the 
quantity sought is ar + a. For examfde, Millikan announced his value 
of the electronic charge as (4*774 + *004) X 10“*® e.e.u. The symbol 
a usually, though not ahvays, indicates a quantity known as the 
•probable error or dispersion of the arhbmetic mean. It is appended to x 
in order to give a quantitative estimate of the dUpersion, range, or spread 
of the set of experimental investigations. If the values aq, a?;,, . . . , 
are spread over a wide range, the precision of the measurements is 
not so great as if they arc spr^ avei a narrow range. In a large set 
of results, half of the errors exceed and half fall short of a certain 
quantity Vu a. The probable error a is defined thus: it is a num- 
ber such that the arithmetic mean ® is just as likely to be in error 
by a number falling short of a as by a number exceeding a. Or, it is 
just as likely that the true value of x Kes within the range of » — a 
to a; -{- a as outside that range (sometimes referred to as the fijlp per 
ceTit z<me). Or, again, the odds that the true value lies within the 
range x — 5atax + r>a are 1000 to 1, which ia rookoned as a certainty. 
The quantity bn ia called the meurimwn enar. In Millikan’s case, the 
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probable error ia 0 001, and lie maximum enor is 6 X O'UOl — 0 02, 
so that the odds arc 1000 to 1 that the true value of < lies witMu 
the ranga (4'751 — 4'791) X e,s.u. and not outside it 

According to thn Gnassian theory of errors, the probable error is 
calculated as foIloTrs. H.aving oblnincd the aiithnietic mean x, Tfe 
calculate the residuals c^=sse, — — z, &o, and then the 

sum rfj* -J* 4" • • • + Stf*. say. Then 

"-■““v'flSi w 

trhere « is the total number of values.* The approximate value 

— ffiVr® 0) 

is Bufficleatly accurate (or rnoet pntposos. The quantity iV*SiVn 
is called the itandard devtatim or mean devtattcit kom the antli- 
uetio meau. Thus tho prulwhlc error is 'IfiVn times the standard 
deviatioa. AuotLet erpression given by Gaussian theccy fur the 
probable error u 

It appears (list act oU autbora sd>» etatiat; » iMidt in tbs furia x d; >• 
mesa thereby that « a tbe probable error. Seae autbon mtecd a (o meoz 
the etuaiisrd «lsviaCiOB t It m therefots sseeoUal tu Cud out sxsetiy (vbst each 
author means by tbe etatenent tb&t bis result u x dr « EogineeN thmeosCoa 
tlieir Uiawmsa in tiie form z d v, mesuui; by c the d9Ceuq& 1 dunension sad 
by d;0 the tolemcve or sJlowsUv uiar$ui ol errcc either vsy. 


4. Probable Error or Dispersion of a Sinxle Obsnratjcin. 

After making the n observations Sj, sr. BiipposB that one 

mote observation is made Where is it lifeely to lie? A quuntity §, 
c.tUed the probable error oz dtspersior* rf a Single oSjerroJicn, exists 
such that it is equally likely that the new value obtained differs from 
the true value by n quantity esceediog as by a qii.antity falling 
short of Theory gives 

aVS - (5) 

It can be shown that the pvibaWe error of a itself is 0 47_69a/»*. 
or, as is sometimes stated, the fractimud probable error of a itself )s 
0 t769/n.*. 


• Proofs of formn 
Ca/tTiJus c/ ObtiTitiiiC 
f rmuarkH bj 


(3), (61. Mlii (6J «e P»WJ *D IVUilUker ind 
I, pp 205. SOB (Bkebia, iosKil editlSD, 1S44>. 
iker. fVoe. nsi. Sot , Vol. 45. p 3S3 (1933). 


Tlobinson, 


Ths 
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6 . The Weighting of Obseir&tions. 

When more confidence can be placed in one measured quantity 
than in another, it is said to have more weight. The question arises, 
how is this to be taken into consideration quantitatively in calculating 
the most accurate value of a physical quantity from a set of experi- 
mental v.ahiesl 

Consider a case in which a large number of values a^, Sj, . . . , x„ 
of a single quantity have been obt^ed by eiperimcat, and suppose 
that if equal confidence could be placed in all the values the arith- 
metic mean would be cdiosen as the “ most accurate ” value of z. 
What is to be done if equal confidence cannot be placed in all tbo 
values? Some authors, e.g. Campbell,* say that observations should 
tiecer be weighted. The accuracy of a given set of oljsorvations, if 
they are sufficient in number, can never bo improved by combining 
them with less accurate obs(avations. If their number is insufficionb 
it should be increased. ... It ie quite common to see a value for 
some important consiiint obtained by the combination of the results 
of many diffinent workers, some of whose experiments were obviously 
less valuable than those of others. I can see no justification for this 
procedure ; if the oxperuneuts that criticism shows to bo the most 
fcruatworfhy do not give a tiiistwortliy result, then no trustworthy 
result is avaOable.” 

While ideally it may be desirable to increase the number of acourate 
observations and reject all (hose of leaser precision, practical con- 
Bidcrations of time and expense are by many authors considered to 
justify the inclusion of the more doubtful results, if they are given 
suitable weight. 

One method, which is sometimes used but seems unsatisfactory, 
is to assign numerical int^ers w„ Wj, .... to each quantity a^, Sj, . 
respectively, baaing the values of Wi, w^, ... on a purely intuitive 

estimate of the rel.itive confidence tO be placed in ai, »2 For 

example, in a certain case it mi^t be oousideted that twice as much 
confidence could be placed in as in or in a,, ... , and values 

Wj = 2 , n>j = 1 , tCj == 1 , might be assigned to ^, . . . 

respectively. These numbers . arc called the loeights of 

3^, aij, . . . respectively. In the gener^ case, after the weights are 
assigned, a quantity 

3 _ + ■ - - .... (7) 

called the xoeighiid mean, is c^culatcd. _ 

Another procedure is to combine results obtained by dmereDt 
observers as folloivs. A certain observer announces the result of his 


* Jt«a«or«Mnl and Ci^fdion, p. 107. 
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ni**8uri:inf,ute of ii certain as a-^ i o^; anotier iuvtetigator 

gives Aw result far tlic Eame quanti^ ft* *» ± “*> ttiid as sr, + a,, 
«vnd 80 OD. Assume lluit Oj, Oj, . . . are tho respective probable errors 
of the arithmotio means. To combine these rcaulM, begin by calculating 
the weights ji\, . . . ol tha dlftereot results, which on Gotissian 
theory are given by w, == l/a,*, tc. = l/oa*. and so on. The iinal 
mo.'st accurate value of x is talxn to be 


ir, 4- 1£^ -h . . . i- t- • • . ’ 

which can be written in the form 

Sirx 

'2» 


<8) 

&) 


equal to unityi eacept far sUitistiK)) fluctu.atious Here = 2^ — 2 ik> 
$ 3 » Xj — . . . whete is the weighted mean, as iu equation (6), 

u^, . . . are the weights l/oj*. 1/c**. . ..respectively, ZieS^wifjBi^-f- 
u*s8,* -f . . . , and A' is the nura^i of independent sets of results 
ii'Licb are to he oombtned. Proxidod that Z docs not differ from unity 
by a quantity u.^cpi.-diiig 0 '17C9/A'*, the combination of results is per- 
uiissiblc If Z diflors trocu unity by five times 0-4iCD/iVl. tharo is only 
one cbftnce in a thous.aod (hat sucb adoration is due to mere statistic.^ 
fluctuation, th.\t u, the odds ate 909 to I that constant or sj-Bteiuatio 
errors nro present in one or more acta of rosuJla and >t is not pet- 
naissiblc to combine them 

It ni.ay be shown that the voIik; of the weighted mcna x^, given 
by equation (S), has a probable error 

a « 0 674G{StP«»/(iV - 2)Ste)‘, 
where the symbpla have the inc.uiings just given. 

6. Calculation of ilie Constants in the Linear Law y =« »»ije -f o. 

Suppose that it is knows tJ»t. “ csact '' values of two quantities, 
® and y. obey a linear law of tluo form y = mx + c. Suppose also 
Hint a large number of pairs of valnrs of ® and y have been obtained 
cspermiontally. It is required to find the “ most Aceomto ” values 
of tn and e, the constants in the equahon. If cjcnct values of * and 
y were available, two pairsofthem, »j,yi, and*., y^, would be sufficient 
to determine exact values of wand a As, however, the values available 
ate ouly experimental, aiiothci procedure must be adopted. Vario'ts 
methods are regarded as petwisMble. 

• ruif*. , roj. s«, !«. ro7 { i ms). 
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(i) Graphiml Mclhod. — A grapk cooneci^ x and y is plotted, 
each point being plotted immcdiatdj after each single pair of obser- 
vations is made. The straight line which lies most evenly among these 
points is determined by a black thread or a transparent celluloid rule 
with a contra! straight line er^raved apon it. Immcdiatp plotting 
reduces the number of observatious need^. The most accurate values 
of m and c are given by the tangent of the angle of slope and the 
intercept on the y-axis rcspoctively. The accuracy of this method 
is limited, because there are jwacfaoai hmits to the accuracy with which 
an angle or a length can be meaBUied. The accuracy is also aflected 
by tie scale of the graph, a large scale being better than a small one. 

(ii) Metliod of Zero Sum (Mayer’s or Campbell's Method). — In 
making the exporiments, one of the two quantities x and y is nsnally 
arranged or sot at some value, the other being allowed to come as it 
may. For ezamplo, in measurbg tho ooeScieot oi linear expansion, 
of a rod, the temperature may be set at definite values, and the length 
allowed to come as it may. The present method of obtaining tho most 
accurate values oi m and c is as follows. 

Arrange the values of the set quantity, which may be taken as x, 
in asoendmg order o£ magnitude, Sj, a^, Sj, . . . . Write down equations 
in tho order = vur-i + c, = »na^ + c, ... . Suppose that in all 
there are n equations. If n is even, add tho first n/2 equations togetlier, 
obtaining a single “ normal ” equation of the form Yi = mX^ -f iuiJ2, 
where Ti =* J/i + ya + • • • + !/«/2 ">'3 ili « cpj + x, + . . . + x„,2. 
Add the second group of n/3 equations together, obtaining a second 
normal equation, of the form = mX^ + tic/2. Then solve this 
pair of simultaneous normal equations for m and 0 in the ordinary way. 



2(jf, ra - XaF,) 


(10) 


If n is odd, add the first {»— l)/2 equations to the next equation 
(the middle one of the set), mult^icd throughout by 1/2, to get c 
single norma! equation. Add the middle equation multiplied by 1/2 
to the cemuiumg (n — l)/2 equatitms to get a second normal equation. 
Then solve the two non^ equationa for m and c in the usual way. 

The aritiimotie of this meihod is fairiy quick, but it gives difierent 
values of m and 0 according to which of the two experimental quantities 
we J‘ arrange ” or “ set . . 

x/ (iii) Gmmian Method of Least Squares.—The deviation of any two 
observed values x,, Jfj from the straight line y — wx+c may be 
written as d, = c -f war, — For several pairs of readings, the 



ERRORS OF MEASUREMENT 


melhc^ of least sguarea Btates iibiit the best represeatefcive values ol 
m and c aie ILosb for niuuii the Bum of the equates of the deviations 
is least; to had these values vs procoed as folloivs. 

Take the first of the set of n equations, nniriely, t/j = ms, + e 
Multiply it by the cocfficisnt of m, i.e. by ar,, which gives 
mi,®-!- or. Repeat with all the n equations and add; this ^ves 
— vsiEj*-}- e.T^, wbt»e Xjl\=»2ry, and A’, — Er. 

Next take the fiist eguatMo and miiidply it by the coetiicisnt of c, 
which happens to he ouity; this simply gives y, =» rnsj + c. As the 
coefficient of c in every equation is unity, Mmply nJd the n equations 
as they stand, this gives T, mJ, + au, where y^^Ey. Solve the 
two normal equations thus obtained for tn and o; thie gives 

>1A7 - i’, . X, 

_ _ _ ,,,, 


The probable ccTom nf tbe values of m und o obtained h r the 
method of least squares, equal weight:* being assumed for every pou 
of values of x and y, muy be shows to be 


Here Xj and Xj* have their previous meanings ISaeh 8 is cadcuJated 
as fciHowa. In the equation y =s toi o wo use the calculated values 
of m and c, derived hoia equations (11) and (12}, and, ia turn, insert 
the set values sr,, . . , and cafeufote Values of y, which may 
be called y,', y*' Then f*i is the diHerBUce between tie cal- 

culated value y/ and the exjxuimental value or Sj =* yf — yi, 
ys' — yj- • - • • Hence SS* = (yj' — y)*-f iyj' — ... . 

The arithmetio in this method is usually aomewh.it laborious, 
though the nso of modem tydcnlating machines reduces the labour 
considerably. ’The method has the advantage o{ giving the saioe 
result no matter whidi qountity is *' anmiged " or “ set ” at definite 
vahicB. It is not now regarded as having any better theoretical jiwti- 
fication than other methode, but Is classed along wth others as o 
possible method, 

(iv) Cauchy's (oi rlwhery’s) AfetAod. — This method has the advantage 
of involving much Jess arithjiiotic:d lalxmr than that of least squares. 
Suppose that n pairs of observations y^. , y«. Xj, ■ • • > 
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have been made. As before, fiie law is known to be of the form 
y~inx-\-c. Its graph is a s^ght line. Find a point K, Y which 
may be called the centroid of all tJie poinfe, i.e. find X = Yxjn, 
Next, divide lie n '^ues into two sets as follows. Let 
i of them have values ofa: less than X, tile other n — t having values of 
X greater than X. Find the centroid of the * values such that x <X, 
i.e. findSi/iandSy/tfortheseivalues. LetSx/i — Xiandri//i= F;. 
Also find the centroid of tiie lemaining « — » values, for which let 
2a:/(n — t) = ifg and Xjr/fn — i) = Fj. A^ume that the best value 
of TO is (Fj — Fj)/{Ag — iEj), wUdi ia the slope of the straight line 
joining the points (ifj, Fj), (X^, Fg) on a graph. Assume that the 
best value of c is the value of c mvcn by putting F = mX + 0, i.e. 
0 = F — mX, where {A!, 30 is the ocntioid of all the points and 
TO«{Fg- YM-Xi). 

7 . Probable Error of a Function of Quantities measured Experimentally. 

The values of many physical quantities are calculated by substl- 
tntmg experimental values of various measurable quantities iu a 
foim^a; for example, the viscosity of a liquid is calculated from 
PoUouille’e fotmula ij irpa'jBQl (p. 373}. All the quantities p, a, Q, 
r, t, and 1 arc measured in some way. ^e value of each has its own 
probable error, '^at is the probable error of the result that is obtained 
for Tjl 

To put this in more general terme, if a quantity Z ie a function of 

ffl, y, s and if the probable error of as is +ai, of y, +02, of *, ioj, 

.... what is the probable error a of the value of Z obtained by oal- 
cul 3 ting/( 3 !, y, s, . . .)? Theory indicates that 



where df/dx means the partial derivative o£/(*, y, z, - . -) with respect 
to X when y, 2, . . . are treated as constants, and so on. 

For example, the volume F of o oone ie «r*f//3. Let the probable errors of r 
anti be a, and cfjrasportiveiy. Sinoe V = xr^np, dVI9r Z-arEP and SI'/SA 
= Tir»/3. Honco a’ *= 4w'r*tf»a,»/9 + Other oxeroiaos for solution 

are given on p. 318. 

B^Determination of Planch’s Constuit. 

The determination of the most reliable value for Planck’s constant 
of action A by Bond and l^Birge, which is described later, afiordsagood 
example of the application of tiie method of least squares. The de- 
scription of Bond’s work is preceded by a short account of the other 
main methods of determining h. It has been found necessary to assume 
a fair knowledge of sub-atomie physics on the part of the student, 
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since proofs of the vnrioaa fonnolsc nsed w^ould lead us beyond iha 
sc^e of this book.* 

Method based on Bohr’s Theory of Atomio Strnctnre. 

Accoiding to Bohr’s theory of atomic structure, 

R 

* £3c?(c/tb)' 

where is the Rydherg constant for infinite mass, and its units are 
c is the electrouio chsogc bi ubsolute o.a.u., and ejm is in absolute 
B m.u. Further, ^ 




where Rg is the observed Rydberg ennstant for hydrogen, m is the rest- 
mass of an electron, and mg llie mass of the nuoUus of a hydrogen ntnni; 
that is, of a proton. 

This may also be written in the form 




where F is the value of tiic rJcnlrio obnrge associated in electrolysis 
with one giamme-equivaiont of any ion, >n absolute e m.u., that is, 
the value of the fataday in e.iD.u., 11 js the ma-ss of a hydrogen atom 
iu gcumines, and N is Avogadro’s oiunbor. Henco, since 




A» 


•3n*s» 


c^umUbH + #■/{(« 


. (13) 


10 Ionization Potential Method. 

The ionization potentiaJ most aocmately determmed idthertn m 
that of mercury by Lawrence.^ The eHafcation potentials most neon- 
lately determined are those of certaio lioea in the spectra of belmm, 
neon and argon by (a) van Atto (1951), and (6) IVtiddingcon and 
‘VVoodrool'e (1935). The values are stated in international volts (— V , 
say). To reduce V' to absolute e s n. of potenljaJ difference, it is not 
penniasible simply to divide by 300. ABowaaoe must be made for tie 
fact that the mtemationai volt is 1-00033 absolute volts and that c, 

* See B-g WiKin. Modern Phijttta (Blackw, tlucJ eJiUou, ISMS); Bom, AUmK 
Phyateo (Blaofcie, sixth edition, I967J. 

■f Phye RiV.. Vol. 28, p S47 (I926). 
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tlie velocity of light in vacuo, is 2-99776 X 10“ cm. pet sec. The 
relation hetween h and the ioniza^n or exi^tion potential, measured 
in absolute e.s.u. of potential differem^e, is 
hv — eV 


^ _ cF cAF 


(vbere A is tlie wave-lengtli ccoreqKmdiDg to the ionization potential 
of mercury; e and F are in absolute e.s.u., y in vibrations per second, 
and A in cm. As 

T7 F^ X 100033 X Ity 


eAF’ X 1-00033 x 10* 


n. Z-ray Contiauous-apeoiram Metbod. 


Tliis method is analogous to the la-st, Init makes use of X-raya. If 
the intensity wave-length diogr^ of the continuous X-ray spectrum 
of any anticathode is ez&mincd, it is found that the point where the 
curve outs the wavo-lcngth aas is constant, no matter what the nature 
of the anticathode is, provided the appli^ potential is constant. It 
is assumed that the contKipoQdiQg frequency of the X-ray beam is 
connected with the full applied potential F by the relation 



. . . (15) 

8-^''. 

. . , (16) 


Here V and e are in absolute e.s.u., A in cm. and c in cm. per sbc. In 
Ibis case A is measured by regular leflectiou from a oalcite crystal, 
using Bragg’s law, namely, where d ia the lattice constant 

of the crystal. 

Hence 

^ 2eF«fsinfl 


2eF'd X 10* X sing X 1-00033 
(? 


{ 11 ) 


where F' is the potential applied to the X-ray tube in iuternaiioDa! 
volts. 
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12. Photaelectclc Method, 

la this method use is made of Einstein's law, g ame ly . 

Pe = ftv — P, (18) 


which connects P, tJie wcvTk rcqniicd to estiact an electron from a 
metid, with V, the retaiding potential, and v, the frequency of the 
incident radiation. On dtferentJating and reananging, we have 


ar h 




In the Bccuiate work of Lakird:)’ and Frdezaer (192S), the critical 
potential T'', at which bght of frequency u sets up electron enussion 
from a metal, is measiufd for a ia^ uiuoher of values of i>, and for 
several metals. A graph coonecthrg F’ and v is plotted. Its slope gives 
8F73v. 

As before, the potential as measured is F' lotemationsl volts, and 
7 « F' X 1-00033 X 10»/o c,8.u. Then 

A ^ 8F ^ 1-00033 X 20* 3F’ 
ii 5^ c ^ 

and 


1-00033 X 10* X caF' 
c ^ 


( 20 ) 


In n eenond and mom Aoourate photoeleotric method used by Itobin- 
son and Hs co-workers, X-ravs replace viwbie hght,. Monochromatic 
X-ray.s of known freqnenqy fall on a thm film or target and eject 
photoelectrons. The kinetic ene^y of such an electron is cqnai to the 
rnergy of a quantum Af of the incident energy of the X-rays minui thn 
work of extraction Ax-g Thus 

M.y v^ — 


On appljnng a uniform magnetic field of strength H noitaal to the 
dircctiou of motion of an electioii, it describes a cirole of radius p 
given by 


Eliminating u from these equations and solving for A, ' 
, Zn{y-y^) 
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13. Tvlen’s Diiplsceaest la^r H^oo- 

It foUcKTs froiii Wlsi’s di^Iacement law coEC^Eiiiig fell or fclack- 
fciodj radiatioa ttat * 

- m) 


A~e=aco23ta 




There A . — is the vaTe-Issgtfc corresposdins to tte peak of one of 
Plaro^s spectral distention eur.-es, 6 is tfes tempcr&tcre of the fbll 
radiator concemed, k is Eohsma-na's canstact, and ^ is the posrrive 
root of the eaaatfon 


T- _ I 0, 

^ = 4-8531 to foTir places of decnnsls. Hence 


( 22 ) 


wheie R is the ttairersal constant fo: one gramne-moUcTiIe of a perfect 
gas and IS' is the noaber of crolecales in a graanme-mokcole. Aec 
the qciantities present in this equation A* is the one whose valne 
krtown Isa-rt accriTstelT, hs valce being giTen bj tbs celation A‘« «* 
^ere F is de&ed as ra egnation {13). p. 3C0. 

14. Stefan's Law STethod. 

Stefan's foOTth-powex law t nsar be stated es E = where E u 
the total energy contained in rays of all waTe-leasths emeging feom 
an eperttse in the walls of a fail radiator pa sq. CQ- per sec., f is the 
absoierte teapeiataie of the fall radiator, and c is a fneasnrable con- 
stant. Farther, h is connected with c by the relation 



Perhaps the most acenrate value of a yet obrstsed h that of Hoare 
(I9-25), namely, c = 5-735 X I0-* erg cm.-' dr^g,-* sec-^ The qsan- 
tity e is introdneed tbiotj^ Bohnmanii’s constant k = R'h — IU!F. 


15. Edainston's Fme-Stracture Constsnt JSet&ac. 

According to a theory of Side^eon (1525), based on the wave 
ecnation for two electrons of tike spin, 

.^=1 

2ce^ c 

i fiii, p.’ its. -j ' 





ERRORS OF ^^EASURE^[E^'T 


where a U a pure number, now called the Somm^rfcU fitaslniciun 
constant. The latest value of a, oa ealcal.ited by Da Mond (1919) is 
137 02T i -OOT, fi value very near Uie integer 1S7. a w obtained by a 
combination of oiperiioeat and calculatMm, as follmvs. .ireording* to 
Fcrmi’a liyperfinc-stractuic formula (1930), neglecting certain correc- 
tions, the frequency v corresponding to the hyperfiae-stinctnre separa- 
tioa of the ground state of a hydrogen atora, is given by 

a-, 

where p, and /i, are the magnetic moments of the. proton and flrotron, 
rcspectirely, Bence frooi the last two e^juatious we get 

«c | 3 ^,«e/ 

10. Eleelnm Diflraedoa Uetbod (Velocity ohtaised from the Accelere 
atiBS Poteatiat). 

In this method as used bv von Friesea (1933}, elecCioos aecelersted 
by a known voltage are dilEmcted by a crystal of galena. The dc 
Braglk waves associatad with the alectron ohay E rajg’a law. Their 
wavelength X Is given by A w Afmi;, so that 

A a Xtnc, where v is the velocity. 

Hence A «■ theory 


A'/n.-c- 1 — C-/C- 

, , , . e=/<r _ 1 

Koiv the Knetic energy of an flcctiDn, produced by an 

potoiMr.fe 


I ^ / re + •'V^ Y 

1 ~ i^;c* V Wfle= / * 


Gorapariu” equations (23) and (26) it >s 8«Kai that 

1 + = A + -r? Y. 

^ \ s»V* / V 



ELECTRON DIFFRACnON METHOD 

^2Fg , / FeV 


.2ri/ F._\ 




and 


A* = . 2 Fcwo f 1 + 

“V, 2moC-/ 

h = A(2Femo)"=(l + — 'i'^- 


2m^J 

A can be written as (2d an 9)ln by Btsgg’s law, so tiat finally 
, 2dsiD^(2Fem,)''* 




Tbe lattice constant i of tbe crystal is measured by X-raya in tbo usual 

^^^nner. 

17. Election Dlfiraction Uethod (Telocity Sfeasuied Ciiectly). 

The special featuie in this method, namely, the measurement of 
the Telocity of electrons by a kinematic method, was proposed by Dea 
Coudres (1897) and developed by ITiechert (1899), Xirdmer (1924 and 
omrards) and Guan (1984). It is again assuiued that electrons moving 
with a velocity v have a de Broglie wavelength A given by 
A = 7i/mi> and k = Xmv. 

As before, A is measured by a crystal difiacUon erptdxoent and 
A »s (2d sm8)ln. The velocity u is measured in the following way. 

A narrow parallel beam of electrons, all travelling at speeds lying 
within a very narrow range around V, passes in suocesaon through 
the spaces between the plates of two small parailel-plate condensers, 
a certain distance s apart, and then falls on the slit of a suitable detec- 
tor. The t\Yo condensers are connected in the same oscillatory circuit, 
and the potentials of corresponding plates of the two condensers arc 
equal to each other at any instant. When the time interval taken by 
an electron to traverse the distance s &om the Erst to the second con- 
denser is exactly equal to one half-period (^T) of the oscillations, the 
resultant lateral deflection of the electron in the two condensers is 
zero. The electron beam, undeflected, falls on the unmoved slit of the 
detector. Tliis i.s repeated whmL the tame taken is any odd integral 
number of half-periods, soy «' half-periods. In this cose 

0 = j-^Tp = where v is tie alt«mating^^u^ent frequency. 
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Finally, then, the equation 




n p — 4:»»a2/(V*c*)J n' ' 

using Bragg’s law and the iclatmnlic law of variation of mass with 
velocity. 

18, Compton Shift Uethod. 

The Compton effect is conoenied with the change in wavelength 
&X of a beam of X-rays, ol wavelength A, whfin wattcied through an 
angle 0 by impinging upon atomic eleotcuua in a gds nr solid. Older 
theory gives we expression 

The newer theory of Ross and Eirkpatriclc (1934) takes into aucount 
the energy binding the scattering electron to its nucleus, and affiicas 
that 

_ A<i -- 008 ^ _ AM 

' ' 


AA=- 


( 28 ) 


where 7^ is tlie binding energy luid tt is a uuinenr.al factor, whoso vnhin 
depends on the kind of motion described by the electron duroig ex- 
pulsion. If a uniform acceleration is assumed, n — and 
_ A(l— cosO) X‘S 


AA^- 


(29) 


Hence, in this case, (1 — co8(l)h* — me . AA . A wi . A*^ = 0, a quad- 
ratic, and solving for h we get 

, me . AA + — 4i»A*B(l — cosfl)}''* 

" ~ 3(1 - 008^ ' ' ' 

Ross and Kirbpatnck have measured AA for tbren different values 
of A, using' the eleciToas in sobd (a) wirhori, (b) berylhumj as scatterers. 
The second term on the right of equatma (30), when n — J-, le about 
1-3 per cent of the first term in valoe. 

19. Bond’s Method. 

Having noticed that the varions formulai noniiECtiiig h and e can 
be written generally as a power foimola 

h^j^y 


(31) 
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wbere A„ and n are constants. Bond {1930 and 1931) issed the method 
of least squares in conjnnotioa with 36 sets of independent results 
to find the most accurate value of A„, » being given, and thence the 
most accurate values of A imd e. As presented by Birge, the method 


is as follows. 

Write equation (31) in the form 

A, = (32) 

This is of the form A, ==/(A, e) = /«“” (33) 


Let 65 , Aq of known values of e and h wliich are known to 


be not far from the true values. Write 

e » ^ + Ae, (3f) 

A = A»-1-M. (35) 

Apply Taylor’s theorem, namely. 


/(A. e) Co) + M + ^ 1 ^^ Ae -f negligible teiiiia. 

Now 

Honoo /(A, e) = A„= A^v" + — nA^eo't^+’lAe. (86) 

Introduce a new parameter h„ = /IbA)". i-c- insect A„ = AnCj”" in (36), 
When reduced to the simplest form, equation (30) becomes 

(37) 

which is of the form y = c + fna:, where y = A,, c = A, m = — ApAe/ej, 

The 36 observations induded 14 values of A, correspondiug to 
n — 3/3, 9 values of k„ corresponding to » == 4/3, and 13 values of 
A„ corresponding to n — 5/3. When each of the 14 ob.scrvatioijs was 
given equal weight, the arithmetic mean value of A„ derived from 
them was 6-5173 X the 9 values gave A, = C'5SC4 X 10“®’, and 
the 13 vahiea gave h„ — 6-5395 X KH’- The problem to be solved was 
then as follows. 

Given three cqiuitions 

6-6473 X 10-» = A — (AaAc/ci,)3/3, 

6-5.364 X 10'» = A — (AoAe/e,)4/3. 

6-53Q5 X 10-” = A - (AoAfl/^^/S, 
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to End the innst ariiuiftte values of h and Ji^ejug and Iipticc of e bj 
tho metbod of least stpnres. The first equation given the ivnight 
H, the second 9, and the tliiid 13, since the equations were based on 
14, 9 and 13 values respectirely. 

Now when it is leqoired to find fLe constants in the equation 
y — tnx + c, given values ar,y, of weight ij*/, nf weight 
ay/j of weight Wi, ... , the method of least squares (p. 298) gives 


SiryTnnr — SiaeEu^ry 
— (Ewiy* 
2^Su^ •— S^Suij/ 
— (Stwr)* ’ 


(38) 

(39) 


with a probable error is c of 


0-6745 


^Su'S-\*'*f Stnai* ) 

yn—'2) lSwZw*» — (Sta)»j 


ue 


and a probable error >a m of 

ooris 


Zw 1*'* 
\rt — 2/ lStr2«M» - (Sws)*] ■ 


Here a =» 3 and S is the deviatioo of each of the three values of 
given above (bom that calculated with the vuiucs of c and m oalouLited 
from equations (38) and (39). 

Usli^ Bond’s data and these equations, Bitge obtained hgAe/r^ sa 
(O’Ollg + 0 0071) X lO'®, and uang A* *= 0 547 X Kr**’’ and eg *“ 
4-770 X 10“'^’ e s.u , be obtained 
A =- (6 5575 ± 0 0096) X 10-*’, « = (4-7787 ± 0 0052) X 10*'® e b.u 

The value of e here obtained was mdependant of that obtamed by 
Milliirnn’s oil-drop method, which does not involve h. By taking the 
ojl-ckop result into account se weB, by adopting iviat he believed to 
be the best arbitrary eyatem of -weighting, by using the most accurate 
results available m 1932, and by applying o method 0 / calculation 
resembling the one pist described, Birge obtained as his values 
k (6 5442 ± 0-0091) X 10*”, c = (4-7677 ± 0-0010) X 10*’® e.s n. 

By way of eompfinson, the values of h and e computed by Birg® 
in 1911, using more accurate later data than those of Z923, may ba 
quoted. They are; 

A ^ (6-6242 + -0024) x 10 erg- see,, 
c = (4-8025 + -0011) X 10-^'' e.s.u. 
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Du Moiid aTid Colien have introduced a powerful and interesting 
new method of calculating physical constants. It involves both the 
method of least squares and a geometrical figure called an isometric 
consistency chart. Inspection of this diagram reveals the consistency 
or want of it in data obtained by diOereot experimental methods, and 
suggests which method is likely to contain hidden sources of error. 
Using tlie data available in 1949, Hie method giv^ A = (0'C237 + 
•0011) X 10“*^ ergsee., c== {4-8024 ± -0005) x 10-“ e.s.u. 


20. Present Values of the Atomic Constants. 

It will be olcai that the atomic constants are continually being re- 
evaluated. Calculations have recently been made by Cohen, Du Mond, 
Lnytor and Rollctt (1955) from the following point of view. They 
regard the numerical vdues of a certain number of jdiysies! quantities 
as known to a high degree of accuracy: these arc called the auxiliary 
fixid constants. They inolnde the Ryt^eig wave number, the velocity 
of light, the atomic masses of hydrogen, deuterium, the noution and the 
proton, the gas constant per gm.-jQol. and 11 few others. Pour quantities, 
e the electronic charge, N Avogadro’s number, a the fine structure 
constant, and X the factor which converts X-ray wave-lengths measured 
in Siegbahn’s x-units into mllliangstroms, are then regarded as primary 
unknovms to be eveiuated. Various experimental reseaiohes provided 
eleven equations each of the form e'^'o*A' = constant, the indices 
t', j, k and I being known pure numbeta. Each of the eleven eqitations 
was first linearized, that is reduced to an equation of the first degree as 
discussed on p. 307, when passing from equation (32) to equation (37). 
They were then snbjectefl to an analysis of varinnoi. Thus they were 
grouped into seven kinds, eadi kind determining a particular linear 
combination of the unknowns. There was only one equation of the 
first four kinds, two equations of each of Hie next two lands, and three 
equations of the last kuid. A sulxset of seven eqnatioos was then 
selected, including one equation of each kind, but not more than one. 
Of the many possible sub-sets of the seven equations, 171 were chosen 
from wliich to evaluate e, N, a and A. The method of least squares 
was theuuaed, the actual computarion being done by the aid of an Elec- 
trodata Datatrou Digital Uompiifcor. Each eub-sot of seven equations 
gave a set of " adjusted ” values of e, IV, o and A. A quantity termed 
the measure of consistency of the obtained values, denoted by was 
found for each sub-set, and that sub-set for which x* 'vas nearest the 
theoretically expected value, was n^rded as giving the most reliable 
adjusted values of c, N, a and A. The first published values were 
c = (4-80286 + (KI0009) X 10-“ e.8.u, 

A’ — (6-02486 ± 0-00016) X 10»(gm.-moi.)-J 
a = (7-29729 ± 0-0<»03) X 10-®; 1/a = 137-0373 + 0 0006 
A = 1-002039 + 0-000014 
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From these values, oOter quantities could he determined, for 
e:tatnpleA --=25reVac = (0 62517 + 0 000£23) X 30-'’crg. sec. A corollary 
to these calculations was that if the inclusion of one equation 
raised the x* ''alu® of a sub-set of seven equations more than the in- 
clnaion of another equation, the physical method on which the former 
equation waa haard probaWy contained one or more sources of un- 
detected Bystematic errora. The Buspectod method was then more 
carefully conBideted r^aiding UiBBOuiceBotsyAtematio errotB, 

Comparison of the values given in tbb section with those quoted at 
the end of § 19 shows that the value for e has changed by only two in 
the fourth decimal place. Further similar amall changes will probably 
be made from time to time, it is already known that the value of ^ 
quoted above requires a further small correction due to the disco^'ery 
of the sU'CiilIod I^inb shift uf spectral lines wbirh is attributed to 
polarizatiou of a vacuum m the presence of an electric field. 
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EXAMPLES 


CHAPTER I 

1. Determine tie time cS osciUation of a drop of liquid imdcr surface-teoaion 
forces. 

2. Obtain Poiscuille’s equ-ation for the vohime of viscwis liquid flowing per 
second tbrougb a cylindnc&l tube of cinnihr cmfs-scction. 

3. Find by dimensional methods how the riscoas force of rcsistonco to tbo 
foil of a sphere under gravity dependB on the radius of the sphere, its terminal 
rclooity, and the coefficient of visccisity of the fluid tbirnigh \rhich it is moving. 

4. Show that tbo quantity of heat B> lost per nnit length per second per degree 
temperature excess from a cylinder of diameter d submitted to forced con- 
veetion in a fluid of thermal conductivity E, thensid capacity per unit volume 
e, klnemotia viscosity v, moving with rclatiro velocity v, is given by B/E = 
F(tvd[E).f(c\IK). 

5. Determine the rate of radiation of energy from an seeclcrated eleotran. 

6. Show that if the linear dimensions of the entire apparatus used in deter* 
mining & by a tmion balance (see Chapter 111, p. 41 ) arc changed, the euisitlve* 
ness of the apparatus remains unaltered. 

7. Show that the dlmensioas of D, the diffusivity, are UT~^. Eonee show that 
if the dimensions of Furth and Znber’a i^paratus for measuring D arc reduced 
to 1/p of their original value, the time requited for the concentration to reach 
the value n » r, at the ierel x = Ijt. is reduced to 1/p^ of its original value. 
{21 is the total depth of liquid, his any positive number.) (See Cliap, XI, p. S$9.} 

Also s^w that If a diSosion esperiraent of this ty-pe perfocmed in a vessel 
whoso dimeasions are of the order 6 can. takce one month, then if the dimensions 
am reduced to the order one mtUimetre, the time teAoti will lie of thn order 15 
minutes. 

CHAPTER H 

1. AESuminv the earth to be a perfeoUy homogeneous sphere, spinning with 
angular velocity fl about its geographic asda, prove Uiat the angle between a 
straight line drawn from a point P on the earth’s surface to the centra and a 
line drawn from P in the apparent direcUon of the force of gravity is approxi- 
mately equal to O-R 9in2t/2{ff(, -b fl’Rcos’t) radiaus, whore L is the latitude 
of P, £ is the radius of the earth, and fo ^ fo*™ O" ''“‘ss at P due to 
attraction only. 

2. Assuming that the earth consists of a sphere of radius £ and mean density 
Pi, enclosed in a thin concentric spb^c^ diefl of matter of thiobiess h and mean 
density p„ prove that the ratio of the gravifotioaM scccleration at a point 
on the outer surface to that at a point <» the surfocs of the inner sphere, is 
(I - 2?i/P + S/if./P;,} approsimately. (Aliy’s mioc csperimcnt,) 
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X Show that If a bar p»d»Timi osollatuig in *if hag cstemal symmstry of 
form about Uie centra, tban — and du Buat’s 

correetiocs to T,* and 7’,*, separatety, for e*tta moment of inertia of carried air 
ace eliminated (lieinel), 

i. Eefemng to p. £0, prow* that if th* knifo-edge* are equal cylindera the 
radius disappear from tlio crpreRsmn fm- T. 

6. Bcfcrring to p 20, piOTe that if the knife-odgsa arc nob equal cTltTidera, 
Ibeti piTj* Tj’l/Rrc* = l| + L. where T, and T, we tlio mcosarcd tiiar^ of 
OBciliatioTi about Ao two bnife-edgKi. (Pt^eo'a corrsctuia.) 

7. Itofrrr/ng to p. 2I>. prove that if two peadultttns, of symmctriral eetemal 
shape, are of equal wofebt but have diUecwt teugtbs, and have tianufomble 
tnifc-cdgea, ibon 

j( r,* — <w fj — (Defloiftis’s cairoctJon > 


8 Provo oqnatlona (80), (f0> on p. M, i.e. 

1 fJeinSe — 2f;„ and /t<m9 ^ U„* - U^yK 

S Verify equation ($}, p Id. by direct s«(iecit<it>on, 1 0. tbow (liet 
6- /!«-*• ooadt^-M)!! 4-9) 

18 a solntion of (be equatiou 6 4- 2M1 4- c*0 a 0 

10. If jr u laeasarud by a peadulom denutibing osoiUalwiu of amplitudo 30 
min., show that this ueeeeeiUles a perceotage fracboDal (wrrectjun of 0 112 X 10~' 
to the lesolt 

11. A aimjile epiral apriiig enspended vertieatly aud loaded at the bottom 
i« considered from the point of view of measuring dp on shifting the position 
from one statioo to aoother. Ilia proposed to measure the change 6^8 m the atial 
CTtensioji If tho aiuuoMim sensitivity deairabjo in wiri a gtATime.ter is Ay e* 
KV-^, and if the raauniim dj.splanvnenc of a apnng to ba used m a pon&bla 

. 10 -' 

ftofl ) 


CHAFTEB in 

1. Dcflnlng tho normal flux of force thiougli au element ci5 of » surface drawn 
in a gravitational field as the product of the nomwl coBipnnent Bcoafl of the 
farce on unit mas* and the area dS, ^pooive Oaiisa'a Vhenrem as applied to gravi 
tation, that the total outward normal ftix of Emob over any closed surfics is 
— 4Ttf? times the mass enclowd 

2. Show that a tttu spherical AcU of attraetieg matter of tiaekness x, mean 
radma c, and iimfcirm density p has tho same axlernal field as if all the aiuas 
wore concentrated in a single particle at its centre Ileuce prove that a sphOT 
oompoaed of conocntiio ahslla, not neccssatOy »II of Uie same density, acts m tua 
Bame way, 

3 Apply Gauss’a thearem to find tbegnsritationaj field (fore® oh uiut qjmM 
and pQtential at pomts (a) uiside tho oentral esvity. (*) josidtj the matenat, and 
(e) outside of a thick spherica! shell of matter, of radii r aud r + a, the density oi 
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4. Lot the moan density of a ooa-uniform sphoro be p,, and tha donsity of 
its nniform crash be pj. Pjnd the force on unit mass placed at a point li cm. from 
its surface, inside tho crust, the external radios being ff cm. (A ff). 

5. Hoferring to Boys’ experiment for measoiing Q, calmilste the valiio of the 
angle p (p. 40) oorraspoiiding to the msEimum displaoiug moment, giren the 
values of <1f, m, I, r and c as on p. 41. 

6. Beferiing to Boys’ experiment, culcobte the moment of the restoring 
couple due to the attractions hotsTcoii shares at difieronfc levels, fora given angle 
ip ..s. C4° 28', and prove that it is negligible compaml n-itii tiiat due to attractions 
hettvecn spheres at the same ievd, nsing the values of If, n, I, r and e ca p. 41. 

7. Consider ttvo torsion boJanccs ofBtq-s’ tj-po, in one of which all tho linear 
dimensioiia, including those of the htige and small aphorus, arc times itn great 
as those in tho other. T«t the materinl of the spheres be the same in e.ach case, 
hilt in the second lot tho Euspenaion bbio be changed so that tiio period is tho 
aame ea that in the first. Prove that ttie angle of deacction is the s.vme in the 
liro va.scs. Hence ebon- that with a small balance it is pnssiblo to iiso rciativoly 
bigger " large spherot ’’ than am piacUcable with large balances. 

8. (a) What are the dinicasions of tho quantity Ai in Hoyl’s eipctimonM 
[p. 48}? (b) What is the effect on the period of osciUatioa of iBcr»sing the liooar 
dimensions of every part of tbo appornius to n times their original values 1 

9. \That must be tho velocity of a body if ite maas ^rben movieg is 10 per 
sent greater than Ite mass when at rest? 

10. Find, to 0‘005 iwr cunt, tbo porceiitogo changu in muss of a body whoso 
velocity Is one^twentletli of the velocity of light, as comparod rvith its mass at rest, 

11. Ibking approsimato values of the moss of tbs proton as 3 X gm., 
the clcmontacy protonio charge oe 5 x 10“’® e.s.u.. and Newton’s oonstant of 
gravitation S as 7 X 10“® e.g.s. units, show that the ratio of the uiautroalAtlo 
force of repulsion betweeu two protons to their gm^tationai force of attraction 
is about 


CHAPTEE IV 

1. A uniform beam is clomped ottwie end and supported on tho same horisonta! 
level at the free end. Find the bending ntuuieut and the shearing stress at any 
point and also the iD&ximum depressitm. 

2. A imiforni beam is clamped homontaliy at one «ud und has a given con- 
centrated load IT and a couple G at the oBier end. Find the bending momeut. 

3. A uniform vreigiitless beam clamped hociaentoliy at one end has a con- 
centrated load fl’ at a point A at a distance ti from tlie fixed end. Find tbo 
depression at a and at the end of the beam. 

4. A liglit rod is supported syuimetricaliy on two knife-udget. a distance ?/2 
apart, where i is tho length of the rod. Two wc^hts, each of value H', arc sus- 
pended from the ends of the rod. and a weight to is attoohod to its centre. If 
the centre and tho two ends oIJ lie iu the same straight Uue, find the ratio JV/w. 

5. Find tho energy stored in a beam which is clamped at, one end and free at 
the other if tho load is U) per uiut length. 

0. Find the onergy stored in a light beam as in (4} but with a couceutrated 
load ir on the end. 

7. Knd tho energy stored in a stnrteiied niro. 
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8. Fmft the energy stored la a etntrbed Bat spin] spring 

9. i'ind the time uf angular otclUatWn of a kuided i^rmg. 

10. Show that tho dcpressKin of (1) a tod wiUi a weight attached to one end, 
(2) a fiat spiral spiiag, duo U> the eliearuig forre^ is negligible cmupaied with that 
due to tho bending mntnrnt and torsion reapectirely. 

! I . With a given chemical biUaace Uia smallest deflection which ran ron- 
veniently he measuted la 10“* rad , con«s|Kiadiiig to a mass of 10"® gm, If tho 
effective length of the balance arm >a 50 cm , sbu* that the sensitivity of the 
ehemieal halance i* lesi than Itr* of that of a totaion balance whose suspensioa 
has a Icngi.h of IDO cm. and radius cd circular cross.section of lit"* cru., made of 
material whOfiC rigidity modulus u 10'* dyne cfli.~*. 

12. A fight tonaonta/ cantifover la 6arit by a eonceniratoii load iT applied at a 
point a BO that t|< u the angle of locbuslHiu of the taiigeiit at any puiut x, both 
s and X being measured frata the fixed end. Bbow that ifi('.^ OO^forxwov^u,, 
thro j »» Tl'a«*/[a4f’). 


CHAPTEB V 

1, Shew that foe perfect ga'cs the ratio of tbs sdiabatic to Che isothermal 
elasticity is equal to y, the ratio of the specif heat at rensfanc prcmitn Co bhu 
iperifio he*6 at constant volume 
S. Deduce equation [17>, p 91. 

3. Deddca equatuin (21). p. 02. 


CHAPTER VI 

1 . finppnsn that at time I •a Oaaeisraic wave of the form ( sin ut amves 
at the vertical pendlilttm neismngraph of pp. 102-llX. Aasuming that daaipmg 
i« oeghgibln, prnyo that 

L (nin «>< f A BIO ni) 

Ko’-I) 

where A = — cr, a = It/si, and s baa the meaQiag of tho text 

2 Draw a graph coonecteng the angle of Ug of ths vertical penduluai seiatoo 
grsph of p. 102 behind the sewmic wave and « where K = n/« 

3. h^nd (he angle of lag in the follcFwing special caans. 

(a) w ifreat, o: very small. 

(h) n - - I. 

(e) Cl very small, a very grant 

4 Prove that when the damping coefSclent £ is great, the senwtivcoess of tho 
seismograph is greatest whwi the nacnral period of the iimWunient is groat and 
that of the aeimnic oscillaCionB le emalL 

5 With leferenea to Che method of finduig Cho depth of a eeam^ 

described on p. 107, prore that ifa^phis plotted withnawvsriahles T^trl — 

y=2K*». It will be a straight line Slunr how toohtam tj and li from auch a grapn. 

6. Show that by simply Diovrng bom s point A on the earth’s surface to a 
point B 1 3 m vpfticoily above A m “ free ur " the value of <j rhanges by shoot 
001 mijtigal, or in generai A? 0 30pt nulligal, where A is thocJcvatiou m loetreB. 
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1. A wjjhi^rioal so.\p 5>nbHe of mdius r debates itself by ospcUing the air 
within it through an orifiec croas-seotuni A sq. cm. Prove that the time lakon 

for the radius to fall to Bero is whore p is the initial density ol' the 


air within, and T is the soifiuie tcumon of the mis|i suliituiu. 

2. A bubble of gaa resting oo the siu&ce of a liquid has the form of a segment 
of a sphere. Its precise form is govemed by the law that the potential energy in 
the surface, due to surface tensiOE], is a mlnimutn, eonsistont with the condition 
that the volume of Che segment is coustont. Pioro that the bubble takes a hemi- 
apherical form. 


3. A small spberica! bobble of ndins r U aocidcntolly famed at a oertain 
depth below the surface of a liquid- Show that if the bubble contains nothing 
but tho eatuiaCed vapour of (he liquid it is umstable, that is, it will not retnru 
to its initial size, if for any reasMt it undergoes a 8%1it ohango of radius. Then 
Und the minimum pressuio of tho gas which must Ik present in otdor that ths 
bubble may bo sUblo. Relate this to “ bumping” sitd steady boiling ", 


4. A hu'gu (Iiop of inuruuryteiiUou a horizontal plate. Light from a horizontal 
bright filament In a distant lamp fails on the curved aide of tho drop. ThoroUectod 
beam enters a hotizonUl Idcacopc. The vertical height of the latter is odjostod 
until an image of the hianieut coiuvides with the horizontal oross-wlto of the 
telescope. The source is dispUcod vertically through a distance z and the experi- 


ment is ropsated. Provo that z = 2- 




V whore T is the surface 


tension and p ths density of mercury, and .4 . are the angins made with the 
vertical by tha normal to tho Burface of tho drop at the point of inoiduneo of the 
light, in the lirst and second casca. <Tho mci<^t and refiestod beams and tho 
normal are in the same vertical plane.) 

6. A cylliidtical film of Indefinite length, mean radius r,. and (small) thioknsss 
d, contracts under ths inliuonce of surfaea tenelon, starting from rest. Prove 
that the time it takes to contract to a cylindor of mean radius r, is 

V gT 


where T is the surface imisiuii and p u the deiouty. 

6. A liquid rises in a iubn of any ahapu under the action of surface tension 
and reaches equilibrium. Prove that the wei^it ofUqukI containfid in a oyUnder 
bounded by tho free suifaoorfthe liquid, by the gonota! level of thoKquid outside 
tbo tube, iiud by vertic^ geiietatonj dnwn from toe curve of contact of liquid 
and solid down to tho general lovd, is equal to toe lioo integral of tho vertical 
projections of the surface tonslMi arming all round the ciuwo of contact. 

7. Using the theorem in Exomjdc 6, prove that if two adjacent parallel plates 
inclined at an angle A to the VCTticat <Up into a liquid, the height through which 
the liquid rises in the narrow apam betwaon the plates is iiidepondont of the angle 
of inclination A. 

8. Allowing for tho spherical cap, ealcufnte the depression of tha mercury 
inside a circular tube of mdhis r bekrw too genoral love! outside. Calculate tho 
approximate per<»ntago error in the ralne of the surface tension obtained by 
using the elementary formula and takiiig toe deprossioo as that measured to 
the top (uiobiiie) of the laeniscus, wbtai toe tobe has a diameter of 1 cm. 
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9. Obtain the *(]>aatioji of ocunlibrinm of a nrtdln fliwtmg on a liquid, tegatj- 
ing the needle as a long (^linder. and aewrait^ an angle of contaet eqonl to lero. 
10 Asfirimo that the excess pressure on the iitside of any gas balloon la 


1 1 , that if t<eo fiat platos mcluied at a suiall an^s x are placed yertlesUy 

m s liquid, then the profile cum> of the JtquUl-air interface along cither plate is 
approximately a hyperbola. 


CHAPTER IX 

1. Dcteiroino the trxit mean atjuare yelociQ' of a hydrogen tooleciile »t N.T.P.; 
the density of hydrogen at 0* 0. w 0 W grmo\a»!iitt». 

2 Shqsv tli.i.t the gas cubtUnl B reptesents tirQ.tLudjf of the lujietiu energy 
of the molecules of a graoime inolecule of the gav at 1" abs 

8 Pmyn that y, the rauo of the eprcillc heate of a at constant preesurs 
and constant Tolume respeetixely, w giTen by y « 1 -t- ifs, where z Is the number 
of degrees of fteedem of a gas molecule. 

•I Fi-uta that the luean velocity c aud the root mean tqesie reloeity 0 ate 
ootuiecteii by the relation e/C • <8/3a)> 

6. Rhmr that as 4/<<Jf/S)rA7'lf. whem J/ e tbo melecular weigbl of the gas. 

<1 Show that, owing to the finitn inoleeular dmaelec «, the uieau free path 

Is reduced from that appertaining to point inoleviilssw the jatio Xa/}.=l'~3o/3X 

7. Deduce Calton's law of partial pteesutes, 1 e that the total prei’iutee*eTMd 
by a maturo of gases is eqnol to tbe sum of the pressures which they would each 
exert ladjTjdnally if they alone oecspwd the given cidume, on the bnais of the 
kinetic theory of gazes 

8 Show that the mean velocity of rnoleeiilco emitted frem a sioall aperture 

in the side of an enclosure »t temperature T iS Oj •« where il is the 

zoolecujdr weight of tbe toolecidee 

9 Provo that the constant 6 tJ van der WaaU' equation is kjuoI to four 
tuoi's the volume of the mcdecnls. 

10 When tncrtniry vnptnir is pnmpcd awuy froiu 8 sq cm of surface the 
weight nf lipiiil mercury prc-ecnt dceteoace at the rate of 10“* gm per sec Show 
that if the saturation vapour pnwniro of nierouty »t 20“ 0. is talteo as 10 cm. 
of mercury, the coeffieitut of craporateoii, which is equal to tbe accommodatiOL 
tfVieScient, ts approxinTatcly unity. 


UHAPITSB X 

1. Using the symbols oo p. 247. prove that for a dilute solution in 
fraclion a of the molecules are dissociated, coch into v ions. 

I — p = (v— 

•z. Keferrii^ to pp 260-1, provodiat l/it w that distance in which tl 
till lu the neighbourhood of aa electrode ippioB^into 
jcujs dumnishes ti ’ ' * “ 

logarithms). 


a vnlue at the surface (e being the base of Kapien 
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3. ProTo that for aii a<|UoODa ariliitioa trf a aingle monovalent binnr3' fialt at 
0° C., I — p = 0-263(2y)f, whore y is t^c conrasitcaLion of tlio salt in gramme- 
moleoules per Jitro and D for water is 88-23 o^.n. 

4. Discuss the analogy between the coneotiooe to the perfect gns equation 
inl.roduDed by viiu der Waals, and those to -can’t Hoff's equation introdueod 
by Debye and Hiicke). 

5. Prove that in an aqueous solution of an eleotrolyte of any type at 0° C. 
X = 0-229ri, where T =«■ Sy^^, is too -calenry of an ion of type 1 . and y^ is 
the gramrue-molecular concontraiim per litre of to(«e ions. 

G. Find the depression of IJio treczing-poiiit of water by adding ICCl to make 
it into a miiliiionnal sedation, and also the osmotic pressure nf the solution, 
asauming complete di^ciation of tbo adt. Wliioh of the txro, measiireraent of 
freezing-point doprosaiou or measureeaest of osmotio pressure, is likely to be more 
aoQuraio ? 


cnAPrjsR xt 

1 . Prove that the differentia) equation represeotieg the diffusion of a salt in 

solution along n cylinder ie i'' laHug aasuuiud that there is no lateral 

ceoape of tlio salt, 

2. A very tiiU narrotv r^Iindricvl vussul, of leogtli 2£, is half-filled with a 
solution of concontration n», and at time ( -u 0 the upper half is filled -with pure 
Bol-roQt. Show that tbo concentration at any boight * aboTo the middle, at any 
subsequent time t, ie 

a«.K- ^{e-0^'ehrcLr+ is-tOs'raln 3tst + . . .}. 

where « = r/ 2J,. and D, toe diflusirity. is independent of the oonoectraiion. 

8. Sho\r that in Pdrtb and Zuber's e-xperimont, Case I, when l< the oon> 
centration in tbo lower part of the iiqnid, where 0 > * > — «e , can be eiptcsscd as 

.-Klu-i/V-*). 

where g'" = i-/(4Di). 

1. AesuminB tbnt too initial ecmdltioii in the lower half is tliat « = «„ evety- 
W'here when I — G, ahou- that if » is J, 

whore }i^ = !c*/(4Z)t). 

5, Slow that if tho dlfinsion rate in a cr^wtalline solid is doubled when tbo 
absolute temperature T is doobied, then toe actU-ation onoigy £ for the transfer 
of an atom from Ono adjacent position in the lattice to Hirotiier is about 3-4 kT. 


CHAFfiSB XII 

1. The end of a copill-ay tube, whoso boro is a ciroiilai- oylinder of radius 
r cm., is dipped in n liquid, toe axis of toe cylindec making an angle 0 with tho 
sortiKil. Tho viscosity of tho liquid is sp 'Die tube is open at both ends and 
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tile bore is raoistened befareh-uid «ifl. the Uquid. The liquid rias in the hihe. 
IVire thst the velocity srith whi A tlic liquid &smids the tube is F? _]} 

at aay isnaaU where p is tte d.-^trofthe liquid, x is the ioilantaaeoas hf'ytH 
of tie colQiaa of hijnid, and i is the'fcisJ length when i><iuiIibriuEi is lesAed. 

2. TVo flat eimilar dtses of ndnis o ate ectmted ttaalaflp. {vallel to osa 
acotier at a diflacee d apirt, and thelpiref oaeistptstwi with 

TekidSy ei. Xe^ertinr edge torKeiirtn*. find Ae torqoe coniaianicateii to the 
cpjer iseif r, is the eoeSeiat of tiscosly of the laedront sroccftciins the discs. 

3. Show fron anple. enejjj- rtc-sdeeations that fot tuibnietil Bow as b a 
rolacjeier.tlie rateofdi»ekai^0bint>poni(ina1totl:esqtiaiercot ofthejnssore 
diBfiecce ji. 

-Iv A very Tiacona liquid is iiweed bto a capillary tube cf radius r at biqh 
fffesswe P. ASiombff aaeamline flow, show that if t is the ttae taVea for the 
fluid to change in Itn^ in the eajdlla^ by (I — tie* r, e» fVi ’4<F — W 


CUATUJt T»n 


1. In a certain eswiaeat the foUowisf enlnee of the occhai^eal mlTklest 
of heat aeie cbtuaed; 4-16d x ID', 4-lH>X 10^ MSI x lOv 4>1S1 X W, 
4‘J^ X 10% and lOTS x 10’ ejv* ca)on«>. tUcclsle the aiithaeiie seaa 
and ib {uobabie eiror. 

S. Sherratt and Awbecy obtained the faOoatag values of the veloeitr of HToad 
la the ail in * certain Inbei ST". 55: i. 5J:0. 52:3. 527-9. &!:-6 and S27-fl 
caetrea per second. CalcJaie the anlhsetie oeaa and the probable eiter. 

S. C r. Bays made oiee ^eemirasa oo the mean density p of the earth. 
Four oT them wet* made nsder favo&nble cooditiona, inrin^ p » 9-.^t. S-.'iBitS, 

S-S30d and 5-Ut59 {rtarasM* pe* e.C. reeyetively. The other five results, rnsde 
under V*ss fsrosraUe coaditiona. were p s* A-SfilS, 5-Als:. 5-S1S9. .^SISS and 
S'MTS per e.a. resyrctieely. Calcclatc the anthsetie mean and its 

ye&bable error. *«i-y (o) the first four leyulta and (b) all nine rwslts. (Boys pave 
p ■» 5-527 as lie br« value to be A-nvrd flosi ^ eiieruaeats and did cot 
calrciate a probable CrW. hrs comaeote in J>KSu)i.afy cj J/jyliei Ptymx, 
Tol.IXl. p. 2$S.} 

-t. Six diflcxest methods give the fbUenre^ values of PlatiAe eoo- 

Etant: (6-517 i (Hill) X 10'*’. («-5eO-<M*l51 X (ftAiO iWW) X K)-*’, 

(O-MS ^ CKdO) X 10'*’. (6r545 i (M)15) X lO~” and (frSSS i (W)10) X 10"^ 

ergiec. Cilcoisle the weinhJed oeaa of three results and its probable error. 

S. A nght citculsx wLader has a fcacth I ccx. whiah is zaearujabfe «:h » 
pttibsble WTOT -ill. and a xadxns r eta, wfciA ia tneasorable with a prohvMe 
etrot of ± 1 ^ What »a the aWA of ala curved surface and what is the ftfobahle 
errci- of that value ? 

6- Oa the Cal Esoe of a befuispbierp of ludia* r i a, there a right 

<voe u-hav bsw has tie sane radisi c i and »hcec hwaht b a i Be- 
tie vxd'aroc of tie whole body and It* lunbahir error. 


7- Fergnsen and iliBer rutasared tbe sgevsEc beat of bemew 
teaperattin-a. In one set of expmaesxU thw reeulia S— * 

32-6rG8 5-=0-l'12o at SJ-e^-a; S^tMCM at 30-69 G; 5 (>4220 at 

SSi-Sl'C; 5= CKlOei *l 45 5a°CU S=»0«21 at 4430 C. A-suttins 

5 = 0 + !<:/— 20) vrfcere/ is the teaperanae. caJcniate o and 6 by the meltioa 


of least sqnaioi 
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SOLUTION 


Ckaf. I. 

1 . I^ke surface tension, den^, «id ladios of drop as variables; t cc 

2. Take coefficient of viscosity, radiQB of tube, and pressure gradient dora 
tube as variables: V = 

3. F= 6jc7]M. 

i. Take 0, X, d, c, v, and v aa variables. 

6. j? =« Ig’aVc^. 


CE&f. n. 

1, Ca^cnlate tho forco dne to motioo of P round a circle of latitude. Find 
tlie aino of the angle required, neglect small tome, and uee the binomial tbeorem, 

2. £ipress as the sum of the attractions of the inner sphere and of the 
sheU, using the I&w of gravitation. Use the binomtal theorem to obtain approxi- 
mations. 

10. Use equation (8) of section 3. 

U. Use AS'^S. l^glg. 10~‘ cm. Tbis is much less than the 

limits quoted for the Ctro instruments. 

Ceae. m. 

1. Consider the Sux throng i8 due to a angle particle. Introduce the solid 
angle subtended by if5. 

2. Apply Gauss's theorem. 

3. (a) Zero. {b) (c) dJtGp{(r + a)’ — r*}/31?‘. 

i. 4TrM{p, + (2pi - 3pt|i/ff + 3(p, - p,)VI}P)l3. 

6. 64' 38’. 

6. Moment of couple is 2Sjlf mlr gin (fl{h- + P + + Wr cos 9}’^. whoro h is 

the difference in lovcl. 

7. Obtain sa expression for Ofroin tie wforoequations on pp. 40, 41. Write 
nl for I, &c. 

8- (a) -f 2 of mass, — 1 of length. 0 o£ time. (6) No effect. 

8. c/3-316. 

10. 0-126 por cent. 

11. Fa = OM-ld-; 

su 
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1. End ennditions r^rtt >/ == J}y = 0 tor 0. 9 r, D>'^ ^ 0 for 1. 

ud^^-iU+id. F^udl- 1) 

Maximiim dEpreeooii wiea iJjr =t 0^ given b/ *(fs* — Ate i- IP) = 0 

2. = (7 *». {O + lt7) — Wx xt xay poMit x Also when * -= 0, 
y -= -= 0; If Oj — »i)opft XI x^l, gAL* Un 0, = (O + (fi): — JJyA. and Bj 
aay be TS-riSten apprczimately for tnne,. 

« = ^ Is/® - 12*) - «.<S' - 8*)). 

a. gAVIPy^ W(a - *). 

If pj «■ depression at A and y* — depression xt end of hesw , 

pyJlVi “ !»'"*. - n’a\l/S - eM 

4 I<>t the re.vtion at each of tkn bnSfi- edges b« S Consider injiantelT (1) 
the portion of the rod betvecQ the mid-point and a ktiife-rdgc, (2) the pnttion 
betircen « knifo-cdgo ood tbe nearest eod of tbc lod. 

For (]}. equation <12) he<><HB«« 

jdJ«D»y - K{m - *) - ir(J/2 - *), 

irhara c is measured from the cenlro of the rad 

For (2), equation (12) hncomcie 

f/4i‘D*ji*= tr*, 

wbeie 2 it sieaauied &'om the eod of the rod 

For the two aections, the boumiuy r«ndit>one at the knifo.i'dse uiMSt give 
the taoin sinpo Ay. 

Answer, w/u>^ 5/i2. 

O 4 Bending njoosnt at distonco * from free end i»<3 ^ \\ux' Hence ftora (23) 

IT r A, _ 

^ / SgAL‘ ^ 4(^dt* 


e r-i^ 


gAX-‘ 


• 6yi1t' 

»nd bw»e V -« iB’y,. 


; iWx 




9 II the tai^eiil to the lower end of the apirftl la twisted through xn angle 
(f. the bmd per oti't length is 9 II. To produce ttie bend, a couple 0 ==• cf/l . qAt 
must be applied Hen«* if X,, and I, are the moineuts of inertia of bar aau epnng 
I'cspeeti'Tcly, 

(i. + vg-'fi'n-- 


whielj IS of the fora 


qAt’ 
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10, («) Rod. From Es. 3, depreaskm due to banding = j/, = J 
aion dns to shearing stress = = K .1, Honc« ^ ; for 

section, side I, Ir = ii’/lS. * Vi " 'k^/ 

Honoe ^ ^ . and amce big;/, y.<g;y,. 




(b) Spting, Deijcosaion doc to toisna = SITa^iyioiif ; depression sr„ dno 
to shear = TI7/;:nJi’. 

11. For toreian balanee, tuigQlu dellenlitai 9 = S^Z/mir* 5*2x 10“®xjx 
SO X lOVn X 10‘= X 10"«-c 10->fl/n;=: lOO/wcomparedsritliO «• 10'= for chem- 
ical balance; hence 8/9 < lO*^. 


12. Anah-sis is formallj similar to that for the rise of liquid along a TOrticai 
flab plulo ni^cr Biufacs tenaiwj forces (ses Chaptor VH, § Si since for the oantilevor 
the Muplo is a first-order function of s sriiicli is proportional to the curvature 
ot the point, whereas for the liquid tho pressure, which U a Crst-orier function 
of y, is likewleo proportional to the curvature. For the cantilever 
(7a» rr(n — *) = pAiPd^i/ds es jAI?OOS^<f<j'/(fl. 

Hnnce Tfo* a> 2qAl:^ sin >)> which for w> OCT’ gives g = 


Goax. V. 

I. Use tho equatloas pv= k, piA’ = i- to deduce the two comprosslbiUtiee. 


OaAS. 71. 

3. (s) S » nt (&)$«> w/2: (e) 8-0. 

CrtAf. vn. 

t. lutroduce a sjcnbol for the vnhxuty of ufflux. Ashuitis that the lots of 
potential energy during an elemootoiy contraction is equal to tho gain of kinerio 
energy of efSus in the same time. BHininato the velocity of cSIul; betv’een iato 
equations. 

2. Thn flat face of the segment does not enter into tic oi^rcasion for tho 
surface energy, Find the conditione for a mininiuia eurfoee tonsion and constant 
volume by elementary calcnhis methods. 

3. Write down tho oquaUoD of equilibrium of the bubble us for as pressures 
are concerned, and consider fhe effect c£ a alight change of radius. 

4. Begin with the equation of tbe xncridicHial profile curve of a large drop. 

5. The total mass of the anunlai <ylinder rotnains constant. The loss of 
poteutial energy of the film is equal to its gaia of fciaetic energy. Inlrodnoe a 
symbol for the radial volocity. 

b, W'ritc down the weight of an efomentaiy cylinder of lieigUt efr and upper 
surface dS. Use the difforentjal cquorion of the free surfaco (equation (4), p. 119) 
to change the form of Ibe exjHcssiou, and integrate. Introduce an espres-sion 
for tlie difference dS' — dS. where dS" is an ckanimt of a sarfaCo S', obtained 
fr’om S by marking off points along ztormals to <S, at a oonstant distance dn 
from S. Use this esrpiessicm to diaiige the form of tho expression for tho weight 
of the cylinder. 




Cb&?. IXi 

1. 17D0 motrtd'ece, 

t. Uc« UazweU'g lav of UistnbuUoa of v*lociti«4. 

5. If s ret>re<eut» IIm most prot>*b)e vetodtjr of tb6 ^ inotcculcs. Sfazvctl's 
liulnbutiocL law may be viriUea 

where Hgf « the fcjction of the N mcplecnle* pRsf^ab whoBO TElDejly Use between 
c and c 4- dc, and 2r 13 Boltzmaiin'B tooslaot The Tr^fsui HC^uaro Telocity of the 
moleculos issumg from a amaU ^>erUiie to * uniibna terapcreture enotOBure 
will be 

5., 

I. S-'— 

gmoe ^ where S^e is the ntoober of moleculiw emeTpiig with 

veJoeilyc. Iasi4« the encloeure tT* =• 3a/8: heneo C,* ■»'' g C* = 4W/«- 

6. The arerage diewnrei of sppraoch of l»o jotJeoiiles i* 

r«'>2nvo*s»ii*0cofte 

‘-i — 
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8. Tbe product of <? and tho aumba qf raolecnlca in the omitted beam, that 
is, must be integrated &om zas> to infinify and divided by the integral 

cpf the number of parSoIcs issniag i»ith vekjcilye; hence 


f^4N 

Jo 


t? X e X dc 




9. The average distance of apjmach of two spherical molecules is 2a/‘d, by 
Es. 0, where o is the diameter of tlie molecules. Hence the mean free path is 
ahortened, corap&ted with ita value for dise-Kke molecules, by the amount 

X — 2a/3. Hence, using this oxjxesfflon and equation (2), p. 194, we have 

X, , 2c/S , 2 !!<?« F — 4<Jurio) 

1 1” 3 ~p“' p 

10. Loss in weight in go. per sq. cm. per sec. is apl(Z:rRT)i, where b is the 
coeiBcient of evaporation and R is the gas constant per gramme. 


Chip. X. 

1. Apply the law of mess action to prove that a'n—^ => X(1 — a); then 
prove iiial P = — cc)+ vxn). from vui't Eos's law, and evaluatu 

1 - g - {P. - PJ/P,. 

0. Depression of fteeibg-point «= 0-00369® C. Osmetic preasum «• 88 mm. 
Hg, The latter can he sueaeo^ more accorately. 


Caaf. XI. 

S. As in problems on coadnetioa of heat along a bar, consider the solute 

dw 

entering and leaving a eliee of thickness dx. Eenoe deduce ^ ® The 

solution n = Aer^'‘ sin co; is appropriate teio. Apply tho boundary and initial 
conditions and use Fonrior'a thetwem. Kote that at the top of the tube ^ = 0. 
for ail values off. “ 

fi. D,/Dj •= esp(-P/i-P)/eip{-i:/2i3'). 

Chap. XU. 

1. Write down Poiseuilie's eqoation as applied to the column at any instant, 
and also an expression for the prossnre diS^mtec on the two sides of the hemi- 
spherical meniscus. The lower eud of the tube only just enters the liquid. 

2. Find the elementary torque acting on on annulus of radii r and r-f dr. 
The total torque T «= 

3. Rate of supply of coetgv is pO. wiuob equals kinetic energy imparted 

also 9 = CvJ where A is area of cross-Bection. 

4. Rote of Uow Q/l = — it); average pressure gradient is 2P/(/, + It). 
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Chap. XIII. 

1. (i-ns i: 0 001) X 10* ots* per calorie. 

2. 627'63 ± 0 07 meWcnpcpeecoitid. 

3. (a) 5 J5393 ± 0 0005 gTamiae!i per c c. 

(i) 5-5—8 ::fc 00012 RramaiM per e.a 

4. (6 54C8 ± 0 0017) X 1ft-" erg Bco. 

C, Aren ai: 2nr{ eq cm. 

Trobsible error a 2it{T*«,* + Pm,*)!, 

6 Volume {Sr* 

Probable I’cror a •= J ^Sn** + “i* + “**] 

7. £ <. 0 aosfi + O-0OI3S1(l - 20). 
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